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Abstract

This document contains auxiliary theorems and lemmata, with proofs, that are used
in the proofs in the main text.

1 Auxiliary theorems

Theorem S.1 (Uniform asymptotic expansion). Let Assumptions 1–6 hold. Then

√
nm(φ̂− φ) =

1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit +

√
n

m
βnm + enm

where the three right-hand side terms are, respectively, OP (1), O(1), and oP (1) uniformly

in θ ∈ Θ1.

Proof. Let zit be generated with parameters φ0, ηi0 and collect φ0 and all ηi0 in the vector

θ0. For notational simplicity we will presume throughout this proof that both φ0 and ηi0

are scalars. The proof follows the same strategy as those in Hahn and Newey (2004) and

Hahn and Kuersteiner (2011), with the main difference being that we show the result to

hold uniformly in a neighborhood around θ0.
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Let

v(φ, ηi|zit) :=
∂ℓ(φ, ηi|zit)

∂ηi
, w(φ, ηi|zit) :=

∂ℓ(φ, ηi|zit)
∂φ

,

and, with the projection coefficient ρi,m defined in the main text,

u(φ, ηi|zit) := w(φ, ηi|zit)− ρi,m v(φ, ηi|zit).

We will let vit := v(φ0, ηi0|zit) and uit := u(φ0, ηi0|zit). We will use a similar shorthand for

derivatives, for example, vηiit := ∂v(φ0,ηi0|zit)/∂ηi, v
ηiηi
it := ∂2v(φ0,ηi0|zit)/∂η2i , and so on. Let Fit be

the distribution of zit, write F̂it for the corresponding empirical distribution, and consider

linear combinations of the form

Git(z|ϵ) := Fit(z) + ϵ
√
m(F̂it(z)− Fit(z)),

where 0 ≤ ϵ ≤ m−1/2. For fixed values φ and ϵ, let ηi(φ, ϵ) satisfy

m∑
t=1

∫
v(φ, ηi(φ, ϵ)|z) dGit(z|ϵ) = 0. (S.1)

Similarly, for fixed ϵ, let φ(ϵ) satisfy

n∑
i=1

m∑
t=1

∫
u(φ(ϵ), ηi(φ(ϵ), ϵ)|z) dGit(z|ϵ) = 0. (S.2)

Note that setting ϵ = m−1/2 gives the maximum-likelihood estimator, θ̂, while setting ϵ = 0

gives θ0. By an expansion around ϵ = 0,

φ(m−1/2)− φ(0) =
1√
m

∂φ(0)

∂ϵ
+

1

2!

(
1√
m

)2
∂2φ(0)

∂ϵ2
+

1

3!

(
1√
m

)3
∂3φ(ϵ̃)

∂ϵ3
(S.3)

for some 0 ≤ ϵ̃ ≤ m−1/2. We now investigate each of the three right-hand side terms, in

turn.

For the first term, to calculate ∂φ(0)/∂ϵ, differentiate the expression in (S.2) with respect

to ϵ to obtain

0 =
n∑
i=1

m∑
t=1

∫
∂ū(ϵ|z)
∂ϵ

dGit(z|ϵ) +
n∑
i=1

m∑
t=1

∫
ū(ϵ|z) d ∂Git(z|ϵ)

∂ϵ
(S.4)
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where ū(ϵ|z) := u(φ(ϵ), ηi(φ(ϵ), ϵ)|z). With a minor abuse of notation,

∂ū(ϵ|z)
∂ϵ

=
∂u(φ(ϵ), ηi(φ(ϵ), ϵ)|z)

∂φ

∂φ(ϵ)

∂ϵ

+
∂u(φ(ϵ), ηi(φ(ϵ), ϵ)|z)

∂ηi

(
∂ηi(φ(ϵ), ϵ)

∂φ

∂φ(ϵ)

∂ϵ
+
∂ηi(φ(ϵ), ϵ)

∂ϵ

)
,

and
∂Git(z|ϵ)

∂ϵ
=

√
m(F̂it − Fit).

Evaluating (S.4) at ϵ = 0 and exploiting that

m∑
t=1

∫
∂u(φ(0), ηi(φ(0), 0)|z)

∂ηi
dGit(z|0) =

m∑
t=1

Eθ0 (w
ηi
it )− ρi,m Eθ0 (v

ηi
it )

is zero by definition of ρi,m we may re-arrange (S.4) to obtain

∂φ(0)

∂ϵ
=

1

n
√
m

n∑
i=1

m∑
t=1

Ω−1
nm uit, (S.5)

where we have used the definition of Ωnm given in the main text along with the fact that

Assumption 6 guarantees its inverse is well-defined, and we have exploited the observation

that Eθ0(uit) = 0. By Markov’s inequality, the independence of the data over i, and a

strong-mixing inequality (Doukhan, 1994, pp. 25–30), we have

sup
θ0∈Θ1

Pθ0

(∣∣∣∣√n ∂φ(0)∂ϵ

∣∣∣∣2 > ε

)
= sup

θ0∈Θ1

Pθ0

∣∣∣∣∣ 1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit

∣∣∣∣∣
2

> ε


≤ 1

nmε
sup
θ0∈Θ1

Eθ0

∣∣∣∣∣
n∑
i=1

m∑
t=1

Ω−1
nm uit

∣∣∣∣∣
2


≤ 1

mε
max
1≤i≤n

sup
θ0∈Θ1

Eθ0

∣∣∣∣∣
m∑
t=1

Ω−1
nm uit

∣∣∣∣∣
2


≲
1

ε
,

so that ∂φ(0)/∂ϵ = OP (n
−1/2) uniformly over Θ1. Here and later we use A ≲ B to indicate

that there exists a finite constant c such that A ≤ cB.
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Before calculating ∂2φ(0)/∂ϵ2 we observe that differentiating (S.1) with respect to φ gives

m∑
t=1

∫
∂v(φ, ηi(φ, ϵ)|z)

∂φ
dGit(z|ϵ) +

m∑
t=1

∫
∂v(φ, ηi(φ, ϵ)|z)

∂ηi
dGit(z|ϵ)

∂ηi(φ, ϵ)

∂φ
= 0.

Re-arranging and evaluating at ϵ = 0 yields

∂ηi(φ, 0)

∂φ
= − Eθ0

(
1

m

m∑
t=1

vφit

)/
Eθ0

(
1

m

m∑
t=1

vηiit

)
= −ρi,m.

In the same way, differentiating (S.1) with respect to ϵ reveals that

∂ηi(φ, 0)

∂ϵ
= −

(
1√
m

m∑
t=1

vit

)/
Eθ0

(
1

m

m∑
t=1

vηiit

)
=: ψi,m,

which is the asymptotically-linear representation of the maximum-likelihood estimator of

ηi0. With these expressions at hand we turn to ∂2φ(0)/∂ϵ2. Differentiating (S.4) again with

respect to ϵ gives

0 =
n∑
i=1

m∑
t=1

∫
∂2ū(ϵ|z)
∂ϵ2

dGit(z|ϵ) + 2
n∑
i=1

m∑
t=1

∫
∂ū(ϵ|z)
∂ϵ

d
∂Git(z|ϵ)

∂ϵ
, (S.6)

where the second derivative of ū(ϵ|z) follows from the chain rule and consists of many terms.

Evaluating each of these terms at ϵ = 0, re-arranging, and recalling again the expression

for ∂Git(z|0)/∂ϵ and the fact that Eθ0(u
ηi
it ) = 0 gives(

−
n∑
i=1

m∑
t=1

Eθ0 (u
φ
it)

)
∂2φ(0)

∂ϵ2
=2

n∑
i=1

(
√
m

m∑
t=1

uηiit

)
ψi,m +

1

2

(
m∑
t=1

Eθ0 (u
ηiηi
it )

)
ψ2
i,m + rnm

with

rnm :=
n∑
i=1

m∑
t=1

Eθ0 (u
φφ
it )

(
∂φ(0)

∂ϵ

)2

+2
n∑
i=1

m∑
t=1

Eθ0 (u
φηi
it )

∂φ(0)

∂ϵ

(
ψi,m − ∂φ(0)

∂ϵ
ρi,m

)
−2

n∑
i=1

m∑
t=1

Eθ0 (u
ηiηi
it )

∂φ(0)

∂ϵ

(
ψi,m − 1

2

∂φ(0)

∂ϵ
ρi,m

)
ρi,m

+2
n∑
i=1

m∑
t=1

(uφit − Eθ0(u
φ
it)− ρi,m u

ηi
it )

∂φ(0)

∂ϵ

√
m.
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Each term on the right-hand side of this expression will be asymptotically negligible for

our purposes. For example,∣∣∣∣∣
n∑
i=1

m∑
t=1

Eθ0 (u
φφ
it )

(
∂φ(0)

∂ϵ

)2
∣∣∣∣∣ ≤

n∑
i=1

m∑
t=1

|Eθ0 (u
φφ
it )|

∣∣∣∣∣
(
∂φ(0)

∂ϵ

)2
∣∣∣∣∣ = O(nm)OP (n

−1)

and, therefore, OP (m), uniformly over Θ1 by the moment requirements in Assumption 3

and the convergence rate on ∂φ(0)/∂ϵ obtained above. Similarly, using the definition of ψi,m

together with Assumptions 3 and 6 we obtain, by the same arguments as those employed

below (S.5), that∣∣∣∣∣
n∑
i=1

m∑
t=1

Eθ0 (u
φηi
it ) ψi,m

∣∣∣∣∣ =
∣∣∣∣∣∣
n∑
i=1

Eθ0

(
1

m

m∑
t=1

uφηiit

)(
Eθ0

(
1

m

m∑
t=1

vηiit

))−1
√
m

m∑
t=1

vit

∣∣∣∣∣∣
is OP (

√
nm) uniformly over Θ1. Hence,∣∣∣∣∣

n∑
i=1

m∑
t=1

Eθ0 (u
φηi
it ) ψi,m

∂φ(0)

∂ϵ

∣∣∣∣∣ = OP (m)

uniformly over Θ1. The remaining terms that make up rnm can be dealt with in a similar

way. Consequently, letting

χi,m :=

(
1√
m

m∑
t=1

uηiit

)
ψi,m +

1

2

(
1

m

m∑
t=1

Eθ0(u
ηiηi
it )

)
ψ2
i,m,

we have shown that

Ωnm
∂2φ(0)

∂ϵ2
=

2

n

n∑
i=1

χi,m +OP (n
−1),

where the order of the remainder term is uniformly over Θ1. We next establish that,

uniformly over Θ1,

1

n

n∑
i=1

χi,m = bnm + oP (1), bnm :=
1

n

n∑
i=1

Eθ0(χi,m),

that is, we demonstrate

sup
θ0∈Θ1

Pθ0

∣∣∣∣∣ 1n
n∑
i=1

(χi,m − Eθ0(χi,m))

∣∣∣∣∣
2

> ε

 = o(1) (S.7)
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for any ε > 0. By Markov’s inequality and independence of the observations across i we

have

sup
θ0∈Θ1

Pθ0

∣∣∣∣∣ 1n
n∑
i=1

(χi,m − Eθ0(χi,m))

∣∣∣∣∣
2

> ε

 ≤ 1

ε
sup
θ0∈Θ1

Eθ0

∣∣∣∣∣ 1n
n∑
i=1

(χi,m − Eθ0(χi,m))

∣∣∣∣∣
2


≤ 1

εn2

n∑
i=1

sup
θ0∈Θ1

Eθ0
(
(χi,m − Eθ0(χi,m))2

)
≤ 1

εn
max
1≤i≤n

sup
θ0∈Θ1

Eθ0
(
(χi,m − Eθ0(χi,m))2

)
,

and so it suffices to show that

max
1≤i≤n

sup
θ0∈Θ1

Eθ0
(
(χi,m − Eθ0(χi,m))2

)
= o(n).

To begin we use the expression for ψi,m to re-write χi,m as

χi,m = −

(
1

m

m∑
t=1

Eθ0(v
ηi
it )

)−1(
1

m

m∑
t1=1

m∑
t2=1

uηiit1vit2

)

+
1

2

(
1

m

m∑
t=1

Eθ0(v
ηi
it )

)−2(
1

m

m∑
t1=1

m∑
t2=1

vit1vit2

)(
1

m

m∑
t=1

Eθ0(u
ηiηi
it )

)
,

and introduce the shorthand notation

ζi,m :=

(
1

m

m∑
t=1

Eθ0(v
ηi
it )

)−1

, ξi,m :=
1

2

(
1

m

m∑
t=1

Eθ0(v
ηi
it )

)−2(
1

m

m∑
t=1

Eθ0(u
ηiηi
it )

)
,

both of which are well-behaved under our assumptions. Then

χi,m = ξi,m

(
1

m

m∑
t1=1

m∑
t2=1

vit1vit2

)
− ζi,m

(
1

m

m∑
t1=1

m∑
t2=1

uηiit1vit2

)
,

and so

Eθ0
(
(χi,m − Eθ0(χi,m))2

)
=
ζ2i,m
m2

∑
t1,...,t4

(
Eθ0(u

ηi
it1
vit2u

ηi
it3
vit4)− Eθ0(u

ηi
it1
vit2)Eθ0(u

ηi
it3
vit4)

)
+
ξ2i,m
m2

∑
t1,...,t4

(
Eθ0(vit1vit2vit3vit4)− Eθ0(vit1vit2)Eθ0(vit3vit4)

)
−2ξi,mζi,m

m2

∑
t1,...,t4

(
Eθ0(u

ηi
it1
vit2vit3vit4)− Eθ0(u

ηi
it1
vit2)Eθ0(vit3vit4)

)
.
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Take the first term on the right-hand side. We have

Eθ0(u
ηi
it1
vit2u

ηi
it3
vit4)− Eθ0(u

ηi
it1
vit2)Eθ0(u

ηi
it3
vit4) = Eθ0(u

ηi
it1
uηiit3)Eθ0(vit2vit4)

+ Eθ0(u
ηi
it1
vit2)Eθ0(u

ηi
it3
vit4)

+ cum4(u
ηi
it1
, vit2 , u

ηi
it3
, vit4),

where cum4 refers to the fourth-order cumulant of the joint distribution of its arguments.

As in Hahn and Kuersteiner (2011), Assumptions 2 and 3 allow us to apply Corollary A.2

of Hall and Heyde (1980) to obtain

sup
θ0∈Θ1

max
1≤i≤n

|Eθ0(vit2vit4)| ≲ max
1≤i≤n

sup
θ0∈Θ1

αi(θ0, |t2 − t4|) = O(r|t2−t4|),

where 0 < r < 1, and, therefore,

sup
θ0∈Θ1

max
1≤i≤n

m∑
t2=1

m∑
t4=1

|Eθ0(vit2vit4)| = O(m).

In the same way we obtain

sup
θ0∈Θ1

max
1≤i≤n

m∑
t1=1

m∑
t3=1

|Eθ0(u
ηi
it1
uηiit3)| = O(m),

sup
θ0∈Θ1

max
1≤i≤n

m∑
t1=1

m∑
t2=1

|Eθ0(u
ηi
it1
vit2)| = O(m),

whereas, from Andrews (1991, Lemma 1),

sup
θ0∈Θ1

max
1≤i≤n

∣∣∣∣∣ ∑
t1,...,t4

cum4(u
ηi
it1
, vit2 , u

ηi
it3
, vit4)

∣∣∣∣∣ = O(m2).

It follows that

sup
θ0∈Θ1

max
1≤i≤n

∣∣∣∣∣ 1m2

∑
t1,...,t4

Eθ0(u
ηi
it1
vit2u

ηi
it3
vit4)− Eθ0(u

ηi
it1
vit2)Eθ0(u

ηi
it3
vit4)

∣∣∣∣∣ = O(1).

In the same way,

sup
θ0∈Θ1

max
1≤i≤n

∣∣∣∣∣ 1m2

∑
t1,...,t4

Eθ0(vit1vit2vit3vit4)− Eθ0(vit1vit2)Eθ0(vit3vit4)

∣∣∣∣∣ = O(1),

sup
θ0∈Θ1

max
1≤i≤n

∣∣∣∣∣ 1m2

∑
t1,...,t4

Eθ0(u
ηi
it1
vit2vit3vit4)− Eθ0(u

ηi
it1
vit2)Eθ0(vit3vit4)

∣∣∣∣∣ = O(1),
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which is more than enough to imply that

max
1≤i≤n

sup
θ0∈Θ1

Eθ0
(
(χi,m − Eθ0(χi,m))2

)
= o(n),

so that (S.7) holds. Thus,

∂2φ(0)

∂ϵ2
=

2

n

n∑
i=1

Ω−1
nm Eθ0(χi,m) + oP (1) = 2Ω−1

nm bnm + oP (1) = 2βnm + oP (1) (S.8)

uniformly over Θ1.

Finally, following the same arguments as those in the supplementary appendices to

Hahn and Newey (2004) (using suitably uniform versions of Lemmas 5 to 11 of Hahn and

Kuersteiner 2011, which may be shown by relying on our Lemmas S.1 and S.2) we obtain

sup
θ0∈Θ1

Pθ
(

max
0≤ϵ≤m−1/2

∣∣∣∣∂3φ(ϵ)∂ϵ3

∣∣∣∣ > cm3s

)
= o(m−1)

for some finite c > 0 and 0 < s < 1/10. This implies that ∂3φ(ϵ)/∂ϵ3 = OP (m
3s) uniformly in

0 ≤ ϵ ≤ m−1/2, and so (
1√
m

∂3φ(ϵ̃)

∂ϵ3

)
= oP (1)

uniformly in θ0 ∈ Θ1.

Then, combining the expansion in (S.3) with the expressions obtained in (S.5) and (S.8)

we find that
√
nm(φ̂− φ0) =

1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit +

√
n

m
βnm + enm

where (uniformly over Θ1) the first term on the right-hand side has been shown to be

OP (1), the second term satisfies

sup
θ0∈Θ1

|βnm| ≤
(

sup
θ0∈Θ1

max
1≤i≤n

|ξi,m|
) (

sup
θ0∈Θ1

max
1≤i≤n

1

m

m∑
t1=1

m∑
t2=1

|Eθ0(vit1vit2)|

)

+

(
sup
θ0∈Θ1

max
1≤i≤n

|ζi,m|
) (

sup
θ0∈Θ1

max
1≤i≤n

1

m

m∑
t1=1

m∑
t2=1

|Eθ0(u
ηi
it1
vit2)|

)
= O(1)

under our assumptions by another application of Hall and Heyde (1980, Corollary A.2),

and the remainder term is oP (1). This completes the proof.
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Theorem S.2 (Uniform asymptotic normality). Let Assumptions 1–6 hold. Then

sup
θ∈Θ1

∣∣Pθ(√nm(φ̂ − φ) ≤ a)− Pθ(vθ ≤ a)
∣∣ = o(1)

for any a.

Proof. From Theorem S.1,

√
nm(φ̂− φ) =

1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit +

√
n

m
βnm + enm,

where

sup
θ∈Θ1

Pθ(∥enm∥2 > ε) = o(1).

We first show that
1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit

L→ N(0, Σθ) (S.9)

uniformly in θ ∈ Θ1. To do so, by the Cramer-Wold device, it suffices to show that, for any

(non-random) vector c of conformable dimension, 1/√nm
∑n

i=1

∑m
t=1 c

′Ω−1
nm uit

L→ N(0, c′Σθ c)

holds uniformly in θ ∈ Θ1. Let

wi :=
Ω−1
nm√
n

∑m
t=1 uit√
m

so that
1√
nm

n∑
i=1

m∑
t=1

c′Ω−1
nm uit =

n∑
i=1

c′wi.

By the mean-zero property of the efficient score and the information equality, respectively,

Eθ(c′wi) = 0, σ2
nm :=

n∑
i=1

Eθ(c′wiw′
ic) = c′Ω−1

nm c = O(1),

uniformly in θ ∈ Θ1. The Berry-Esseen inequality gives

sup
a

∣∣∣∣∣Pθ
(

n∑
i=1

c′wi
σnm

≤ a

)
− Φ (a)

∣∣∣∣∣ ≲
n∑
i=1

Eθ(|c′wi|3)

(
n∑
i=1

Eθ(|c′wi|2)

)−3/2

≲
n∑
i=1

Eθ(|c′wi|3).

The mixing condition in Assumption 2 and the moment requirements in Assumption 3

guarantee that
n∑
i=1

Eθ(|c′wi|3) = O(n−1/2),
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uniformly in θ ∈ Θ1. Therefore,

sup
θ∈Θ1

sup
a

∣∣∣∣∣Pθ
(

n∑
i=1

c′wi
σnm

≤ a

)
− Φ (a)

∣∣∣∣∣ ≲ sup
θ∈Θ1

(
n∑
i=1

Eθ(|c′wi|3)

)
= o(1). (S.10)

Next, the continuous-mapping theorem, together with the fact that, under our assumptions,

lim
n,m→∞

Ω−1
nm = Σθ

yields

sup
θ∈Θ1

sup
a

∣∣∣∣∣Pθ
(

n∑
i=1

c′wi√
c′Σθ c

≤ a

)
− Φ (a)

∣∣∣∣∣ = o(1),

from which (S.9) follows.

As this result is uniform in a, and
√

n/mβnm = γβθ + o(1) uniformly in θ ∈ Θ1, we find

sup
θ∈Θ1

sup
a

∣∣∣∣∣Pθ
(

n∑
i=1

c′wi√
c′Σθ c

≤ a−
√

n/m c′βnm

)
− Φ (a− γc′βθ)

∣∣∣∣∣ = o(1), (S.11)

which accounts for the asymptotic bias in the limit distribution.

Finally, an application of Lemma S.4 with

xnm =
1√
nm

n∑
i=1

m∑
t=1

Ω−1
nm uit +

√
n

m
βnm, ynm = xnm + enm,

and z ∼ N(βθ, Σθ) yields the result of the theorem.

Theorem S.3 (Uniform consistency of the plug-in estimator of the information matrix).

Let Assumptions 1–6 hold. Then

sup
θ∈Θ1

Pθ
(∥∥∥Ω̂nm,θ −Ωnm,θ

∥∥∥
2
> ε
)
= o(1)

for any ε > 0.

Proof. We introduce the notational shorthand

Vit :=

 V 11
it V 12

it

V 21
it V 22

it

 =

 ∂2ℓ(φ,ηi|zit)
∂φ∂φ′

∂2ℓ(φ,ηi|zit)
∂φ∂η′i

∂2ℓ(φ,ηi|zit)
∂ηi∂φ′

∂2ℓ(φ,ηi|zit)
∂ηi∂η′i

 ,

10



where the derivatives are evaluated at the parameter values that were used to generate the

data. In the same manner, we write the plug-in estimator constructed using φ̂, η̂i as V̂it.

Then

Ωnm,θ = − 1

nm

n∑
i=1

m∑
t=1

Eθ(V 11
it )−

(
1

m

m∑
t=1

Eθ(V 12
it )

)(
1

m

m∑
t=1

Eθ(V 22
it )

)−1

Eθ(V 21
it )

 ,

and its plug-in estimator is

Ω̂nm,θ := − 1

n

n∑
i=1

 1

m

m∑
t=1

V̂ 11
it −

(
1

m

m∑
t=1

V̂ 12
it

)(
1

m

m∑
t=1

V̂ 22
it

)−1
1

m

m∑
t=1

V̂ 21
it

 .

To show Theorem S.3 it suffices to establish that, for all ε > 0,

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − Eθ(V 11

it ))

∥∥∥∥∥
2

> ε

)
= o(1),

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 12
it − Eθ(V 12

it ))

∥∥∥∥∥
2

> ε

)
= o(1),

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 22
it − Eθ(V 22

it ))

∥∥∥∥∥
2

> ε

)
= o(1).

The proof for each of the four terms is similar and so we only provide details for the first

of them.

To begin we note that

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − Eθ(V 11

it ))

∥∥∥∥∥
2

> ε

)

is bounded from above by

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − V 11

it )

∥∥∥∥∥
2

>
ε

2

)
+sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V 11
it − Eθ(V 11

it ))

∥∥∥∥∥
2

>
ε

2

)
.

To deal with the first of these terms let Ṽ 111
it be the vector that collects all third-order

derivatives with respect to φ and let Ṽ 112
it denote derivatives with respect to φ (twice) and

ηi. The tilde is used to indicate that these derivatives are evaluated at values (φ̃, η̃i) that

11



(elementwise) lie between (φ̂, η̂i) and (φ, ηi). A mean-value expansion around (φ, ηi) yields∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − V 11

it )

∥∥∥∥∥
2

≤ 1

m

m∑
t=1

∥∥∥V̂ 11
it − V 11

it

∥∥∥
2

≤ 1

m

m∑
t=1

∥∥∥Ṽ 111
it

∥∥∥
2
∥φ̂− φ∥2 +

1

m

m∑
t=1

∥∥∥Ṽ 112
it

∥∥∥
2
∥η̂i − ηi∥2

≤ 1

m

m∑
t=1

∥∥∥Ṽ 111
it

∥∥∥
1
∥φ̂− φ∥2 +

1

m

m∑
t=1

∥∥∥Ṽ 112
it

∥∥∥
1
∥η̂i − ηi∥2.

The uniform bound on the derivatives in Assumption 3(ii) implies that

1

m

m∑
t=1

∥∥∥Ṽ 111
it

∥∥∥
1
≲

1

m

m∑
t=1

b(zit),

1

m

m∑
t=1

∥∥∥Ṽ 112
it

∥∥∥
1
≲

1

m

m∑
t=1

b(zit).

Therefore,

max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − V 11

it )

∥∥∥∥∥
2

≲

(
max
1≤i≤n

1

m

m∑
t=1

b(zit)

) (
∥φ̂− φ∥2 + max

1≤i≤n
∥η̂i − ηi∥2

)
.

Now, the mixing conditions in Assumption 2 and the moment conditions on the bounding

function b in Assumption 3(iii) imply that

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∣∣∣∣∣ 1m
m∑
t=1

(b(zit)− Eθ(b(zit)))

∣∣∣∣∣ > ε

)
= o(1)

by an application of Lemma S.1. Also, 1/m
∑m

t=1 Eθ(b(zit)) converges to its limit uniformly

over Θ1 by Assumption 3(iv). At the same time, by Theorem 1 in Kim and Sun (2016) we

have that

sup
θ∈Θ1

Pθ (∥φ̂− φ∥2 > ε) = o(1), sup
θ∈Θ1

Pθ
(
max
1≤i≤n

∥η̂i − ηi∥2 > ε

)
= o(1).

Taken together these results yield

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − V 11

it )

∥∥∥∥∥
2

>
ε

2

)
= o(1)

12



follows. Next, again by Assumptions 2 and 3, an application of S.2 gives

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V 11
it − Eθ(V 11

it ))

∥∥∥∥∥
2

>
ε

2

)
= o(1).

Hence,

sup
θ∈Θ1

Pθ

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

(V̂ 11
it − Eθ(V 11

it ))

∥∥∥∥∥
2

> ε

)
= o(1),

and the proof is complete.

Theorem S.4 (Distribution of the likelihood-ratio statistic). Let Assumptions 1–6 hold.

Suppose that the true parameter value lies in the interior of the set Θ∩{φ ∈ Vφ : ϕ(φ) = 0}

and that ϕ is five times continuously-differentiable on Vφ with bounded derivatives and

Jacobian matrix with maximal row rank. Then

sup
θ∈Θ1

|Pθ(ŵ ≤ a)− Pθ(wθ ≤ a)| = o(1)

for any a, where wθ has a non-central χ2-distribution with dimϕ degrees of freedom and

non-centrality parameter γ β′
θΦ

′
φ(ΦφΣθΦ

′
φ)

−1Φφβθ.

Proof. Recall the profile likelihood

n∑
i=1

m∑
t=1

ℓ(φ, η̂i(φ)|zit), η̂i(φ) := argmax
ηi

m∑
t=1

ℓ(φ, ηi|zit).

By a standard expansion,

n∑
i=1

m∑
t=1

(ℓ(φ̌, η̂i(φ̌)|zit)− ℓ(φ̂, η̂i(φ̂)|zit)) =
1

2
(φ̌− φ̂)′

n∑
i=1

m∑
t=1

∂2ℓ(φ̃, η̂i(φ̃)|zit)
∂φ∂φ′ (φ̌− φ̂),

where φ̃ lies (elementwise) between φ̌ and φ̂. It is straightforward to adapt the proof

of Theorem 1 of Kim and Sun (2016) to yield a consistency result for the constrained

estimator. Moreover,

sup
θ∈Θ1

Pθ(∥φ̌− φ∥2 > ε) = o(m−1), sup
θ∈Θ1

Pθ
(
max
1≤i≤n

∥η̌i − ηi∥2 > ε

)
= o(m−1),

for any ε > 0. Combined with (A.3) this then equally yields

sup
θ∈Θ1

Pθ(∥φ̃− φ∥2 > ε) = o(m−1), sup
θ∈Θ1

Pθ
(
max
1≤i≤n

∥η̃i − ηi∥2 > ε

)
= o(m−1),
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for any ε > 0. Proceeding in the same manner as in the proof of Theorem S.2 readily gives

1

nm

n∑
i=1

m∑
t=1

∂2ℓ(φ̃, η̂i(φ̃)|zit)
∂φ∂φ′ = −Ωnm + oP (1)

uniformly on Θ1. Consequently, by rearranging terms we obtain the conventional quadratic

approximation

ŵ =
√
nm(φ̌− φ̂)′Ωnm

√
nm(φ̌− φ̂) + oP (1)

uniformly on Θ1. By Theorem S.6,

√
nm(φ̂− φ̌) = Ω−1

nmΦ
′
φ(ΦφΩ

−1
nmΦ

′
φ)

−1Φφ
√
nm(φ̂− φ) + oP (1)

uniformly on Θ1. Further, by the uniform asymptotic-normality result of Theorem S.2,

Φφ
√
nm(φ̂−φ) = Φφ vθ+oP (1) uniformly in θ ∈ Θ1. Also, Φφ vθ ∼ N(γ Φφβθ, ΦφΣθ Φ

′
φ) and

limn,m→∞Ω−1
nm = Σθ. Hence, ŵ converges in distribution to a non-central χ2-distribution

with non-centrality parameter γ β′
θΦ

′
φ(ΦφΣθΦ

′
φ)

−1Φφβθ uniformly in θ ∈ Θ1. This completes

the proof of the theorem.

Theorem S.5 (Distribution of the score statistic). Let Assumptions 1–6 hold. Suppose

that the true parameter value lies in the interior of the set Θ ∩ {φ ∈ Vφ : ϕ(φ) = 0} and

that ϕ is five times continuously-differentiable on Vφ with bounded derivatives and Jacobian

matrix with maximal row rank. Let

ŝ :=

(
1√
nm

n∑
i=1

m∑
t=1

∂ℓ(φ̌, η̂i(φ̌)|zit)
∂φ

)′

Σ̌

(
1√
nm

n∑
i=1

m∑
t=1

∂ℓ(φ̌, η̂i(φ̌)|zit)
∂φ

)
,

for Σ̌ the plug-in estimator of Σ based on the constrained maximum-likelihood estimator.

Then

sup
θ∈Θ1

|Pθ(ŝ ≤ a)− Pθ(wθ ≤ a)| = o(1)

for any a, where wθ has a non-central χ2-distribution with dimϕ degrees of freedom and

non-centrality parameter γ β′
θΦ

′
φ(ΦφΣθΦ

′
φ)

−1Φφβθ.

Proof. The Lagrangian problem associated with the constraint ϕ(φ) = 0 has first-order

condition
n∑
i=1

m∑
t=1

∂ℓ(φ̌, η̂i(φ̌)|zit)
∂φ

− Φ′
φ̌λ̌ = 0,
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where Φφ̌ is the Jacobian of the constraint evaluated at φ̌. Combining this with (S.14)

gives

1√
nm

n∑
i=1

m∑
t=1

∂ℓ(φ̌, η̂i(φ̌)|zit)
∂φ

=
1√
nm

Φ′
φλ̌ = Φ′

φ(ΦφΩ
−1
nmΦ

′
φ)

−1Φφ
√
nm(φ̂− φ) + oP (1).

The uniform asymptotic normality of
√
nm(φ̂ − φ) obtained in Theorem S.2 then readily

yields that (nm)−1λ̌′ΦΩ−1
nmΦ

′λ̌ has a non-central χ2 limit distribution with non-centrality

parameter γ β′
θΦ

′
φ(ΦφΣθΦ

′
φ)

−1Φφβθ.. The uniform consistency of Σ̌ implied by Theorem S.3

and the consistency of the constrained estimator then give the result of the theorem.

Theorem S.6 (Uniform asymptotic expansion). Let Assumptions 1–6 hold. Suppose that

the true parameter value lies in the interior of the set Θ∩{φ ∈ Vφ : ϕ(φ) = 0} and that ϕ is

five times continuously-differentiable on Vφ with bounded derivatives and Jacobian matrix

with maximal row rank. Then

√
nm(φ̂− φ̌) = Ω−1

nmΦ
′
φ(ΦφΩ

−1
nmΦ

′
φ)

−1Φφ
√
nm(φ̂− φ) + oP (1)

uniformly in θ ∈ Θ1.

Proof. The proof of the theorem proceeds in a similar manner as the proof of Theorem S.1

and we use the same notation wherever possible. In particular, for 0 ≤ ϵ ≤ m−1/2, let φ(ϵ)

and λ(ϵ) satisfy

n∑
i=1

m∑
t=1

∫
u(φ(ϵ), ηi(φ(ϵ), ϵ)|z) dGit(z|ϵ)− Φ′

φ(ϵ)λ(ϵ) = 0 (S.12)

and ϕ(φ(ϵ)) = 0. Here, ηi(φ, ϵ) satisfies (S.1) for fixed φ and ϵ and λ(ϵ) is the Lagrange

multiplier. Setting ϵ = m−1/2 gives the constrained maximum-likelihood estimator while

setting ϵ = 0 gives the true parameter value. By a third-order expansion around ϵ = 0 we

have φ̌− φ

λ̌

 =
1√
m

 ∂φ(0)
∂ϵ

∂λ(0)
∂ϵ

+
1

2!

(
1√
m

)2
 ∂2φ(0)

∂ϵ2

∂2λ(0)
∂ϵ2

+
1

3!

(
1√
m

)3
 ∂3φ(ϵ̃)

∂ϵ3

∂3λ(ϵ̃)
∂ϵ3
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for some 0 ≤ ϵ̃ ≤ m−1/2. Like before, the first of the right-hand side terms will satisfy a

central limit theorem, the second will introduce bias, and the third will be asymptotically

negligible.

For the first term we again begin by differentiating (S.12) with respect to ϵ. This yields

n∑
i=1

m∑
t=1

∂ū(ϵ|z)
∂ϵ

dGit(z|ϵ) +
n∑
i=1

m∑
t=1

ū(ϵ|z) d∂Git(z|ϵ)
∂ϵ

−
∂Φ′

φ(ϵ)

∂ϵ
λ(ϵ)− Φ′

φ(ϵ)

∂λ(ϵ)

∂ϵ
= 0.

The first two terms coincide with those in (S.4). Evaluating at ϵ = 0 and using that

λ(0) = 0 gives

−nmΩnm
∂φ(0)

∂ϵ
+
√
m

n∑
i=1

m∑
t=1

uit − Φ′
φ(0)

∂λ(0)

∂ϵ
= 0.

Next, differentiate the constraint ϕ(φ(ϵ)) = 0 with respect to ϵ and evaluate at zero to

obtain

Φφ(0)
∂φ(0)

∂ϵ
= 0.

Combining both equations and using the shorthand notation Φ = Φφ(0) yields the system nmΩnm Φ′

Φ 0

  ∂φ(0)
∂ϵ

∂λ(0)
∂ϵ

 =

 √
m
∑n

i=1

∑m
t=1 uit

0

 .

By a block-inversion formula, nmΩnm Φ′

Φ 0

−1

=

 (nm)−1 (Ω−1
nm −Ω−1

nmΦ
′(ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm) Ω−1
nmΦ

′(ΦΩ−1
nmΦ

′)−1

(ΦΩ−1
nmΦ

′)−1ΦΩ−1
nm nm (ΦΩ−1

nmΦ
′)−1

 ,

and so
∂φ(0)

∂ϵ
=
(
Ω−1
nm −Ω−1

nmΦ
′(ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm

) 1

n
√
m

n∑
i=1

m∑
t=1

uit,

and, similarly,
∂λ(0)

∂ϵ
= (ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm

√
m

n∑
i=1

m∑
t=1

uit.

The same argument as used in the proof of Theorem S.1 yields that ∂φ(0)/∂ϵ = OP (n
−1/2)

and ∂λ(0)/∂ϵ = OP (
√
nm) uniformly over Θ1
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Moving on to the second term in the expansion we differentiate (S.12) twice with respect

to ϵ.

n∑
i=1

m∑
t=1

∫
∂2ū(ϵ|z)
∂ϵ2

dGit(z|ϵ) + 2
n∑
i=1

m∑
t=1

∫
∂ū(ϵ|z)
∂ϵ

d
∂Git(z|ϵ)

∂ϵ
+
∂2Φ′

φ(ϵ)λ(ϵ)

∂ϵ2
= 0. (S.13)

All but the last term previously appeared in the proof of Theorem S.1. Using that λ(0) = 0,

that ∂φ(0)/∂ϵ = OP (n
−1/2) and ∂λ(0)/∂ϵ = OP (

√
nm) uniformly on Θ1, and that the first two

derivatives of ϕ are bounded gives

∂2Φ′
φ(0)λ(0)

∂ϵ2
= Φ′∂

2λ(0)

∂ϵ2
+OP (m)

uniformly on Θ1. Combining this with the analysis of the first two terms at ϵ = 0 in the

proof of Theorem S.1 implies that (S.13) at ϵ = 0 equals

−nmΩnm
∂2φ(0)

∂ϵ2
+ 2nmbnm − Φ′

φ(0)

∂2λ(0)

∂ϵ2
+OP (m) = 0

uniformly on Θ1. Next, differentiate the constraint ϕ(φ(ϵ)) = 0 with respect to ϵ twice and

evaluate at zero to obtain

Φφ(0)
∂2φ(0)

∂ϵ2
+OP (n

−1) = 0

uniformly on Θ1. Combining both equations gives the system nmΩnm Φ′

Φ 0

  ∂2φ(0)
∂ϵ2

∂2λ(0)
∂ϵ2

 =

 2nmbnm

0

+

 OP (m)

OP (n
−1)

 .

So,
∂2φ(0)

∂ϵ2
=
(
Ω−1
nm −Ω−1

nmΦ
′(ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm

)
2bnm +OP (n

−1),

and, similarly,
∂2λ(0)

∂ϵ2
= (ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm2nmbnm +OP (m),

uniformly on Θ1.

For the third term in the expansion, finally, the same arguments as in the supplementary

materials to Hahn and Newey (2004) can be used to establish that it is asymptotically

negligible.
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Combining results yields that, up to oP (1),

√
nm(φ̌− φ) =

(
Ω−1
nm −Ω−1

nmΦ
′(ΦΩ−1

nmΦ
′)−1ΦΩ−1

nm

) ( 1√
nm

n∑
i=1

m∑
t=1

uit +

√
n

m
bnm

)

uniformly on Θ1. From Theorem S.1,

√
nm(φ̂− φ) = Ω−1

nm

(
1√
nm

n∑
i=1

m∑
t=1

uit +

√
n

m
bnm

)
+ oP (1)

uniformly on Θ1. Taking differences between these equations and again using Theorem S.1

then yields

√
nm(φ̌− φ̂) = −Ω−1

nmΦ
′(ΦΩ−1

nmΦ
′)−1Φ

√
nm(φ̂− φ) + oP (1),

uniformly on Θ1, which is the result of the theorem.

The calculations above also imply that

1√
nm

λ̌ = (ΦΩ−1
nmΦ

′)−1ΦΩ−1
nm

(
1√
nm

n∑
i=1

m∑
t=1

uit +

√
n

m
bnm

)
+ oP (1),

uniformly on Θ1 and so, again by Theorem S.1,

1√
nm

λ̌ = (ΦΩ−1
nmΦ

′)−1Φ
√
nm(φ̂− φ) + oP (1) (S.14)

uniformly on Θ1. From this it readily follows that the Lagrange-multiplier statistic and the

likelihood-ratio statistic share the same limit distribution (under the null).

2 Auxiliary lemmata

Lemma S.1 (A uniform version of Lemma 1 of Hahn and Kuersteiner (2011)). For

i = 1, . . . , n, let {ξit, t = 1, 2, . . .m} be a vector-valued sequence generated through a data

generating process indexed by parameter ψi ∈ P. Let

ai(ψi, h) := sup
1≤t≤m

sup
A∈Ait(ψi)

sup
B∈Bit+h(ψi)

|Pψi
(A ∩B)− Pψi

(A)Pψi
(B)|,
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where Ait(ψi) and Bit(ψi) are the sigma algebras generated by the sequences ξit, ξit−1, . . .

and ξit, ξit+1, . . .. Assume that

(i) Eψi
(ξit) = 0 for all (i, t) and ψi ∈ P,

(ii) the mixing coefficients satisfy

sup
1≤i≤n

sup
ψi∈P

|ai(ψi, h)| = O(rh)

for some constant 0 < r < 1,

(iii) sup1≤i≤n sup1≤t≤m supψi∈P Eψi
(∥ξit∥q2) ≤ c for some q ≥ 2 and constant 0 < c <∞.

Then, as n,m→ ∞ so that n/m → γ2 with 0 < γ <∞,

if q > 4,

sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

ξit

∥∥∥∥∥
2

> ε

)
= o(m−1)

for all ε > 0; while

if q ≥ 2 and s > 0,

sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1√
m

m∑
t=1

ξit

∥∥∥∥∥
2

> msε

)
= O(m1−qs)

for all ε > 0.

Proof. It suffices to prove the second part of the theorem. Consider a fixed value ε > 0.

We have

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1√
m

m∑
t=1

ξit

∥∥∥∥∥
2

> msε

)
≤

n∑
i=1

Pψi

(∥∥∥∥∥ 1√
m

m∑
t=1

ξit

∥∥∥∥∥
2

> msε

)
.

By and application of Markov’s inequality and a strong-mixing moment inequality of

Doukhan (1994, Theorem 2 and Remark 2, pp. 25–30), we have that

Pψi

(∥∥∥∥∥ 1√
m

m∑
t=1

ξit

∥∥∥∥∥
2

> msε

)
≤ 1

εq
1

m(2s+1)q/2
Eψi

(∥∥∥∥∥
m∑
t=1

ξit

∥∥∥∥∥
q

2

)
≲

1

εq
1

m(2s+1)q/2
m

q/2

≲
1

εq
1

mqs
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for all 1 ≤ i ≤ n, with the upper bound being independent of both i and ψi. Consequently,

we obtain that

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1√
m

m∑
t=1

ξit

∥∥∥∥∥
2

> msε

)
≲

n

m

1

mqs−1
= O(m(1−qs)).

This completes the proof.

Lemma S.2 (A uniform version of Lemma 2 of Hahn and Kuersteiner (2011)). For i =

1, . . . , n, let {ξ(zit, ϕi), t = 1, 2, . . .m} be a vector-valued sequence of functions of data zit

and a parameter ϕi ∈ Q, for Q compact. The zit are generated through a data generating

process indexed by parameter ψi ∈ P. Let

ai(ψi, h) := sup
1≤t≤m

sup
A∈Ait(ψi)

sup
B∈Bit+h(ψi)

|Pψi
(A ∩B)− Pψi

(A)Pψi
(B)|,

where Ait(ψi) and Bit(ψi) are the sigma algebras generated by the sequences zit, zit−1, . . .

and zit, zit+1, . . .. Assume that

(i) Eψi
(ξ(zit, ϕi)) = 0 for all (i, t), ψi ∈ P and ϕi ∈ Q,

(ii) the mixing coefficients satisfy

sup
1≤i≤n

sup
ψi∈P

|ai(ψi, h)| = O(rh)

for some constant 0 < r < 1,

(iii) there exists a function b such that supϕi∈Q∥ξ(zit, ϕi)∥2 ≤ b(zit), for all ϕ1, ϕ2 ∈ Q,

∥ξ(zit, ϕ1)− ξ(zit, ϕ2)∥2 ≤ b(zit) ∥ϕ1 − ϕ2∥2,

and sup1≤i≤n sup1≤t≤m supϕi∈P Eψi
(b(zit)

q) < c for some q ≥ 2 and 0 < c <∞.

Then, as n,m→ ∞ so that n/m → γ2 with 0 < γ <∞,

if q > 6,

sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)
= o(m−1)

for all ε > 0; while
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If q ≥ 2 and s > 0 are such that qs > 3 + dim(ϕ)/2,

sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1√
m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> msε

)
= o(m−1)

for all ε > 0.

Proof. Fix ε > 0. We begin by noting that

sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
max
1≤i≤n

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)

≤ sup
ψ1,...,ψn∈Pn

Pψ1,...,ψn

(
n⋃
i=1

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)

≤
n∑
i=1

sup
ψi∈P

Pψi

(∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)
.

Because Q is compact we can divide it into a finite number kδ of subsets Q1, . . .Qkδ such

that ∥ϕ1−ϕ2∥2 ≤ δ whenever ϕ1 and ϕ2 lie in the same subset. With this covering in hand,

sup
ψi∈P

Pψi

(∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)
≤ sup

ψi∈P
Pψi

(
sup
ϕ∈Q

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ)

∥∥∥∥∥
2

> ε

)

≤
kδ∑
k=1

sup
ψi∈P

Pψi

(
sup
ϕ∈Qk

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ)

∥∥∥∥∥
2

> ε

)
,

for each i = 1, . . . , n. Further, for each subsetQk, letting ϕ(k) ∈ Qk we can invoke Condition

(iii) to obtain

sup
ϕ∈Qk

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ)

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ(k))

∥∥∥∥∥
2

+
1

m

m∑
t=1

sup
ϕ∈Qk

∥∥ξ(zit, ϕ)− ξ(zit, ϕ(k))
∥∥
2

≤

∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ(k))

∥∥∥∥∥
2

+
δ

m

m∑
t=1

|b(zit)− Eψi
(b(zit))|+ 2 δ Eψi

(b(zit)).

Set δ so that 2 δ Eψi
(b(zit)) < ε/3. Then, combining the last two bounding inequalities yields

sup
ψi∈P

Pψi

(∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> ε

)
≤

kδ∑
k=1

sup
ψi∈P

Pψi

(∥∥∥∥∥ 1

m

m∑
t=1

ξ(zit, ϕ(k))

∥∥∥∥∥
2

>
ε

3

)

+

kδ∑
k=1

sup
ψi∈P

Pψi

(
δ

m

m∑
t=1

|b(zit)− Eψi
(b(zit))| >

ε

3

)
.
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Here, each of the right-hand side terms satisfies the conditions of Lemma S.1 and are,

therefore, both o(m−1) by an application of the first result given there. The first statement

in the theorem then follows from the fact that kδ = O(1) and that n/m = O(1).

To show the second part we proceed in the same manner, only now partitioning Q into

subsets such that ∥ϕ1 − ϕ∥2 ≤ δ/√m for some δ > 0. The number of sets needed to do so

is of the order mdim(ϕ)/2, and each of them yields terms to which the second part of Lemma

S.1 can be applied, showing them to be at most of order m1−qs uniformly. This then yields

sup
ψi∈P

Pψi

(
max
1≤i≤n

∥∥∥∥∥ 1√
m

m∑
t=1

ξ(zit, ϕi)

∥∥∥∥∥
2

> msε

)
= O(n)O(m1−qs+dim(ϕ)/2) = o(m−1),

using that O(n/m) = O(1) and that qs > 3 + dim(ϕ)/2. This completes the proof of the

lemma.

Lemma S.3. Let x and y be two random vectors of length k. Write ι for the k-vector of

ones. Then

P(y ≤ a) ≤ P(x ≤ a+ ιε) + P(∥y − x∥2 >
√
kε)

for all a and any ε > 0.

Proof. Fix ε > 0. We have

P(y ≤ a) = P(y ≤ a , x ≤ a+ ιε) + P(y ≤ a , x > a+ ιε).

Now, P(y ≤ a , x ≤ a+ ιε) ≤ P(x ≤ a+ ιε) while

P(y ≤ a , x > a+ ιε) = P(y − x ≤ a− x , a− x < −ιε)

≤ P(y − x < −ιε) + P(y − x > ιε)

≤ P(∥y − x∥1 > kε)

≤ P(∥y − x∥2 >
√
kε).

Combining results completes the proof of the lemma.

Lemma S.4. Let ynm, xnm, and z be random vectors of size k whose probability functions

are indexed by the parameter θ ∈ Θ. Assume that
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(i) The function Pθ(z ≤ a) is continuous in a for all θ ∈ Θ,

(ii) as n,m→ ∞, supθ∈Θ Pθ(∥ynm − xnm∥2 > ε) = o(1) for all ε > 0,

(iii) as n,m→ ∞, supθ∈Θ|Pθ(xnm ≤ a)− Pθ(z ≤ a)| = o(1) for all a.

Then,

sup
θ∈Θ

|Pθ(ynm ≤ a)− Pθ(z ≤ a)| = o(1)

as n,m→ ∞.

Proof. For any θ ∈ Θ and ε > 0, an application of Lemma S.3 gives

Pθ(ynm ≤ a) ≤ Pθ(xnm ≤ a+ ιε) + Pθ(∥ynm − xnm∥2 >
√
kε)

and so, for any a+ > a+ ιε,

Pθ(ynm ≤ a) ≤ Pθ(xnm ≤ a+) + Pθ(∥ynm − xnm∥2 >
√
kε). (S.15)

By an application of the same lemma, for any a− < a− ιε,

Pθ(xnm ≤ a−) ≤ Pθ(ynm ≤ a) + Pθ(∥ynm − xnm∥2 >
√
kε). (S.16)

Taken together, (S.15) and (S.16) imply that

Pθ(xnm ≤ a−)− Pθ(∥ynm − xnm∥2 >
√
kε)

≤Pθ(ynm ≤ a)

≤Pθ(xnm ≤ a+) + Pθ(∥ynm − xnm∥2 >
√
kε).

Subtracting Pθ(z ≤ a) from each of the terms in the above inequalities and re-arranging

shows that

|Pθ(ynm ≤ a)− Pθ(z ≤ a)| ≤ 2Pθ(∥ynm − xnm∥2 >
√
kε)

+ |Pθ(xnm ≤ a−)− Pθ(z ≤ a)|+ |Pθ(xnm ≤ a+)− Pθ(z ≤ a)|.
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Applying an adding and substracting stategy to the terms on the right-hand side now gives

sup
θ∈Θ

|Pθ(ynm ≤ a)− Pθ(z ≤ a)| ≤ 2 sup
θ∈Θ

Pθ(∥ynm − xnm∥2 >
√
kε)

+ sup
θ∈Θ

|Pθ(xnm ≤ a−)− Pθ(z ≤ a−)|

+ sup
θ∈Θ

|Pθ(z ≤ a−)− Pθ(z ≤ a)|

+ sup
θ∈Θ

|Pθ(xnm ≤ a+)− Pθ(z ≤ a+)|

+ sup
θ∈Θ

|Pθ(z ≤ a+)− Pθ(z ≤ a)|.

Here, as n,m→ ∞, the first right-hand side term is o(1) by Condition (ii); the second and

fourth term are both o(1) by Condition (iii); and, due to the fact that a− and a+ can be

chosen to be arbitrarily close, the third and fifth term can be made arbitrarily small by

Condition (i). The result has thus been shown and the proof of the lemma is, therefore,

complete.
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