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Appendix A. Additional Material

A.1. Properties of Q-

The following properties are used throughout the paper, often without explicit reference. Assume X has

full r

1.

2.

(=]

=

ank.
Q+Qx = Px and Px = I, if TK > n;
QxQy = Itk if TK < n;
PyxX = X;

. tr(Px) = rank(X);

1Qxll2 = [Px|l2 = 1;

- @xllr = [[Px|lr = \/rank(Px);

rank(Q-) = rank(Px) = O(T).

Proof:
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1. Notice XX = V82V and therefore (XTX)* = VS~ 2V ". Hence,
QxQx =UV'VU' =USV'VS?’VIVSU =X(X"X)TX" = Px.
When TK > n, rank(X) = n, whereby U is orthogonal, from which it follows Q+Qx =
Uv'vU' =UU" =UU ' =1,.

2. When TK < n, rank(X) = TK, whereby V is orthogonal, from which it follows
QxQx =VV' =VV ' =Izx.

3. PxX=UU'USV'=USV' =X.

4. tr(Px) = tr(UU ") = t1(U"U) = tr(Lrank(x)) = rank(X).

5. 1Qx 13 = pmax(Qx Qx) = pmnax (Qx Q) = fimax(UU ") = pimmax (Px) = 1 = || Pxc|3.
6. [|Qxl% = tr(QxQx) = tr(Px) = rank(X).

7. rank(Q«y) = rank(Px) = rank(X) = min{n, TK} < TK = O(T).

A.2. Equations (3.1) and (3.2)

To establish equation (3.1),

min Hmin (niT)ET(MF(@MZ\)j.)

AeRTKxRe FeRTXRo

SERK:||§]|2=1 AcRTK X Re  FecRT*FRo

=  min min (nT(XzS) (Mr® MA)A?(S)

= min min L‘mr ((X . J)TMA(X . 6)MF)

SERK :||5]|3=1 AeRTK xRe | FeRT*Ro NI’

T
) 1 = o=
- —(X-5)T(X-6
sendR > Nt(nT( )" ( )),

t=Tin

where the last line follows by Lemma A.1 in Moon and Weidner (2017). For (3.2), using the previous

display,
T
8 (X8
5€RK H5H2 1 Z < ) ( ))
= T N7
AeRTKxIreI:mFeRTxRO Hmin ( X (Mr ®QXMAQ3C)X)

= min Mmin
AER” XRe FecRTxRo

T
. 1
_ min (—T MF®MP,,CA)X>

AER"X Re FERTX RO

T(Mp ® (Px — PxA(AT PxA)"AT Px )x)

> min ( T(Mp® MA)X>

AER" X Re FeRTX RO
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A.3. Equation (3.4)

Equation (3.4) is demonstrated to hold under the following assumption.

Assumption AX.

(i) The elements of A; have uniformly bounded second moments and n_lﬂrfh 2 X5, as n — oo,
with 7' > Ry + 1 fixed or T' — oo, where the eigenvalues of 3z are bounded away from zero and

from above by a constant.

(if) A2,; ~ 1id(0,Xx,) and is independent of the covariates and A1, with uniformly bounded fourth

moment, and the minimum eigenvalue of ¥, bounded away from zero.

First,
17~
EAl Al — 2]\1, (Al)
as n — oo, with T fixed or T'— oo and T'/n — v € [0,00) by Assumption AX(i). Second,
1 ~ T~ 2 . 1 T T
E {ﬁ (A1 Ag)wj = SE []E [AmPxAQ,TQAQ,TQPxAm|X17...,XK,Al]]
1 T
= E(EAJT%TQE [Al,rlprlle]
< L (Ea)ranE A3 = O~
= n2 2 2,72 »T1 n ’
using Assumptions AX(i) and AX(ii), from which it follows that
-7~ »
gAl A2 — 07 (AQ)

as n — oo, with T fixed or T'— oo and T'/n — 7 € [0, 00). Finally, notice that

ST < 1
E [E [1 (A &s) |X1,...,XK,A1” = E[B [\, PxdealX1, . X, A
n 1,72

_ %(zAQ)TI,TQE[tr(Px)}

1 .
= E mm{n, TK}(EAQ)TL'Q’
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by Assumption AX(ii) and since tr(Px) = min{n, TK}. Using this result,
1 /<7< 1 2
E [( (A2 Az) S min{n,TK}(EAz),.lm) ]
n 1,72 n

1 /<7~ o2 1 /=T~
—E K” (A2 Az)mm) ] — = min{n, TKHEa,)r raE [ﬁ (A2 AQ)WJ

1 .
+ - min{n, TK}*(Ex,)7,

1 1.
—E [IE [A;“kagm)\;me)\g,rz|X1, - ,XK,Al]] — 5 minn, TKY(S2,)2, 0,

1 .
= mln{’rL,TK}2(2>\2)72"1ﬂ"2
1 .
+ — min{n, TK} (Bxg)riors (Bag)rara + (Ban)31,00)

1
5 (E i M| = (Bao)rirs (Ban)rairs = 2(B)7 ) E

k3

1 min{n, TK}?(Xx,)>
n2 ) A2 )ry,re

1 .
= n2 mln{n, TK} ((Ekz)h,m (2)\2)7"2772 + (2A2)12”1,r2)

1
+ E (E P\g,i,rl )‘g,i,rz] - (2)\2)?"177“1 (Ekz)mﬂ“z - 2(2)\2)21,rg) E

which follows by Assumption AX(ii) and since

3

> (Px)i <Y (Px)i = tr(Px) = min{n, TK} < n.
Thus,
LATAs — min {1, %} Sa, 50,
n n
as n — oo, with T fixed or T' — oo and T'/n — 7 € [0, 00), from which it follows that
1T+ » . 39
EA2 A> = min{l,v7K} x 3x,. (A.3)

Combining (A.1), (A.2), and (A.3) yields the result.

A.4. Footnote 27

Assume rank([XoFJ) = Rp and 1 < Ry <T'. Suppose it is possible to decompose AOFJ = A.F] such

that

39Recall the convention that v =1limp—oo T//n = 0 when T is fixed.
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where ® is (T' — Ro) X Ry. Setting

one has
VIF.Al = (@ _IT_RU) “1Al =(@-®)A] =o0.
P

Now, instead, suppose

@T
Vo =
—IT7R0
T =T
and Vo FoAq = 0. Then
T =T Fop)\ - T T
Vo FoAy = <1I> —IT,RD) Ay =PFp1Ag — Fo2Ay =0.
0,2

Hence, <I>F0,11~X(-)r = Foyzﬂg, whereby
AoF] = (RoF3, AoFi.) = (AFd, AoF§,®")=AoFs, (In, &7)=A.Fl.

A.5. Assumptions IF(iii) and IF(iv)

The section provides an example of error dependence which satisfies Assumptions IF(iii) and IF(iv). For
simplicity it is assumed that €;; is independent of D, . Suppose €+ = ¢eir—1 + uir with |¢| < 1, and us
independent over i and t with E[ui] = 0, E[u%] = o2 and E[u}f] uniformly bounded. Moreover, assume
€io = 0. The extension to heterogeneous ¢, heteroskedastic u;:, higher order autoregressive processes,

and nonzero initial conditions comes at the expense of more cumbersome notation. Write
T Ta-T LT
ve=v S wu=a u,

where S := IT — ¢W and W is a T' x T shift matrix which consists of zeros everywhere, except those
elements directly above the main diagonal, which take on a value of 1. Using the Rosenthal inequality

9.7.c in Lin (2010),

IE[|'UT61-|16] < <ZE[a§u?t]> + > E [Jacua'] . (A.4)

Now,

T T
S Bt < (z) <5z,
t=1

t=1
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and

T

T
> o] (k) < 157
t=1 t=1

Using ||S™!||2 < ¢, which follows by the same arguments as in the proof of Lemma E.1(ii), the right-hand
side of (A.4) is uniformly bounded which verifies IF(iii). For IF(iv), notice that

ou

> ¢\t1*12| = b(ta, 252)¢\t1*t2|7

Eleit, €it,] = (1 — ¢2min{t1’t2}) =0

whereby

b(tl,tg)(ﬁ‘tl_hl for il = iz
E[Eiltlsiztz] =
0 otherwise,

and thereby Ap =T, (Xp) — Xp is such that

—b(tl,tz)(bltlitﬂ for 71 = 72 and ‘t1 — tz‘ > br
5D,i1i2t1t2 =

0 otherwise.
Using this,
T
|ADlz < [Apf < max 7 1{jts — ta] = br}blta,ta)[g]
EUES e
T
< s ty—tg
< 1;1;1?%(T 1{t1 — t2 > br}b(t1,t2)|9|
to<ty
T
_ to—t1
lg?%(T 1{ta — t1 > br}b(t1,t2)|¢|
to>t1
< lel'T =0,

as by — oo. This verifies IF (iv).

Appendix B. Proofs of Main Results

Notation

Throughout this appendix and subsequent appendices, some additional notation is employed. Let

0hu = Eleh|Anr] and 554’” = E[el,|Anr] for j > 2. Moreover, a < b is used to indicate there
exists a constant ¢ such that a < ¢b. For an n x 1 vector a with elements a;, ||a|l1 = >_i, |a:| and
laljoo = maxi<i<n |ai|. Let A be an n x m matrix with elements A;;. The following matrix norms

are those induced by their vector counterparts: ||A|l1 = maxi<j<m y ., |Ai|, which is the maximum
absolute column sum of A, and [[Alle = maxi<i<n 3 ;- [Ai;|, which is the maximum absolute row

sum of A.
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Lemmas
Lemma B.1. Under Assumption MD,
@ NXxkll2 X kllz, [ X el r, 1Kkl e = Op (VD) for k =1,..., K;
(i) | Foll2, [ Follr = Op(VT) and [|Aol|2, || Aol|r, || Aoll2, [|Ac]|» = Op(v/).
Lemma B.2. Under Assumption MD, and Assumption EC or ED,
() (nT)72 ]2 = Op(n~1);
(i) tr(Xy &) = Op(v/aT) fork=1,..., K.
Lemma B.3. Under Assumptions MD, ED, AE, and AD,
(i) 6" = 4 + Oy (n");
(i) b® = Op(n2);

(ii)) b =~ + Oy(n2).

Proof of Proposition 1.

Substituting the true DGP (2.1) into the expression for Q(3, A, F') (given in equation (2.3)) yields

Q(B,A,F) = iTtr((X (By—B)+AoFg —AF" + 5)T

n
x (X (8, - B)+AoF§ —AF" +8)), (B.1)
Now,
_ . 1 T
QB) = e B —t((X- (8, 8) +AFg —AF" +¢)

x ()24(50 —B)+ AoF] ffoT+§))

> i 1tr<(fc (Bo—B)+& Mi(ff(ﬁo—ﬁ)Jré)T)

FE]RTX(R +Ro) nT

" perr iR {ant (% @u-m) e (X8 -)")
2 K
’ niT k=1

(Bo,k — 5k)tr(5MFXkT) + antr(éMFfT)}v (B.2)

which follows because the minimum can be no less than if one were able to minimise with respect to A
and F, where AF' = AOFJ — AF" which can have rank of at most R. + Ro under Assumption CS(i).

For the last two terms in (B.2),

K K K
2 =T 2 2
ﬁkgﬂok_ﬂktr X}g):ﬁ;ﬁok—ﬁktr€Xk —Tkgﬂok—ﬂktrePFXk)

— 18- Bulla0, (=) +118 - Bolk0, (L2}, (B.3)
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and
—tr(EMgE') = itr("T) - itr(ép—éT)
F nT nT F=0

- L+ o, (E2). (B.4)

uniformly over F € RT*(RetRo) ysing Lemmas B.1(i), B.1(ii), and B.2(ii), as well as the inequality

[tr(A)| < rank(A)||Al|2. Applying (B.3) and (B.4) to (B.2),

Q(B)> _ min {antr((X'(Bo_ﬁ))MF(X'(IBO_ﬂ))T)}

FeRTx(Re+Rg)

+l8-olko, (B2 4o, (”5“5) + L)

JnT nT T
18ll2 EEAET
> B Bull3 + 18 Boll0y (22 ) +05 (1 ) + ptr(eeT) (B.5)

w.p.a.l, where the last inequality follows by Assumption CS(ii). Now, note that

Q(By) = min itr((AoFo —AF" +&)(AogF] —AF" +&)7)

AERTKEXxRe perTxRo nT

IA

Q(ﬁO7AO7FO) = niTtr(éTé) (BG)

Since Q(B) < Q(8,) by definition, combining (B.5) and (B.6) gives

3 3 €]l2 €113
18 - Boll + 18 - Bollo, (L2 4 o, (1212) <o,
w.p.a.1, from which the result is obtained by applying Lemma B.2(i). O

Proof of Proposition 2.

Begin by defining the following
K
Y—X'ﬁ:AOF(T-FE-&-Z Bo,k — Br) X
k=1

= AoFJ +Zek)2k, (B?)
k=0

with eg = (nT)_% I&ll2, ex == (Box — Bk) for k=1,..., K, and X, := (nT)% |I|l7 €. Now, substituting
(B.7) into the concentrated objective function (2.4), Q(3) is equal to

T K K K K

~ ~ ~ T ~ ~ ~ ~ ~
ﬁ Z Mt FOA(TAOF;)F+ZekaAOF(-I)—+Z€kFOA(-)er+Z ZeklekzXI;rleg
t=Ro+1 k=0 k=0 k1=0 ko=0
T
ST o (T(°> +TW(e) + T? (e)) .
t=Rop+1

One may consider T'(e) := T® + T® (e) + T (e) to be a perturbation of the linear operator T,

When the perturbation e is small, it may be possible to express the eigenvalues of T'(e) as a power series
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in e. Define

~ 1 ~T ~
pimax (Ao, Fo) = \/ 1 (Foho AoFy )
nT

~ 1 ~T ~
/Jmin(AO’FO) = \/ﬁﬂRo (FOAO AOF(-)r)a

and

~ —1
4,Umax(AOy FO) 1
) .

To (Ao, Fo) = = =
Nmin(A0> FO) 2l1/max(A07 FO

An expansion of Q(3) can be obtained under the condition
1 X
WZMH\XHE < ro(Ao, Fo)." (B.8)
k=0

Intuitively, this condition ensures the perturbation of T® is sufficiently small. Now, ro(fxo, Fy) con-

verges in probability to a positive constant by Assumptions AE(ii) and AE(iii). For k = 1,..., K,

1 -
—— || X kll2 = O,(1), B.9
— [ Xll: = O,(1) (B.9)
by Lemma B.1(i). For k = 0, (nT)"2||Xoll2 = |&l3 €2 = 1. Thus, (nT)"2||Xx|j2 = Op(1) for
k =0,...,K and so the satisfaction of (B.8) rests upon the extent to which eo,...,ex are small. By
Lemma B.2(i), eo = (nT)fé I€]l2 is ©p (1). Also er = Bo,x — Br = 0p (1) is assumed in the statement of
the proposition. Thus, Lemma S.1 in Moon and Weidner (2017) is applicable with the result that Q(3)

can be expanded in the following power series in eo,...,ex:

K

0o K K
1 ~ ~ ~
0B = =33 Y Y e e, 00 (Ro Fo, Ky Ky), (BAO)

g=2k1=0ko=0  ky=0

where
- - - 1 /-~ - - -
Q(g)(Ao,Fo,Xkl,---7ng) == (Q(g)(AO,Fkal,.-.,ng) + all permutations of k1, ..., kg) ,
g!
with
s (v1) (vp)
A A v v 1 m v m v m
Q9 (Ao, Fo, X,,..., Xp,) = _(—1)PF > tr(SmI ) s ) gty
p=1 v1+m+vp:g
mi+...+mpy1=p—1
1<v; <2
m; >0

“0See S.6.1 in Moon and Weidner (2017) for details.
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and §©) = —Mp,, S = (Fo(Fq Fo) ' (Ag o)~ (F§ Fo) "FJ)™ for m > 1, T\ := FoAy X\, +

~T ~ ~T ~
X, AoF{, and 7'53 ky = X, Xk,. Moreover, under the stronger condition

K 2 ~
1 < :u/m‘m(AO7 FO)
——= D _lexl[[Xil2 £ ————=—"—, (B.11)
nT kZ:O 16/Lmax(Ao, Fo)
this series can be truncated at order G > 2, with the following bound on the remainder
1 &L XK X K _ _ _
Q(,B) - ﬁz Z Z e Z €kq1€ko ...eng(g)(A07F0,Xk1,...7ng)
g=2k1=0kg=0  kg=0
< RO(G + 1)QG+1Hr2n1n(A07 FO)
where,
16pmax(Ao, Fo) [ 1 <«
max 0,40 oy
0= . el Xnllz ) < 1. (B.12)
Hinin (Ao, Fo) (VnT kz:;)

Since the right-hand side of (B.11) will converge in probability to a positive constant under Assumptions
AE(il) and AE(iii), this condition will be satisfied w.p.a.1, and the above bound on the remainder

becomes applicable. Hence, using the expansion (B.10) taken to order G = 5 one obtains

2
vnT

Q(B) = Q(B,) — (B—Bo) d+(B—B,) DB - By +r(B), (B.13)

where d := ¢+ b 4+ b® + b(3)7 and elements of these vectors and matrices are

1 - - T
Dieyky = —=t1(X oy Mpo X, M7 )

nT

1 o T
Cr = \/Tﬁtr(XkMFOE Mi\o)

1 g . TR o 1xT S
b = (Mro&" My, X Fo(FS Fo) (Ko Ro) A €)

n

1 . 1 xTx o 1xT S
b2 = S/ (M, X Mz EFo(F Fo) (Ao Ro) ' Aq €)

1 - - 1,77 12T &
b = (Mr,&" My EFo(Fg Fo) (Ao Ko) *Ag X1),

n
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for k,ki,ka =1,..., K, and

ey ery 0™ (Ao, Fo, Xy, X1y, Xo)

M=

(8=

k1=1

[
I

_|_

S

3=
M=
M- !

2

eoen, exy Q%) (Ao, Fo, Xo, X1y, X1y)

>

=
Il
=
o

[V
Il
=

ekleoekZQ(?))(A(hF07Xk17XOan2)

+
3|~
M=
M=

>
&
Il
-
>
M
Il
—

K
> eky eryers Q7 (Ao, Fo, Xy, Xy, Xy
1

_|_
S
3=
M
M=

>
=
Il
=
o
[V
Il
=
>
w
Il

eklek2eksek4g<4>(A07FOanuXkQansanax)

n
3=

M=
M=
M=
M=

>
&
Il
<)
>
M
Il
o
>
w
I
o
>

0

4

€k1ChkoCh3CkyCks 9(5)(A07FO»Xkuszvngvkast)

3[-

M=
M=
M=
M=
M=

I
o
>

+

Il
<}
=

0

E
=
Il
o
x~
[V
Il
o
>

3 °5

1 _ -
- ﬁ60€0€0€09<4 (Ao, Fo, X0, X0, X0,Xo0)

1 - YA~
- ﬁeoeoeoeoeon)(AmF07X07X0,X0,X0»X0)

K EASERY lelz \°
+0, <I;|/Bo,kﬁk| T +\/ﬁ> Op<(m>) (B.14)

where the last term in (B.15) is not just some term of that order, but exactly the term of that order

4

contained in ((nT)"2 YK |Box — Bil| Xkll2 + (nT) "2 ||&]l2)®. This term is already accounted for in
9(By). Now, consider the remainder term r(8) which is expressed in (B.14). For the first term in
(B.14),

K K
1 o~ U
— ST enenne0Q® (Ao, Fo, Xy, Xy, Xo)

k1=1ko=1
(*1 112)— 110)
n

—1 1 -1
—FF Fol2|lé
(3Fimo) Il

2

K 2
1 - -
S o (E |Bo,k — 5k||Xk|2> [Aol|2
k=1

~0, (I8, - 11712}

using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE(ii) and AE(iii). The second and third

terms in (B.14) are both of the same order. Using Lemmas B.1(i) and B.1(ii), as well as Assumptions
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AE(ii) and AE(iii), the fourth term is O,(||3, — B||3). Thus,

8) = 0, (18, - BIELZ2 ) 1 0,18, - 19

Ead

K K K K
1
+n7T Z Z Z Z k1€k2eksek4g< (AO»FO:Xkusz:st:XM)
k1=0 ko =0 k3=0 ks=0
| KK K KK _ _ _ _ _ _
+7T Z Z Z Z Z k1€k2€k3€k4ek5Q(5)(A07FO,Xkl,sz,st,Xk47Xk5)

1

1 -~
- ﬁeoeoeoeoQM)(Ao,FmX07X07X07X0)

1 - e e~ -
— ﬁ606060€0609<5>(1\0,FO,X07X0,X07X0,X0)

AN AR ER%
+0, (;Wo ey F) 0((ﬁ)) (B.15)

The second and third terms on the right-hand side of (B.15) are studied in Appendix F, where it is
established that

K K K K K ) S
—F Z Z Z Z Z €k iz €k €hs €y Q7 (Ao, Foy Xy, Xegs Xy, Xogs Xis)

1 1
T€0€0€OSOQ( )(Ao, Fo, X0, X0, X0, X0) + 760606060609( )(Ao, Fo, X0, X0, X0, X0, Xo)

0, (18 - BulE) + 0, (18- Bl L2 ) + 0, (18 - Bult) + © <||ﬁ Bl ('\'/lT))

+ 0, (Il 2 + 0 <|IB Byl (%)) (m ﬁdb(%)j

||ﬁ—60||2)
+ op< \/ﬁ .

Combining the above with (B.13) and (B.15)

2 T T
Q(B) = Q(Bo) — ﬁ(ﬁ —By) d+(B—B,) D(B—-By)

+ % (nT”Bo — B3 x 0p(1) + VnT||B, — B2 x Op(l))7

using Lemma B.2(i).

Proof of Theorem 1.

Notice that by Assumption AD(ii), the matrix D is invertible and ||[D™!|2 < ¢ w.p.a.1. Define w

(nT)"2 D~ 'd. The stochastic order of this quantity is examined. First, by assumption, ||c[2 = Op(1).
By Lemmas B.3(i), B.3(ii), and B.3(iii),

b, b — o, ( T) 7
n

o8



and b® = Op(nfé). Hence ||lw||2 = Op((nT)fé) = 0,(1). Now, notice that Proposition 1 goes through
replacing Assumption EC with ED (Lemmas B.2(i) and B.2(ii) hold under either assumption). Thus,
applying Proposition 2,

Q(B)= Q(By) + (B—By—w) ' D(B— By —w) —w' Dw +r(3)
Q(B, +w) = Q(B,) —w' Dw+ (B, +w).

Since Q(B) < Q(B, + w),

(B-By—w) DB - By —w) <r(By+w) —r(B) (B.16)

Given |w||2 = 0,(1), the order of the remainder term established in Proposition 2 is valid. Thus (B.16)

becomes

(B‘ﬂo - w)TD(B - Bo—w)

<0y (7 ) (Oo((1+ VaTwlla)®) + O,((1-+ VAT, - Bll). (B.17)

Multiplying (B.17) by nT, using ||,3 — By — w3 tmin(D) < (,@ — By — w)TD(ﬁ — By — w), Assumption
CS(ii), and the inequality \/(z +y) < vz + /Y gives
\ nTH,B = Bo — w2 < 0p(1 + VnT||wl2) + op(1 + v nTH,é = Boll2) = op(1),

and, in turn,

VnT(B - B,) = D (c+bY + b)) + 0, (1), (B.18)

since b = Op(nfé). To obtain the final result, let v be a K x 1 vector with ||v||2 = 1. Consider,

Ty—24 1 to_1_T T
v V2¢= \/ﬁv V72X (Mr, ® QxM5z, Qx)vec(e)

Il
M:
—
‘H
|
]
8
o
-

= > b (B.19)

Let F; == Dpr Vo(er,...,&;) for ¢ > 1 and Fo := Dyp. Then {F; : 1 <4 < n} is such that b; is F;-
measurable, F;_1 C F;, and E[b;|F;—1] = 0 by Assumption ED. Moreover, let X} .= Mp,ac Xt MF,.
Then

1 .
Ellbil] < laills x |df ei|] S ——=EIXi 2] < e,

1
| S UnT

with d; = a;/||a;||2 for ||a;l]|]2 > 0, and d; := O otherwise, using Assumptions ED and AD(ii). Thus

{b;, F;} forms a martingale difference array. The conditions for the application of Theorem 3.2 in Hall
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and Heyde (1980) are now verified. First,

Zb?]) < ni max (]E[b?])i :O(n_i),

E [max |bl\] < (IE
1<i<n

1<i<n
i=1 ==
since
4 1 T_N\* 1 S 1
B0 = s ® [(ladle x |a7e)"] B 0IX7E < 2 (B.20)
using Assumptions ED and AD(ii), from which it follows that maxi<;<n |bi] = 0p(1). Second,
Zn:b? 1= 1 ZR:UTVfé(X*)Te-eTX*Vf%v TV IYV 3
P 1 nT — k2 1< 1
oy LY (X Teie] X; -V |V 20
nT ~
R A R . _1
=o'V <nT (X7) el X —V)V é'U‘FOp(l)
i=1
=o'V <an (X)) (eiei — ED,u‘)Xf> V3 + 0,(1), (B.21)
i=1

using Assumption AD(ii). Consider element k1, k2 of the term in brackets and, for simplicity, set K = 1.

1

n27?2 :
=1

(i(wI)T(EiEI—ED,w)-’L’:> :|

[ n

= #E Z ((w:)T(€z€T — ED,“).’B:)Q:|

Zn: ((wi‘)TED“w?) 2:|

n

1[N+ . 1
= n2T2E Z(sl ;) :| - n2TzIE

i=1 i=1

1 [& L 1
< n2T2E ;Hmlb] =0 (E) ) (B.22)

using Assumptions ED and AD(i). Hence, under Assumption AD(ii), the right-hand side of (B.21) is
0p(1). Thirdly,

%
E |:max b3:| < (IE |:max |bi|4:|) <|E
1<i<n 1<i<n

follows using (B.20). Therefore, by Theorem 3.2 in Hall and Heyde (1980) and with application of

1

1
n 2
4 1 AN\ 5
§:1 |b:| ]) <n? jmax (E[b;])? <,

|

Assumption AD(ii),
D7 'c 4 N(0,DTIVDTY).

Finally, applying Lemmas B.3(i) and B.3(iii) completes the result.
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Proof of Proposition 3.

)" =

The result can be obtained as a special case of Proposition 4, by noticing that (Mr, ® Ma,
(M3, © My,)=(Mpr, ® Ma,). Similarly for (M r, ® Mg ).

Proof of Proposition 4.

First rewrite

~T - +

X ((MFO®M]\0)2(MFU®M7\0)) X
=x’ ((MFU ® QxMjz Qx)S(Mp, ® QxMAOQ;))+ X

T T T T\t

=X (Mr, ® QxMjz Qx) ((MFo ®QxMz Qx)E(MF, ® QxM]\OQx)>

X (Mr, ® QxM3z Qx)X

and

x' ((MFO ® MAO)E(MFO ® MAO))+X
= XT(MFO ®MA0) ((MFO ®MA0)E(MF0 ®MAU))+ (MFO ® MAO)X
= X2 27AATA)TATS T X,
Thus, the result follows provided
x'x e (A(ATA)MT - A(ATAVAT) S IX -0, (B.23)
which holds if middle matrix on the left is positive semidefinite. This is now established. First,

Ma,QxMjz,Qx = (In — Pay)(Px — PxAo(Ag PxAo)"Ag Px)
= Px — PxAo(Ag PxAo)"AJ Px — Pp,Px
+ PayPxAo(Ag PxAo)TAg Px
= Px — PxAo(Ag PxA¢) ' Ag Px — Pa,Px + Pa,Px

= QxMj;,Qx- (B.24)
Similarly, it can be shown that

QxM5,QxMa, = Qx M5, Qx. (B.25)
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Using (B.24) and (B.25),

AATA)TATAA A)TAT
— %3 (Mg, ® Ma,) (Mry @ May)S(Mr, ® May))" (Mg, ® Ma,)E
% (Mr, © QueM5,Q%) (Mr, ® QxM3,Q1)S(Mr, © @Mz, Q%))
X (Mp, ® Qe M5, Q1)S?
= %3 (Mp, ® Ma,) (Mr, ® May)S(Mp, ®@ Ma,))t (Mp, @ Ma,)S
X (Mr, ® Ma,QxM;z, Q%) (Mr, ® @Mz, Q1S (Mr, © Qe M3,Q%))

1
X (Mr, ® QxM5,Qx)E?

Nl=

T T T\t
= 3% (Mr, © MayQxMgz,Qx) (Mr, © QeMz,Q2)S(Mr, ® QxMz,Qx))
X (Mp, ® QxM;\UQ;)E%

1
27 (Mrp, ® QxMz Q)

/N

T T +
(MFr, ® QxMz Qx)E(MF, ® QxMAOQx))
x (Mr, ® QxMjz QY)%?

=T

AA"A)TA".

In the same way one can show A(ATfi)jLATA(ATA)JrA—r = A(ATA)+AT It therefore follows that

(AATA)PAT — A(ATA)PAT)(AATA)TAT —AATA)TA)
= AATATAT —AATA)PATAATA)TAT —AATA)TATAATA)TAT
+ AATATAT

=AATA)TAT —AA A)TA

which establishes A(ATA)TAT — A(ATA)+AT is idempotent, which coupled with the fact that it is
symmetric, establishes it to be an orthogonal projector and therefore must be positive semidefinite. This

proves (B.23). O

Proof of Proposition 5.

With W = (I @ nT(X X)), the minimiser of Ors(3, A, F) with respect to A is given by
Ars(B.F(®)) = (X" X)X (Y — X - B)F(2)(F  (2)F(®)) "

Substituting this into the moment condition (4.3),

@rs(B, Ars (B, F(®)), F(®)) = vec(XT (Y — X - B)Mp(a))

= ‘PRs(ﬁaF(q)))y
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and thereby

min Qrs (8, A, F(®)) = prs (B, F(®))Wprs (8, F(®)).

Acoj
Now,
1
VnTW 2 ps (B, F(®)) = vec(Qx (Y — X - B)Mp(a)).
with which

1 -
VITW B[V s (B, F2)Dur] = (~(Mr, © Qq) X —(Mr, ® )T (In, ©S))
- (a B),
where S := (0ryx(r—Ro); L(r—Ry)), J is an RoT x RoT commutation matrix, and

nTW 2E [os(Bo, F.)ks (Bo, F2)[Dar | W2 = (Mir, © Q1)E0(Mr, © Qx) = €.

Now, let

nT(GRsWGrs) 'GrsWHrsWGrs(GisWGrs) ™

—1 —1
- ATA A'B ATQA ATQOB ATA A'B
=n
B'"A B'B B'QA B'QB B'A B'B
W, P, ATQA ATQB Ty, Uy,

=nT . (B.26)
T, U/ \B'QA B'QB/ \¥], W,

Multiplying out, up to a factor of nT, the top-left block of the matrix in (B.26) is given by
U, ATQAY,, + ©1,B QAV; + U1, A'QBY, + ¥,B QBY/,.
Using,

Wy, WPio
T, Uy

—1

ATA A'B
B'A B'B
(ATMpA)™ —(A"MpA)'ATB(B"B)!
= : (B.27)
—(B"B)"'BTA(ATMgA)™! (B"TMaB)™!
which follows by
ATA ATB T T T T
det =det(A A)det(B MaB)=det(B B)det(A MgA),
B"A B'B
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using, for example, Fact 6.5.27 in Bernstein (2009), from which (B.27) then follows using standard
expressions for the inverse of a partitioned matrix (see, e.g., Proposition 2.8.7 in Bernstein (2009)).

Thus

U, ATQA¥,, = (ATMpA) "ATQA(A"MpA)™!
¥ ,B'QAV,, = — (A'MpA) 'A"PgQAA " MpA)™!
U, A'QBY, = — (A'MpA) 'A"QPgA(A"MpA)™!

U,,B'QBY, = (ATMpA) ‘A" PgQPA(A"MA)™",
whereby

U, ATQAY, + U,B QAY,, + U, A QBY], + ¥,,B QBY],

=(ATMpA) 'A"MQMpA(A " MpgA) ™"
Now an expression for M g is obtained. First,

B B=(Ip,®8) T (Mp,®AlA)T (I, ® S)
= (In,®8) (AL A, @ Mp,)(Ir, ®S)
= (AA.®S Mp,S).
Notice that, since AOFOT = A*FI, there exists an Ro X Ro invertible matrix H such that A, = AcH "
from which it follows that AI]X* = H711~XOT1~'&0H;r is invertible w.p.a.l under Assumption AE(ii).
Moreover, using F] S = ®] and F]F. = I, + ®; ®; - 0,
S"Mp,8S=8"Mp,S
=Ir_p,—®(F|F.) '®)
=Ir_p, — ®o(Ir, + By ®o) ‘B
= Ir-ry + <I>0‘1>J)_1 =0,

where the last line follows by applying the Sherman-Morrison-Woodbury formula (see, e.g., Corollary
2.8.8 in Bernstein (2009)). Hence, B' B is invertible w.p.a.1, and therefore

Pp = (Mr, @A) T (Ir, ® ) (A/A) ™ @ (STMr,S) ") (Iry © 8) T (M,  A))
= (Mr, @ AT (ATR) ™ @ S(STME,S)'ST) T (M, @ AJ)
= (Mr, ®A.) (S(STMFOS)_l,S'T ® (AIA*)—I) (Mp, ®A))

= (Mp,S(S"Mr,S)'S"Mr, ® Pj). (B.28)
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Consider M, S(S"Mp,S)"*S" Mp,. Under R-RS,

Ig,

P

IR -1
Mp, =Mp, =Ip— | (IRO + @J@o)

Pg

I (IRO + (I)(—Jrq}o)i1 (IRU + <E'(—)I—<I:'0)71'1)(—Jr
f— T —_ .
®¢(Ir, + B ®0)"' ®o(Ir, + B B0) " '®(

Now, for brevity, let G := F F. whereby

-G 'a®] -G 'a®]
Mg, S = =
Ir_p, — ®G '®] ST Mg, S

and therefore

Mp,S(S"Mp,S)"'S Mg, =
—®,G! S"TMp,S

G ' (ST Mp,S) G G1'1>0T>
Next, using @0 ®0G ' =Ip, — G 'and (ST Mp,S)™ ' =Ir_p, + ®o®],

G '®) (S Mp,8) '®G =G '®] DG '+ G B DD, PG

= G_l(IRo - G_l) + (IRO - G_l)(IRo - G_l)

=1Ir, — G
Hence,
I, —G™! -G'®]
Mp,S(8 Mp,S) 'S Mp, = [ 0
—®,G™'  Ir_p, — PG ®]

G! G l®]
®G! G B

I —

(IRO + (I)(—JF(I)O)71 (IRO + ‘I’J‘I’o)il‘f’g
B (Ig, + B Po)™* ®o(Ir, + ®g o) '@

Mp,.

Returning to (B.28), Pp = (M Fr, ® Pg,) from which it follows that Mg = I'p2g — (MFp, ® Pg ).
Applying this result

ATMBA = i’T(MFO 4 M[\o)j'

~T ~ ~
A'MpQMpA=X (Mp,® M; )Ep(Mp, ® Mz )X.
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Thus,

nT(¥1, A" QAP + ©1,B QAT + ¥, A'QBY, + ¥,,B' QBY¥,)
=(A"TMA) 'A"MpQMpA(A"MpA)™*

=D 'vD™,

which concludes the result.

Proof of Proposition 6.
First write

ViTW 2,1 4(8,V(®)) = vec(Qx(Y — X - B)V(®))
= (Ir—ry ® Q(Y — X - B))vec(V(®))
= (It—r, ® Qu(Y — X - B))Z1vec(®)

+ (Ir-r, ® Qx(Y — X - B)) T2,

where Z1 is a T(T — Ro) x Ro(T — Rp) matrix containing the columns of a T(T' — Rp) identity matrix
which correspond to the ®-elements of vec(V(®)), and Z5 := vec(V(®)) — Z1vec(®). Using this,

ﬁw%EW‘PALS(f@m V.)|[Dnr] = (—(V* ®Qx)' X (Ir—pr,® AOFJ)Il)

(a4 B),

and

nTWAE [¢ALS(ﬁ7V*)¢XLS(ﬁ7V*)} Wi=(V.® Qx) ' Zp(V. ©Qy) = Q.

Now,

nT(GALsWGars) 'GALsWHaLsWGars(GALsWGars)

-1 -1
ATA A'B ATQA ATQB A'A A'B
=n
B"A B'B B'QA B'QB B"A B'B
Ty, Uy, ATQA ATQB T, Py,
=t | 1 . . . . (B.29)
\1112 ‘1122 B QA B QB ‘1112 \1’22

Multiplying out, up to a factor of nT', the top-left block of the matrix in (B.29) is given by

U, AT QAT + ¥, B QAY,, + U, AT QBY ), + ¥,B' QBY,.
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Identically to (B.27),

‘Pll \I’12
‘I’T2 ‘IJ22
-1
ATA A™B
B'A B'B
(ATMpA)~! —(ATMpA)'ATB(B"B)™!
- , (B.30)
—(B"B)"'BTA(ATMpA)? (B"TMaB)™!
from which one obtains,
U, ATQAY 4+ ¥,B QAT + AT QBY], + ¥1,B' QBY/,
=(A"MpA) 'ATMpQMpAA " MpA)".
An expression for M g is now obtained. Notice (IT—g, ® FI)Il = I(r_py)Ry- Thus,
T T TR T . T
Ps = (It—r, ® AoF( )T (l'l (It—r, @ FoAg AoF] )Il) Z] (I7—r, ® FoAg)
~ ~T ~ -1 ~T
= (Ir—n, ® AFIT, (II(IT,RO ® F.A, A*FI)L) I (Ir—r, © F.A))
= Ir-r, ® Pg,),
and M = (Ir-r, ® M5, ). Therefore, bringing together the above,
U, A'QAY, + U, B QAT + ¥, AT QBY, + ¥,B' QB
= (X WV oMz )X) 'R (VY] 0 Mg )Ep
x (V.V] @ Mz ) XX (V.V] @ M )X) ™,
from which the result then follows. O

Proof of Proposition 7.

First, since V. forms a basis for the left null space of Flo, it follows that there exists a (T'— Ro) X (T'— Ro)
matrix H such that V.H = U, where U'U = It_g, and UU " = Mr,. Let

L
vnT
B:= (HH'" @ Irx).

A= (V. @ Mz, )X
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Then

Il
S S
e N R
3 3 3
3= - 8-
=
/_\—4
-
d
4‘
®
S
O>x
=
N—
|

b
—
oy
>
N—
|

Il
q
(=X N}

Let
5 1 =7 T =
D, = ﬁX V. ®M;\O)X
V.= DT WTvT o My )#
L= ViV VLV, ® Ao)'
Then

D;'V.D;' = o} (ATA)A (AT(V*TV* ® ITK)A) (ATAY1

= o2 (ATA)_I A"B A (ATA)_l,

which follows because V] V.= H U ' UH ' = (HH")™'. Now, let

1 1 T
B A B: Bz
C = = L L ,
AT ATB'A ATB 2 ATB 2

which is positive semidefinite. Since B is positive definite, it then follows that A(ATBflA)flAT =<
B.*' Thus,

00(ATBA) ' <05(ATA)TTATBTTAAT AT

Proof of Proposition 8.

See Appendix D.

Proof of Proposition 9.

See Appendix D.

“!See, e.g., Fact 8.11.18 in Bernstein (2009).
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Proof of Proposition 10.

To prove the result, the following three equations are demonstrated to hold:

HRo 2y . (B.31)
luRoJrl
Pa —0,(1) for q=1,...,Ro— 1, (B.32)
Hgt1
LRots  _ 0,(1) for s =1,...,(T — Ro — 1), (B.33)
HRo+s+1

with T > Ro + 2. Thus, (B.31), (B.32), and (B.33), are now demonstrated, in reverse order.

Equation (B.33)

First, decompose

1 (0 = T /e = A
(P -X8) (Y-X5)
1 /= R N /= - B
- = (XA(ﬁO—ﬁ)JerFJjLs) (X.(ﬁo—ﬁ)+AoFJ+s)
.1 A T
= — (I‘+A0F0) (I‘+A0FO)
— niTF*AOTAOFI + niTrTMAOP
= L1 +L27 (B34)
where F, = Fy + I‘T[XO([\(T[XO)_I. Now,
0 < pRry+s = BRro+s (L1 + L2) + 0. (B.35)

Moreover, because both L; and Lo are positive semidefinite, by Weyl’s inequality (see, for example,

Bernstein (2009) Theorem 8.4.11),

HRo+s (LQ) < HRo+s (Ll + L2) ) (B'36)

and
Wro+s (L1 + L2) < pro+1 (L1) + ps (L2) = ps (L2) , (B.37)
since F', has Ro columns. Hence, (B.35), (B.36), and (B.37) together imply

0 < ptro+s (L2) + 05 < pigys < s (L2) + 03, (B.38)
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whereby

* 1 T 2
.U‘Rg+s < Hs (ﬁr Mi\or) + On

a < . (B.39)
HRots+1  HRo+s+1 (ﬁFTM]\OF) + 02

It remains only to show that the right-hand side of the above is Op(1). Since I‘TMADI‘ is positive

semidefinite, for r =1,...,T,
1 -~ - 2
pr(Le) € — | M5, (X - (8, - B)+8)|
L& L& N el | e
<18 =Bol [ == STIXRIZ ) + 18 = Bollz [ == S 1K lf? 2 4 IEk
oll2 ”T,;l F 0 nTkZ:1 E nT nT
- OP(T?LT)? (B40)

which follows since || Xx||r = Op(v/nT), and because ||B — Byll2 = Op(rnr) by assumption. Hence,
pr(L2) = Op (rap), from which (B.33) then follows since o;,'rnr = O(1).

Equation (B.32)

Let J < Ro, V; denote a T x J matrix of normalised eigenvectors associated with the J largest eigen-
~T ~
values of (nT) 'F.A, AoF], and, similarly, let V ; denote a T' x J matrix of normalised eigenvectors

associated with the J largest eigenvalues of (nT)leolﬁi(-)r AoFy.
J 1 T 1 T 2 T
N —=F.Ag AF) ) = —t (V*TF AjA FTV*) ¢ (V*TF A rv*)
;‘u](nT o o ) o A\ V' Folo Aokio J+nTr J ol J
1 * *
+ ot (VJTI‘TP;\OI‘VJ)

J
1 T~
<D (ﬁFvoTAoFoT> + Op (rn1), (B.41)
J=1

. . _1 A _1 -
using [tr(A)] < rank(A)[[All2, [[VIll2 = [[Vll2 = 1, (nT) "2 ||Tllr = Op(IIB—Boll2) + (nT) ™2 Op([[€]]2),
and Lemma B.1(ii). Next,

J
1 ~ T~ T 1 T ~T ~ T
;:1: 15 (nTF Ay AoF ) —tr (VJF A AoF VJ)

- TEA AgFT 2 T AT
= b (VJ FoAg AoF{ VJ) + b (VJ FoA, FVJ)
1 TT
+ ot (VJr P;\OI‘VJ)
J 1 ~T ~

=S (WFOAO AOFJ) + O, (ra7), (B.42)

j=1
by similar steps to (B.41). This implies
1 ~T ~ 1 ~T ~
14 <ﬁF*AO AOFI> =y, (WFOAO AOFJ) + O (Tnr) (B.43)
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since (B.41) and (B.42) hold for any J < Ry. Next, by Weyl’s inequality,
tq (L1 + L2) < pg (L1) + pa (L2)

whereby for any J < Ry,
J 1
Z“J L + L) < Z ( F.Ag AoF ) + Jm (ﬁFTMADI‘)

J
1 ST~
=S u <ﬁF0AgAOFJ> +Op (rar), (B.44)

J
1 . ~Tx 1
Zﬂa L, + L) > Z (*F*AJAOFI> + Jpr (ﬁFTMZ\OF)
J
Z ( FoA, AOFO) + Op (ar), (B.45)

again, using (B.40) and (B.43). Combining (B.44) and (B.45), and using the fact that uq(L1 + L2 +
02I7) = pig(L1 + L2) + 02, gives the result

1 ~T ~
/,Lq (L1 + LQ —|— QiIT) = ,U/q (ﬁFOAO A()F(—)r) —|— Op (’r‘nT) + Qi (B46)

forg=1,...,Ro, where 0 < (nT)fl,uq(FoAJAOFOT) and (nT)fluq(Fofxg[XoFJ) = Op(1) because first
Ry eigenvalues of the matrix (nT)_lFOA(TAQFJ equal those of (n_lfx(-)r Ao)(T_lFJFO) which, under
Assumptions AE(ii) and AE(iii), converges in probability to a positive definite matrix with bounded

eigenvalues. Equation (B.46) then establishes equation (B.32).

Equation (B.31)

Combining (B.38), (B.40), and (B.46) proves (B.31).

Proof of Theorem 2.

See Appendix E.
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Proof of Proposition 11.
First,

=T = 1 -
H (Mp,® Mg )H— —=H (Mp,® Ma)H

2
(oF
+ ﬁtr((GGT @ Px)) WK1 sy — ﬁtr((GGT @ In)) TR 417 i1

= 7 _T(MFO ® Pa, 7PPxA0)7'_t

+ n—Ttr((GGT ® 7M1)C))7TK+177;+1-

Following similar steps to those in the proof of Proposition 3, the first term in the above can be shown

to be negative semidefinite. For the second term,
08 T 08 T
n—Ttr(GG ® —Mx) = —7p max {0,1 —~vK}tr(GG ') <0,

from which the result then follows.

Appendix C. Proofs of Lemmas B.1 - B.3

Intermediary Lemmas

Lemma C.1. Under Assumptions MD, ED, CS, and AFE,
(i
(ii) 1&g &2 = Op(VaT);

(iii) [|Ag EF |2 = O,(VnT);

Y |IF§ET Xkll2 = Op(v/nT) fork=1,...,K;

—

(iv) [[Pro€" Py, ll2 = Op(1);
(v) | Xk€" Aoll2 = Op(nVT) fork=1,...,K;
(vi) [|EFoll2 = Op(T);
(vii) [|ET X k|2 = Op(v/nT) fork=1,...,K;
(vii) [|EX, |2 = Op(v/aT) fork=1,... K.
Lemma C.2. Under Assumptions MD, ED, CS, AE, and AD,
(i) (nT)"2tr(ET Mz, XBE) = ") + O,p(n~1);
(ii) (nT) ztr(Mp & EBXy) =2 + 0p(n~2),

fork=1,...,K, where B := FO(FOTFO)_l(AgAO)_IAJ.

Proof of Lemma B.1(i). Given || X2 = ||Qx X x|z < [|Xkl2 < | X&||F since ||Qxll2 = 1, it suffices

to show that || X i||r = Op(vnT) for k=1,..., K. Now,

B [1X02] = E [zzmiu] _ o).

i=1 t=1
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by Assumption MD(ii), which gives the result || X ||r = Op(v/nT') using Markov’s inequality.

O
Proof of Lemma B.1(ii). For the first part,
T Ro
E[IFli] =2 |33 ] o), e
t=1r=1

using Assumption MD(ii). This then implies || Fo|r = O,(v/T). For the second part, since ||Aol/r =
|QxAollF < ||Aol|F, it suffices to show that E[||Ao||%] = O(n), which follows by the same steps as (C.1)

using Assumption MD(ii). The results for the spectral norm follow from the inequality ||A|l2 < ||A]|F.
O

Proof of Lemma B.2(i). The lemma is obtained by combining two results. The first is that

- 3
[€ll2 = Op(T'4), (C.2)

and the second is that
I&]l2 = O, (ﬁT% + n%\/f) . (C.3)

Taken together one obtains the result.

Expression (C.2)

To establish (C.2), first,
€13 = IE7&ll2 < |ETE|lr = tr(ETEET E)3.

Now,

E [tr(éTééTg)] = Z Z Z Z E [(Px)iliz (PDC)isuelf'?ueiTins}
i1=1ig=1ig=1i4=1

n n

= > > E(Px)is (Px)intr(Ee,n Be,i,)]

i1=1ig#1

+ i i E [(Px)lgliztr(z(?,hzc,iz)]

i1=11ig#i

+ i En: E[(Px)iﬂé (Px)iziltr(zcyil)tr(zcﬂh)]

i1=14g97i;

+ ZE [(Px)?ﬁjsisjei}

i=1

=: p1+ p2 + p3 + pa.
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Consider each of these terms.

il < D0 > El(Px)ivin (Pa)isialtr(Be.i Be,in)] S T (Eltr(Px)?)) = O(T?)

B 11=11ip=1
p2l < D0 D E[(Pa)iiltr(Be.i Be)l] S TE [||PxF] = O(T?)
i1=1ip=1
sl < D0 > Ell(Px)uisll(Px)igis [Itr(Be,in)|[6r(Be.in )] S TE [| Px 7] = O(T?),
i1=1ig£i1
and
T T n
il < 3B | (Pr)? Z Z e, | STPY E[(Px)i] < T°E[|Px|] = O(T%),
i=1 1=1tx=1 =1
[tr(€T&€T€)] = O(T?), from which it then follows that

which follows using Assumption EC. Thus, E
(T4) Notice that same conclusion continues to hold if

tr(§T 867 &)2 = O,(T?), and thereby ||&]j2 =
Assumption EC is replaced by Assumption ED

Expression (C.3)

Let u; = ez/\/T Under Assumption EC
e T T N N
E {Huiuz } =FE [tr(u,u u;u ] Z Z (E[ K [um})2 <c
1=1ta=1
Thus the Rosenthal inequality (Corollary 7.4) in Mackey et al. (2014) is applicable with p = 1 from
which one obtains
1\ 4
n 2 4
|C'n,T:| >
F

(3 e

ZE [uiuI\CnT]

i=1

E

n

T
E Ui U; |CnT
i=1

Now,
2
=72 DY (B Ben) S T

n
i1=11ip=1

Z E [ululT \CTLT}

i=1

and
T T
ZIE U wiu; |CHT} = 72 [Z Z eltlsthCnT} <n,
ti=1ts=1

F

F

under Assumption EC. Thus

2 4
Tl s (@ - \/in%> ,
S e

)=

2

=[5

E(llull2] = Efl|uu3]

from which it follows that
lell: = VTllulls = 0, (VAT +nivT),

74



which establishes (C.3). Notice that same conclusion continues to hold if Assumption EC is replaced by

Assumption ED. O

Proof of Lemma B.2(ii). The result follows from

using Assumption MD(ii), and either Assumption EC or Assumption ED. The result then follows using

Markov’s inequality. O

Proof of Lemma B.3(i). Recall

~ > 1,83 T % 1% T~
tr (MFOSTMAOXlFo(FJFQ) 1(A0 Ao) 1AO€)

1
b = - = (C.4)
- S 1, T~ 17T~
tr (MFOETMAOXKFO(FJFO) YA Ao)'Ag r-:)

Now,

1 B ~ 1, ~ T~ 1 ~T

bg) = — \/ﬁtr (ETMAOXkFo(F;)rFo) 1(A0 Ao) 1AO E)
1 T = 1,2 T~ 1 ~T
+ o=t (PFOETXkFO(FJFO) Y(Ag Ao)'Ag e)
n
1 B ~ 1, ~ T~ 1 ~T 2
-t (PFOETPADXkFO(FJFO) Y(Ag Ao)'Aq s)
n
_ b,(gl'l)+b;(€1‘2)+b§€1'3)-
Consider each of these terms.
2
002 s Ly miEre & || (Lrir) || || (LATAG) || 1ATEl
k ~ MTLTT 0|2 0 k|2 T 0 0 , n 0 0 , 0 2
1
= OP (7 )
n
and
009 S o L P e P Rl Foll || (AFTFD) || ||(LAIKo) || 1ALl
k ~ nTnT 0 Ao T n
2 2

()
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using Lemmas B.1(i), B.1(ii), C.1(i), C.1(ii), and C.1(iv), as well as Assumption AE. Next, using Lemma
C.2(i),

90, (o).

where
1 1 -t 11\ '
. e _
1S Y T lalKualFoll | (3T ) || (|(5A0Ao) || HAol
2 2
[T
- Op ( n) 7
using Lemmas B.1(i) and B.1(ii), as well as Assumption AE.
0
Proof of Lemma B.3(ii). Recall
T~ 1 xT~
(MFOX My EFo(FJ Fo) (Ao Ao) ' Ag s)
1
p?® — _ : . C.5
T ] : ] (C.5)
tr (MFOXKM;\OEFO(FJFO) Y(Ag Ao)'Ag é)
First,
1 ST . 1, T~ =T
0] < —— (X EFo(Fg Fo) ™ (Ao Ao) ™' Ao &)
1 ST . 1, T~ =T
+ﬁ|tr(PF0XkeFo(FJ Fo) ' (Ao Ao) A &)
1 ~T - T 1, T~ =T
+ \/ﬁ'tr(XkP]\OEFO(FO Fo)” (Ao Ao)” A€
1 ~T - T 1, T~ 1= T .
+ \/ﬁ'tr(PFOXkP[\OEFO(FO Fo) (Ao Ao) A é)]
= p> Y 4 b 4 ),
Now,
o1 1 1 T -1 1-7~\"! 1
W $ KL eFola | (TR0 2 (2A740) JAsal =0, (%)
and
2.3 1 1 T -t 1 -7+ 17 ~T
U2 S I Kl N Aol &g €Folls | (777 Fo) 2 (3Adho) Asel:

()

using Lemmas B.1(i), B.1(ii), C.1(i), C.1(ii), C.1(iii), and C.1(iv), as well as Assumption AE. Similarly
for b;fg) and b,(c2'4) which gives the result. O

Proof of Lemma B.3(iii). Recall
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- - _ ~T ~ 1+~ T &
tr(Mp,& Mg EFo(Fg Fo) ' (Ag Ao) ' Ag X1)

1
b = - — C.6
VT - : : (6
tr(Mp,&€ Mg EFo(Fg Fo) '(Ag Ao) 'Ag X i)
First,
b = — (Mg & EF0(FI Fo) ' (Ag Ao) ' Ag X 1)
vnT
1 - - e
+ Wtr(eTPAOSFO(FJFO) Y(Ag Ao) Ay Xi)
1 - - 1, 7T~ 12T &
_ ﬁtr(PFUETPAOEFO(FJFO) 1(1\0 Ao) IAOXk)

= b3 4 b3 4 p3S),

For the second and third terms,

2
1 1 o T+ T 1 -t T« \ Y, x
b5 € ——= =1 X k€ Aoll2l|Ag EFol2 || 7 Fg Fo ~Ao Ao | Aoll2
\/nT’I’L2T T n
2 2
1
:O —_— s
p<vnT)
and
BP0 S A= —— | Pry&T Py, [l2|EF| (1FTF)_1 <1ATA)_I | Kool X
k ~ oo I Fo Apll2 ofl2 —Loto — 4o Ao oll2 k|2
VnT nT T LI\ )

()

using Lemmas B.1(i), B.1(ii), C.1(iii), C.1(iv), C.1(v), and C.1(vi), as well as Assumption AE. For term

bf"l), using Lemma C.2(ii),

1
=0, (7).

where
015 S Lol aelEol || (2Eie) || | (2ATA) | 1Al
Ei~VonnT T n
2 2
T
- Op ( n) 7
using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE and AD. O
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Proofs of Intermediary Lemmas C.1 - C.2
Proof of Lemma C.1(i).
B[IFTE X} =E[IFTe” Xu|?]

=E [Z Xka zztr(FOFO 3pii)

i=1

S E[IXkllF |1 Foll7]

= O(n1?),

which follows by Assumption ED, using the Cauchy-Schwarz inequality, and noting that E[|| X x||%] =
O(n2T?) and E[||Fo||}] = O(T?) under Assumption MD(ii). O

Proof of Lemma C.1(ii).

E[IA &3] = E[Il(PxAo)ell}]

Z(PXAOA(—JFPDC)iitr(ED,ii)

=1

TE [|| PxAol|7]

=E

A

A

TE (|| Aoll7] = O(nT),

under Assumptions MD(ii) and ED. O

Proof of Lemma C.1(iii).

~T~
E (Ao £Fo[l%] = E[lI(PxAo) eFol}]

= E [Z(PxAOAO Py)istr(Ep,ii FoFy )]

A

| PxAo|| 7| Fol|%]

E[
[ AOHFHFOH ] (nT)7

A

under Assumptions MD(ii) and ED. O

Proof of Lemma C.1(iv).

e — ~Tx ~T~ (17T
|Proe Py, ll < || Fo(Fg Fo) " Fg & Ao(Rs Aa) Aq |

1 -t 1-7-\"
(—FJ Fo) (—Ao Ao)
T n

using Lemmas B.1(ii) and C.1(iii), as well as Assumption AE(ii) and AE(iii). O

| Fg & Aol
2

[Aoll2 = Op(1),
2

1
—||F
T” oll2

Proof of Lemma C.1(v).
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E (11 Xx&" Aolli| = B [I1Xse PrxAollk]

=K [ PxAOAJPx)“tr(X;erzm,-)

E [[|Px Aol 1 X k7]
[

< E [ Aol# I X kll7] = O(n’T),

which follows by Assumption ED, using the Cauchy-Schwarz inequality, and noting that E[|| Xx||%] =
O(n2T?) and E[||Ao||}] = O(n?) under Assumption MD(ii).

Proof of Lemma C.1(vi).

E [||EFol7] = E [||PxeFo| /7]

E Z(Px)”tI‘(FoF(TE’DY”)
i=1

E [|IFol7] = O(T?),

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.1(vii).
E[IE7Rul?] = B [le” Xul?]

T T n n
E E E E Ei1taLkirtEigto Lkigty

t1=1tag=143=11i3=1

T n
~2 |3 373tk | o)
t1=1tp=1i=1

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.1(viii).

E |:||§XZH |:Z Z PDC 1112tr Xk Xk:Ezl ):|

|:Z Px)utr Xk Xi3p zz)

TE [| X kl7] = O(nT?),

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.2(i). Write,
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vec(e) (It ® QxMAOX'kBQ;)Vec(s)

~ 1
tr(é' Mz X,Bé) =
(& M3, XiBE) = 7=
1 ~
=t (So(Ir © Qe Mz, X, BQY))

VnT
+ \/%tr ((vec(c—:)vec(t-:)T - ED) (IT® QxM[\UXkBQ;)) . (e

1
vnT

It is now demonstrated that the second term in the above is (’)p(n_%). Let

1 AT R
I = (TFJFO) (AOAO) .

One can write the second term on the right in (C.7) as

Ro Ro
Z Z HT1T2 (FnT Z Z tl“ 511 12 2 1112)(QXMA kao rl)‘() TzQDC)nZz)
ri=1lrz=1 T i1=11ip=1

ri=1rgo=1 =

Ro Ro n n
= > Y I, (rlT D> tr(enel, — Toiin) Aiis (7‘1,7"2))
1=11 1
—

Ro Ro
1
= > > M, <T > tr(eied - ED,ii)Aiz‘(ﬁ:Tz)>
ri=1ro=1 i=1
Ro Ro
+ Z Z 1L, 7Tﬁ Z Z tr 521 12 111'2(7"1:7"2)
ri=1rg=1 i1=11497#11
=: p1 + p2.

Consider each of these terms, in turn. First, since ||II||max < [|[II|j2 = Op(1) under Assumption AE(ii)

and AE(iii), it suffices to examine the summands (over Ro) in p1 and po for each (r1,72). Starting with
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p1, for brevity let Xj = QxMj3, Q}Xk and A == PxAo,

<Z tr(eie; —Xp “)An(ﬁﬂ?)) }

n3T3
1
= W]E Ztr 6 6 - ED “) A'Ll(rlaTQ)
— 1 T T 2
= WE ;Ei Ei€; EiAii(T1,7‘2):| — Ztr (Ep.ai) 11(7"17T2):|
1 ' n T T
= 37’1"3]E Z Z Z ElztleftzA?i(rlv/rQ Ztr ED ” 11(7'17712):|
" Li=1 t1=1to=1
1 [&s
S n3TE ;Aii(rl77"2):|
1 & T * \2 * 2
= n3TE ;(fo,rlwki) (A0,ir) ]
1 & * 112 2 * 2
< 7B | 2 1@kl fo.r, [3OAG.ir2)
1
1 n . 4 4 2 . . %
< = | B2 el forliz| | (B [IX,.13])
=1
9 % 8 % ? * 4 %
< n3T STE kS ® E[IfonE)Z ) (&N I4])

=1

o)

under Assumptions ED and AD(i). It thereby follows that p1 = O, (n‘i). Turning now to p2,

n3T3 Z Z Z Z tr(€i, €0, )t (Eis €4, ) Auyin (71, 72) Ay (11, 72)

i1=1197#11 i3=1 14713

= n3T3 Z z tr(2p,iy4, 2, 1212)Az1z2(r177'2)

i1=1127#11

1 n n
+ sl Do r(Z0i0 i) Airia (11,72) Ay (11, 72)

i1=1 51,
n n
S n3T2 Z Z AZ i, (r1,72) DD 1 Airin (r1,72) | Augiy (r1,72))|
i1=11ip9=1 i1=11i3=1

1 2
S B [[A(r, ) |IF]

1
. T Xk E N F o, 1311 A0,r2[13]

e E XA E (1o 18D (E (120, 8))

IN

Il
S
/N
S
"

under Assumptions MD(ii), ED, and AD(i). It thereby follows that p; = Op(n_%) which completes the
result. O
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Proof of Lemma C.2(ii).

\/Tlﬁtr(MpoéTé'BX'k) = \/jTTvec(s)T(BXkMFO ® Px)vec(e)
1 -
= \/ﬁtr (ED(BXkMFO (2] Px))
+ \/:ﬁtr ((vec(e)vec(e) "~ £p) (BX M, ® Px)). (C.8)

It is now demonstrated that the second term in the above is (’)p(n_%). Let

1T 1o~ \ 7"
II = TFOFO AOA() .

One can write the second term on the right in (C.8) as

Ro Ro
Z Z H'I“N"z (TTLT Z Z PDC 2112tr((611 €iy —-3p lllg)fo Tl)\o rQXkMF0)>

r1=1ro=1 i1=11i9=1

Ro Ro
= Z Z 10, ., (TnT Z Z Px);,i,tr((ei,€ T ED,iliQ)A(ThT?)))

ri=1rg=1

— iin L iznjp tr((eie)] — Spui)A(r1, r2))
- T1T2 \/ﬁnT v x i1 D,ii 1,72

ri=1ro=1
Ro Ro 1
+ Z Z LRSS VT nT Z Z (Px) 1122tr(€11522A(7‘15r2))
ri=1lra=1 i1=1ig7£i1
=: p1 + p2.

Consider each of these terms, in turn. First, since ||II||max < [|[II|j2 = Op(1) under Assumption AE(ii)

and AE(iii), it suffices to examine the summands (over Rp) in p1 and p2 for each (r1,r2). Starting with

p1,
1 n
WE Z(Px)?itr((eis;r—ED,ii)A(T1,T2))2:|
1=1
1 - 2 T 2 1 < 2 2
= 7n3T3]E Zl(Px)iitr(EiEi A(Tl,T’Q)) :| - WE 2(Px)iitr(2D,¢¢A(7‘1,T2))
1 n
S —E Z(Pxﬁi|fo,m||§||xo,w||%|Xk|%]
=1
1
S TL3T2E [HfO,'rl”gH}‘Ow’QHgHXkH%‘]
< o o IE)F € [R0n 5D € [1X4E])*
= n372 0,71 112 07T2||2] ( [H kHF]
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under Assumptions MD(ii), ED, and AD(i). It thereby follows that p1 = Op(nfé). Turning now to pa,

T3l ST D (Px)ivia(Px)igistr(ei e A(ry, 72)tr(ei,6, A(r1,72))
11=11ig#iy i3=11447#1i3

1

= sl Do (Px)intr(Eoun AT (r1,72) 50,0, Alr1,12))
i1=11i2#1;

1 n n
t sl Do > (Px)iria(Px)inin tr(Epiyi A(r1,72) E0,i3i A(r1,72))

i1=11dg7#i

A

1
WE [\|Px||2F||A(r1,r2)||§]
1

o (1o, 13120, 31X 3]
1

o E[1Fo13) F (E [Ioral8)* (B [1XaIE])?
1
-0 ()

under Assumptions MD(ii), ED, and AD(i). It thereby follows that p2 = (’)p(nfé) which completes the

A

IA

result. O

Appendix D. Results for Section 5.1

Notation

For an n X m matrix A, define mixed matrix norms ||Al|2,cc = maxi<i<n ||@i||2 and ||Alec,2 =
maxi<j<m ||@jll2. Moreover, let X} = Mpya,XeMp, and X, = QXMKQDTCX;CMF». Note also
the following inequality which is used throughout: for two matrices A and B which are n x m and
m x T respectively, ||AB||max < ||Al|2.00|Boo,2.*>

D.1. Lemmas

Lemma D.1. Under Assumptions MD, ED, CS, AE, and AD,

1

(i) IMry, — Mpg|2=Op(n"2);

. _1
(i) Mz, — M3z = Op(n”2),
where F' and fX are defined in Section 5.1.
Lemma D.2. Under Assumptions AD and IF,
. X 1
(1) X kllmasx, | X5l max = Op((nT)5) for k=1,..., K;

(i) | Xkll2.00 = Op(nsVT) fork=1,... K;

(if)) || Xklloo2 = Op(v/nTF) fork=1,... K;

“Let C == AB. Then |cit| = |aj bi| < ||ai||2]|be]|2, from which it then follows that ||C|max <
[[Al2,00[| Bl[oo,2-
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(iv
(v
(vi

el

2,00 = Op(n5VT)
lellco2 = Op(\/ATS)

2,00 = Op(n%);

)
)

’
’

i)

[ Aol

=

(Vi) [[Foll2.0 = Op(T);

)
)

(viil) [|Ag €llow,2 = Op(vATF);
)
)

=

leFoll2,00 = Op(nsVT);

1
€llmax = Op((nT)75).

(ix

(x
Lemma D.3. Under Assumptions MD, CS, AE, AD, and IF, as n — oo with T > Thin fixed,

(i) llellmax = Op(n*);

(i) [|€ = ellmax = 0p(1);

(iii) [[é —ellr = Op(1),
where e .= eM g, and é:= (Y — X - B)M 3.
Lemma D.4. Under Assumptions MD, CS, AE, AD, and IF, asn,T — oo and T'/n — v € (0, 0),

(i

) [l — ellmax = Op(n~1);
(ii) AT = Aoll2 = O, (1);

(ifi) || £~ FoD ™" [l2 = O, (1);
(iv) B — Bl = 0p(n"%),

where B is defined in Lemma C.2, B is defined analogously, and T' is defined in the proof of D.4(ii).

D.2. Proof of Proposition 8.

First,

~ 1 ~T ~
|ID = Dl2 < X (Mg~ Mr,) @ Mz)X|2

1 57 ~
ol (Mr, @ (M — Mg, ))X||2. (D.1)
For the first term in the above,
1, 57 y 1 =2
X (Mg = Mrpy) @ M) X2 < S| X 2| Mg — M, 2.

Notice,

K
1213 < 1& (1% = D 11X xlF = Op(nT),
k=1
by Lemma B.1(i). Hence, using this and Lemma D.1, it follows that the first term is 0,(1). Similarly for

the second term in (D.1). This concludes the first part of the proposition. Turning now to the second

part, decompose

V-V=WV-V)+(V-V) (D.2)



where

V= & (Mp,® Mg, QUr (vec(e)vec(e) ) (M, © QuMy,) X,

To establish that the first term in (D.2) is 0, (1), it is sufficient to show that Vi, g, — Viy ks = 0p(1) for
ki,ko=1,..., K.

T
oA ) . A Ak
(eztl Citg — €itq eztz)xklitlxkgiiz

3
I S

X _ 1
Vklkz - Vklkg - TliT Z

i=1t1

=1
T T
Ak Ak
T €ity City (mklitlxkgitZ — Tkqity xkzitz)

T T
~ ~ Ak A~k * *
+— § § (€ity ity — ity €ita ) (Thoy ity Thoito — Thyity Thaoita)

1 2 3
= pi" +p” +p".

Consider the first term.

n

(1) 1 d d ~ ~ * *
Ip1’| < T Z Z Z |€ity — €ty [|€ity — ity ||Thy i, [|Thyits |
L =1t
1 -
< X, x| X, llmaxl|€ — e[

= OP(1)7

using Lemmas D.2(i) and D.3(iii). Consider the second term. First notice,

n T T
2 1 . « *
b1 = 7nT (5it1 - eitl)eitgxklitlmkzitg
i=1t1=1tp=1
n T T
_ ]. ~ * *
=T (ity — eiil)siizxk1it1mk2it2~
i=1t1=1ta—1
Now,
n T T
@)« 1 ;. T ]
Ipi| < nT |€it, — elt1||51t2‘|mk1it1Hmkzitz‘

1 T T
< ol —ellmax, DD e llwky i 1ok, |

I

S
3
-

-
=



which follows using Lemma D.3(ii), and because

n

T T
E|Y DD leallwh i i | = O®),
i=1t1=1tg=1

using Assumptions IF (i) and IF(iii). Similarly for p§3) from which it then follows that p; = 0,(1). Next,

n T T
_ 1 ~ K A~k * *
b2 =T €ity €iz2(l’k1it1 Thoity — xklitlzky’tg)

i=1t;=1tg=1

1 n T T A A A
- nT Z Z Z 62"sleit?((SL‘ZIWI - mz11'11)(1‘}:22'752 - IZQ'HQ) + (mzlitl - Izlih)xzzitz)

i=1t1=1ty=1

n T T
1 * " *
+ WT E E E eitleitzmklitl(mkgnz —szitg)

i=1t1=1to=1

= pi + p +pi.

Consider the first term.

1 n T T
|pgl)‘ < nT Z Z Z ‘eit1||€it2”§3;§1itl - xzﬂh”‘izﬂtz - wzzitz

i=1t1=1to=1

1 N N
S E“eHIQnaxszl - XZlHFHX:;Q _XZQHF

= op(l)v

using Lemma D.3(i) and

Xk — Xillr < [Mjz — Mg |2l Xellr + | Xkllp| Mg — Mrollr = Op(1),

using Lemmas B.1(i) and D.1. Consider the second term.

1 n T T
‘pg)l < ﬁ Z Z Z |eit1 ||eit2||£z1it1 - leih ||x;;2it2|

i=1t1=1tp=1

1 .
< ﬁllel\iaxllel = X5, P X5, |

= OP(1)7
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using Lemmas B.1(i), D.3(i), and (D.4). Similarly for p§3> which establishes that ps = 0,(1). Finally,

n T T
_ 1 ~ A Ak A~k * *
ps= (Eity €ity — €ity City) (Thyity Thyity — Thyity Thyits)
i=1t1=1ty=1
n T T
1

== Z Z Z (Eity — €ity )ity — €ity) (Thyity — Thyity) Ehpity — Thoity)

i=1t1=1tp=1

1 n T T
+ nT Z Z Z (€ity — €ity ) (Gity — eitz)(izlz‘tl - leitl)ngitg
i=1ty1=1to=1
1 n T T
R DN (City — €itn) ity — €ats)Thyiny (Bhgity — Thgits)

i

Il
3 =
o~
=
Il
-
o+
)
Il
-

3
M~
M~

_l’_

(Eity — €ity)€ity (Bhyity — Thyity ) (Ehaity — Thyity)

<
Il
—
-
S
Il
=
-
N
Il
=

3

+
S|=
M’i
M’i

(Eity — €ity) ity (Bhyity — Thyity)Thoity

<
Il
-
o

=
Il
-
=

N
Il
-

+
|-
s
M=
M=

(Eity — €ity )€ita Thoyity (Bhgity — Thyits)

i
3 =
~
&
Il
fan
o~
)
Il
fa

3
M=
M~

+

€it1 (Cits — €its ) (Bhyit; — Thyity) Thyity — Thyits)
1

s
1
=
-

S
Il
-
=

[V
Il

3

J’_
5[~
]~
M=

€ity (City — €ity) (Ehyit, — Thyity ) Thyits

<
Il
—
-

S
Il
—
o~

N
Il
—

3

M)~
]~

_|_

eity (Bity — eitz)lein (izgitg - 1»‘1:21%2)

Sl

~
Il
=
-
=
Il
=
-
M
Il
=

= .+,
Consider the first term.
W L. 2 ot . . .
|p3 | < EHe - e||maXHXk1 - Xk1 HF”sz - szHF = OP(1)7

using (D.4) and Lemma D.3(ii). For term p§2>,

2 1 ~ 2 o * * *
19571 < 1€ — el Xk, = X, 171 X7, 17 = 0p(1),

using (D.4) and Lemmas B.1(i) and D.3(ii). Similar steps establish term p$,...,p%" are also 0,(1),

from which it then follows that ps = 0, (1), whereby ||V — V|2 = 0,(1). Turning now to the second term
n (D.2), |V — V]2 = 0,(1) using similar steps to (B.22) in the proof of Theorem 1. This completes

the result.
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D.3. Proof of Proposition 9.

Let
Aj = QxM5z X BQx
Ak = Qfo\XkBQ;
B = Fo(FJ Fo) " (Ag Ao) "Aqy
N AT A 2T 2 2T
B=FF F)y"(A A)'A
Cr = (IT %) Ak)
ék = (IT (24 Ak)
Then

~ 1 A 1
121) - I(Cl) = \/ﬁtr (FbT (vec(é)vec(é)T)Ck) — ﬁtr (ZpCh)

- \/%tr ((FbT(vec(é)vec(é)T) — Ty, (vec(s)vec(e)T)) (G — ck))

+ tr ((FbT (vec(é)vec(&) ") — Ty (vec(e)vec(e)T)) Ck)

1
V/nT
+ Ltr (Fb (vec(e)vec(e) ") (Cr — Ck))
vnT ’
1
/nT

=!qk,1 + k2 + Qqk,3 + qk,a-

+ tr ((FbT (vec(e)vec(e) ") — ED) Ck>

Now, notice that
ITor(ab’ )|z = ||diag(a)(Q @ I,)diag(d)[|2 < [|alleo||Rl2[bllc < 2b7[|allos][b]oc,

which follows using |||z < 2br."® This latter property can be established by noticing that, since € is
symmetric and non-negative, its largest eigenvalue is bounded by its largest row sum by the Gershgorin

Circle Theorem. Hence, ||Q||cc = 2br — 1 < 2bp. Using this one can establish
1
Loy (vec(@)vec(&)T) = Top (vec(e)vec(e) )2 = Op(n~$br) = 0,(1), (D.5)

as n, T,br — oo and T/n — ~ € (0,00), b5 /n — 0, which follows applying Lemmas D.2(x) and D.4(i),

and under Assumption IF(iv). Using this,

lgk1| < b, (vec(&)vec(&) ") — Ty (vec(e)vec(e) V)[[2/|Cr — Ckll2 = 0,(1)
|gk.2| < 7oy (vec(&)vec(&) ") — Ty (vec(e)vec(e) V)[|2[|Crll2 = op(1)

|ak.3] S [ITor (vec(e)vec(e) ) |[2l|Cr — Crll2 = 0p(1),

“*Where, for an n x 1 vector a, diag(a) is an n x n diagonal matrix containing the entries of a along
its diagonal.

88



which follows because

ICk = Cill2 < [|(I1 © Qx Mz X1(B = B)Qy)ll2 + |(I1 ® Qx(M 3 — M3 ) XxBQy)|2

< (| Xkll2/B = Bll2 + [ Xxll2|M 5 — M5, |2 Bll2

o)

using Lemmas B.1(i), D.1(ii), and D.4(iv), as well as

1 -1 1-7- \ !
<—FJ Fo) (—Ao A0>
T n

by Lemmas B.1(i) and B.1(ii), and Assumptions AE(ii) and AE(iii). For g4,

1 - -
ICkll2 S = 1 X k2] Foll2 [Aoll2 =0y (1), (D.6)

2

2

Ty, (vec(e)vec(e) ") — rbT(zD)) ck) 1 (To, (Sp) — =) Ch) .

1 1
ka4 = ——*tr ((
e vnT vnT

Using similar steps to those in the proof of Lemma C.2(i), the first term can be shown to be 0,(1) as

n,T,br — oo and T/n — v € (0,00), b%/n — 0. For the second term,

1
m\tr((FbT(ED) = 3p) Ck) | < [[Pop (Bp) — Zo|l2/|Crll2 = 0p(1),
as n,T,byr — co and T/n — v € (0,00), b/n — 0, using (D.6) and Assumption IF(iv). Similar steps
establish that |1ﬁ,(€2) (2) | = 0p(1). This concludes the first and second part of the proposition. For the

third part,
R 1 =7 1 _
D-D= 75X (Mp—Mr,)®M; )X+n7x (Mp, ® (M3 — Mg )X
= P, + P

Consider each of these terms.

K
1, 502 1 -
1Pillz < X2 Mp — Mroll2 < — <Z |Xk|F> Mg — Mp,ll2 = op(1),
using Lemmas B.1(i) and D.1(i). Similarly for P. For the last part of the proposition it is sufficient to
show that Vk1k2 — Viky = Op(l) for k1,ka =1,..., K.

P

Vierky — Vigky = %vec (Xk )-r (FbT (vec(é)vec(é)T) — Ty (vec(s)vec(e)T)) vec (X;;)
+ —vec ( ) Ty, (vec(e)vec(e)T) vec (Xzz - XZZ)
+ —vec (X;Cl Xkl) Ty (vec(e)vec(s)T) vec (X%,)
+ (%vec (X3 Top (vec(e)vec(s)T) vec (X%,) — Vk1k2>

=r1+7r2+7r3+714.
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Consider each of these terms.
1 - - ~ % P
ri] < ﬁ\|FbT(VeC(e)VeC(€)T) — Top(vee(e)vee(e) )l Xk, 71Xk, | 7 = 0p(1),
1 ~ % ~ ¥
|ra| < ﬁHFbT(Vec(f‘i)vec(e)T)llz||Xkl||F||Xk2 = X llr = 0p(1),
1 o * * *
Irs| < — 0oy (vee(e)vee(e) )2l Xk, — Xy [l [1 X3, lr = 0p(1),
using || Xxl|r < | X x]r,
I Xk = Xillr < Mz — Mg, |12l Xellr + | Xl p || M 5 — M2,
Lemmas B.1(i), D.1, D.2(x) and D.4(i), as well as (D.5). For rq,

Ty = %vec (X75,)" (Thy (vec(e)vec(e)T) — T, (ED)) vec (X%,)

+ e (X7,)T (o (o) — £p) vee (X1, (D.7)

The first term in the above can be shown to be 0,(1) similar to (B.22) in the proof of Theorem 1. For

the second term

1 * \ T * 1 * *
—plvee (X)) (Ter (8p) = Bp) vee (Xi,) | < 1 X5y [ Xk, 7Ty (B0) = o2 = 0p(1),

using Lemmas B.1(i) and Assumption IF(iv). This completes the result. O

D.4. Proofs of Lemmas D.1 - D.4

Proof of Lemma D.1. Similar to Proposition 2, under Assumptions MD, ED, CS, and AE, Lemma
S.1 in Moon and Weidner (2017) is applicable which provides the following expansion of M z:

K
. 1
My~ Mp, = B + Y (o~ BB + 0, (2]

k=1

where
(1) ._ T X (ATR \—1l/pT 14T T 13 Tx \-1x T w
B, = —Mp, X, Ao(Ag Ao)” (Fo Fo)  Fo — Fo(FoFo) (Ao Ao) Ay X Mp,,

for k = 0,...,K with X = & Using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE(ii),
and AE(iii), ||BLI)||2 = Op(1) for k =1,..., K. Moreover, HB(()UH2 = Op(nfé) using Lemmas B.1(ii),
C.1(ii), C.1(iv), and C.1(vi), as well as Assumptions AE(ii) and AE(iii). Thus, applying Theorem 1,

1
M5~ MrJa =0, (=)

Similarly, one can obtain the symmetric result ||Mz — Mg |2 = Op(n”™2).
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Proof of Lemma D.2(i).

1

8
E | max max |:r;m|
1<i<n 1<t<T

(i)

=1 t=1
< ()3,

E{[| Xk [l masx]

IN

IA

which follows using Jensen’s inequality and Assumption IF(i). The result then follows by Markov’s

inequality. Similarly for X7. O

Proof of Lemma D.2(ii).

E| (IE { max |mk1|\2})
1
n T T T T 5
i=1t1=1tg=1t3=1t4—1
< n® VT,
under Assumption IF(i). O
Proof of Lemma D.2(iii). Analogous to the proof of Lemma D.2(ii). O

Proof of Lemma D.2(iv).

1

Ellelan < (| max lesl])
EEEEEanasl])

i=1t1=1to=1t3=1t4=1
1
S nsvT,

IN

which follows using Jensen’s inequality and Assumption IF(iii). The result then follows by Markov’s

inequality. O
Proof of Lemma D.2(v). Analogous to the proof of Lemma D.2(iv). O

Proof of Lemma D.2(vi).

1
8
E[[|Aollze0) < (E [max ||AoZ||2])

CESEE S e

it=1ri=1lrg=1rz=1ry=1

ool

IA

1
< ns,

which follows using Jensen’s inequality and Assumption AD(i). The result then follows by Markov’s
inequality. O
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Proof of Lemma D.2(vii). Analogous to the proof of Lemma D.2(vi). O

Proof of Lemma D.2(viii). First it is demonstrated that under Assumption IF(iii)

sup E[(v'e:)®|Dnr] (D.8)

[loll2=1

is uniformly bounded. Using a Rosenthal inequality (see, e.g., 9.7.c in Lin (2010))

8 n 4 n
|DnT} S <ZE[vfai|DnT1> + Y E[|viewl*|Dar] .
i=1

i=1

n
Z’Uz‘Eit
i=1
Now,
n
> E[plek|Dar] = Zuz 5| Dnr] < V)51 5D max < c1,
i=1

and

n n
EIIE [lvigit|*|Dar] < vaﬂi [€5|Dnr] < |03 (f?ﬂxn max 33 Zt) < co,
=

i=1

by Assumption IF(iii). Since the choice of v is arbitrary (subject to being D, r-measurable) this estab-
lishes (D.8). Using this result,

ool

B [IATelles] < (2| 1ATl])
1
T 8
< (E > ol ||ATst|2D

N
ool

(E > 1ol (Z (a] &) )

S VnT's,

ool

using Assumption AD(i) with A = A¢/||Ao||2 if ||Ao]l2 > 0, and A := 0 otherwise. The result then

follows by Markov’s inequality. O
Proof of Lemma D.2(ix). Analogous to the proof of Lemma D.2(viii). O
Proof of Lemma D.2(x). Analogous to the proof of Lemma D.2(i), using Assumption IF(iii). O

Proof of Lemma D.3(i).

= Op(né)a

l[€llmax <
using Lemma D.2(iv) and

M Fqlloo2 < o fhax | [Mpovll2 = [MFpol2 = 1. (D.9)
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Proof of Lemma D.3(ii). First,

K K
é—e=Y (Bok—B)XiMro+ ) (Bok — Bi)Xk(Mp — Mr,)
k=1 k=1
=+ AoFo(Mﬁ—MFO)—‘rE(Mﬁ.—MFO). (D.lO)
Then
K R K R
16— elmex < 3 180 = Bull Xnllze M pyloez + 3 1B — Bill Xilloe | M g — Mgy o
k=1 k=1

+ Aoll2,c0[Foll2[| M g = M rglloo,2 + [l€l[2,00 [M g = Mg [oo,2 = 05(1),

which follows using Theorem 1, Lemmas B.1(ii), D.2(ii), D.2(iii), D.2(iv), and D.2(vi), as well as equation
(D.9) and

1
Mg = M|z < M5 = MryJa =0y (=)

by Lemma D.1(i). O
Proof of Lemma D.3(iii).
é—ellr < VT|é—ell2
=VT|(Y = X - B)M; —eMp, |
K ~
<VT <Z 1Bok = Bell Xkll2 + [ Aoll2l[Foll2[| M g — M r |2 + |lell2]| M g — MF0|2>

k=1

= OP(1)7

using Theorem 1, Lemmas B.1(i), B.1(ii), and D.1(i), and ||&]l2 = Op(v/nT') which is straightforward to

show under Assumption AD(i). O

Proof of Lemma D.4(i). Notice that
AG Ao — Ag Ko = AJ MxAo = 0,

by which it follows from Assumptions AE(ii) and IF(ii) that n " Ad Ay 2> YA, as n — 0o, where the
eigenvalues of 3, are bounded away from zero and from above by a constant. Using this, as well as
Lemma B.1(i), |le]|z = (’)p(\/ﬁTi tni VT) (which is shown in the proof of Lemma B.2(i)), and Theorem

1, Lemma S.1 in Moon and Weidner (2015) can be applied to obtain the following expansion for M z

Mg = Mr,+BY +B® +BY 10, (l) :
n
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where the bound on the remainder is obtained using the result given in part (iv) of Lemma S.1. Using

1Ag €]l = Oy(n) (D.11)
|AG eFoll2 = Op(n) (D.12)
[eFoll2 = Op(n), (D.13)

which can be shown analogously to Lemmas C.1(ii), C.1(iv), and C.1(vi) under Assumptions MD(ii)
and TF(iii), one can analyse B® and B‘® and demonstrate that || B® || = O,(n!) and

B® = — Mp,e eFo(Fy Fo) ' (Ag Ao) ' (Fg Fo) ' Fy
_ _ _ 1
— Fo(Fg Fo) "(Ag Ao) " (F{ Fo) 'Fge' eMp, + O, <5)

1
=B +(B{")" +0, (E) :

Moreover,
K
BY =B + Z(ﬁo,k — BB,
k=1
where
B\ = — Mg, X[ Ao(Ag Ao) *(Fg Fo) 'Fg — Fo(Fg Fo) *(Ag Ao) 'Ag Xy Mp,,
for k =0,...,K with X := €. Hence, combining the above one obtains

K

5 1

My = Mr, + B + 3 (i~ 5B + B + (B +0, (1),
k=1

Now, using this

¢

(Bok — Br) Xk + AoFg +5>M —€

\
/\/‘\
M= iD=

-

ﬁOk*ﬂkaJr >MF0 ( ﬁ()k*ﬁka+AoF0+ )Bél)

=1

K K
+ < ﬁOk—ﬂka-‘erFo +e> (ZBOk_ﬂk (1)>—€
k=1 h—1
3 1
T <Z Bok = B Xk+A0F0+€>< B + BY) + 0, (ﬁ)) (D.14)
k=1

Notice that

K
> Bk — Br)X
k=1

2,00
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[A0F] [[2.00 = Op(n¥), and |[€]|2.00 = Op(n¥) using Lemmas B.1(ii), D.2(ii), D.2(iv), and D.2(vi), as

well as Theorem 1. Moreover,

IB$? |loo.2 < [Mre eFo(Fg Fo) ' (Ag Ao) " (Fg Fo) ' F( ||
+ ||[Fo(Fg Fo) ' (Ag Ao) " (Fg Fo) 'Fge'€llco,2

+ |[Fo(Fg Fo) ™' (Ag Ao) ™' (Fg Fo) ' Foe' eFo(Fg Fo) ' Fy ||o,2
= Op (n_%) ,
using Lemmas B.1(ii), D.2(v), and D.2(ix), as well as Assumptions AE(ii) and AE(iii), and

1BV ooz < [ X kAo(Ag Ao) " (Fg Fo) ' Fg [|ocs2
+ |Fo(Fg Fo) ' (Ag Ao) ' Ag Xk|lco,2

+ |[Fo(Fg Fo) " (Ag Ao) 'Ag X1 Fo(Fg Fo) 'Fy ||oc,2
= Op (n7%> R

fork=1,..., K using Lemmas B.1(i), B.1(ii), D.2(iii), and D.2(vii) and Assumptions AE(ii) and AE(iii).
Similarly for HBél)Hoo,g. Applying this to (D.14) one obtains

1€ = &flmax <

+[[(aord +e) 51|

max

i )

k=1

max

K
(Z(ﬂo,k — Be) Xk + s) Mp, —¢

k=1

+ +0, (n*%) . (D.15)

max

Next each of these terms is examined, in turn:

= Op(n*%),

K
Z Bok — Br) X s M,
k=1

K
Zﬂok*ﬁk
k=1

K
Z Bok — Br) Xk Pry
k=1

max max max

using Lemmas B.1(ii), D.2(i), D.2(ii), and D.2(vii), as well as Assumption AE(iii) and Theorem 1,
leM o = ellmax = [Py |lmax = Op(n” ),
using Lemmas D.2(vii) and D.2(ix), as well as Assumption AE(iii),
1A FS B [lmax = [ PaoeMpylmax < [Pacellmax + [PacePr, |lmax = Op(n~ 1),
using Lemmas D.2(vi), D.2(vii), D.2(ix), equation (D.12), as well as Assumptions AE(ii) and AE(iii),

le B [lmax < llee " Ao(Ag Ao) ™" (Fg Fo) ' Fy [lmax
+ [eFo(F¢ Fo) ' Fge Ao(Ag Ao)™ (Fo Fo) ' Fy ||max

+ |eFo(Fg Fo) ™" (Ag Ao) ™" Ag €]lmax

+ [|eFo(Fg Fo)™"(Ag Ao) ™' Ag eFo(Fo Fo) ' Fy [[max

= Op(nii)a
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using Lemmas D.2(iv), D.2(vii), D.2(viii), D.2(ix), equation (D.12), as well as Assumptions AE(ii) and
AE(iii),

1
|80 F 5 BLY llmax = | Pao X e M po lmax < [P Xillmax + | Pao X 6Py |max = Op(n),
using Lemmas B.1(i), B.1(ii), D.2(iii), D.2(vi), D.2(vii), as well as Assumptions AE(ii) and AE(iii), and

B lmax < eXkA0(Ag Ao) ™ (Fg Fo) ' F{ |[max
+ [leFo(Fg Fo) ' Fg X Ao(Ag Ao)  (Fg Fo) ' Fg [|max
+ [leFo(Fg Fo)™" (Ag Ao) ™' Ag Xk|max
+ [leFo(Fg Fo) " (Ag Ao) " Ag X1 Fo(Fg Fo) 'Fy |[max

— 0,(nt),

using Lemmas B.1(i), B.1(ii), D.2(ix), D.2(iii), D.2(iv), D.2(vii). Applying the above to (D.15) yields
the result. O

Proof of Lemma D.4(ii). Notice A satisfies

with II being an Ro x Ro diagonal matrix containing the largest Ry eigenvalues of (nT) (Y — X -
ﬁ)(f’ -X- ﬁ)T along its diagonal. Expanding this,

A 1
kel y
vn nT

= Py +... +Ps+— ( FOFO ( )7

(X - (B, — B) + AoFJ +&)(X - (By — B) + AoFq + &) %

or

1-7 ~
QZHEAO (M/:\—M )Ao

0

1, ~ 2 1
< Li&olIPs, — Pyl = 0, <ﬁ) ,

>t

2

using Lemmas B.1(ii) and D.1(ii). Hence,
1 -7~ 1~-12 1-72\" 171 ~ 1-12 1-72\"
“AgAo=|-AgA ) -AgA| +-AMzAo=|-AgA|(-AgA| +op(1). (D.16)
n n n n n n

The matrix on the left in (D.16) is invertible w.p.a.1 by Assumption AE(ii), therefore the matrix on the

~T2
right must also be invertible w.p.a.1. Since n"'Ag A is asymptotically invertible, as is T"'Fg Fo by

96



Assumption AE(iii), one obtains

A _
—T P Pyl D.17
Tn =(P1+...+ Ps) ) ( )

1

with T™' := TIT" "~ and

Now,

_ ~ =—1
= Aoll2 < ([P1ll2 + ... + [[Psl2)IT |2,

Ap—1
\/EHAF

where Hf‘f1 l2 = O(1). Consider each of these terms.

K
11 PR N R 1
1Pl < <Z |Xk||F> 18- BulEIAl = 0, (7).

using Lemma B.1(i), Theorem 1 and ||1i||2 =/n.

1
K 2
1 1 = ~ 2 1
I1Pall < = (Z |Xk||%> 18~ BollllAolal FollaliAll = 0, (1),
k=1

using Lemmas B.1(i), B.1(ii), Theorem 1 and ||Al|2 = /7.

=

1

I1Palla < 7= (Z |Xk|F> 16~ Bulelielirl Al =0, ().

using Lemma B.1(i), Theorem 1, |le]|r = Op(v/nT') and ||1:XH2 =/n.

1
|Pall2 < | Kollzl|EFo 2| Al = O (f>

‘TT NG

using Lemmas B.1(ii) and C.1(vi), and Hf&Hg = y/n. Similarly for the remaining terms, from which the

result then follows. O

Proof of Lemma D.4(iii). Decompose
T
Y-X-8)= Zstutv:,
t=1

by the singular value decomposition. Then

(Y-X-B)'A= (Zt sl Y stvtutTuRo)

S

S1V1 SRO'URO)

>3-~

97



Thus,

Now,

X .
1Pl < 218 - By <Z ||Xk|%) 1Al =0, (J=).

k=1
using Lemma B.1(i), Theorem 1 and ||1:X||2 =./n.

P, = %FO(KI‘_l)TK + %FO([&O CADYTA=F,r T 10, (1),

using Lemmas B.1(ii) and D.4(ii), as well as ||/:&||2 = y/n. Finally,

1 T~ 1 _ 2 -~
| P52 < g||€TA0||2 + EH'ST(A = AoD)[l2 = Op(1),

using Lemmas C.1(ii) and D.4(ii). Combining the above gives the result. O
Proof of Lemma D.4(iv).
. 12 (/12T2\"" Tox ocre N /1 aTa) b at
1 = 1 T~ -t 1 AT A -t 1 _T\T T -t ~T
+ L (A=A (L(AoD)TA,r - L P ) R T
T 0 (Ao 0 7 (Fo 0
1 1+ \Tx 1 —T\T 7 —T\T
+ —— Kol ( —(RoD) " AT F(For )T For (F—F,r )
= P+ P>+ P35+ Py,.
Consider each of these terms.
1,2 12Ta\"" /1, 1~ \ ' 1-t2\ ' e s
IPille < ——IAll: || (A A) = (- (RoD)TAoT ZFE) | 1F =0, (n7?)
2 2
1. 1 & Tk - 1-7-\"" 1 STN\T A\ A _3
IPalle < —|IAll2||( - (AoT)" AoT TP F) — (Z(E ) For |Flls = 0, (n™?)
2

2

1Bz = 0, (n”?)

2

-1
(%(FOI"T)TFOI"T)

1,2 = 1~ r~ -\
Pslls < —||A — AT —(AoT) Aol
I1Psl < & = Aorla | (L (Rar)Aor ) 2

1 _ N\ A _ s
(T(FOI‘ )T FoT T) |EF— FoD T2 = 0, (n z),

2

1~ 1 = - \7!
I1Pale < Aol | (£ (Rom) " Kor )

2
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using 1Al = v/, [1ll2 < |F = FoTT[ls + [Foll2 [Tl = Op(VT), Lemmas B.1(ii), D.A(ii) and
D.4(iii), Assumptions AE(ii) and AE(iii), as well as

—

-1

o (f)

2

and

2T2\ 1! ~ ~ -1
n n
which are straightforward to show using Lemmas D.4(ii) and D.4(iii), as well as Assumptions AE(ii)

and AE(iii). O

()

2

Appendix E. Results for Section 5.3

Notation

Some of the additional notation required for the dynamic model is restated here for convenience. Recall
0oy = ao, Z1 =Y _1 = (Yg,---,Y7r_1), and o xt1 = Pok, Zry1 = Xy for k = 1,... K, 7
denotes J x 1 vector of all zeros, except the first element, which equals to 1, and W is a T' x T shift
matrix which consists of zeros everywhere, except those elements directly above the main diagonal,
which take on a value of 1, G(a) = (It — aW)"'W, G = G(aw), gla) = (It + aG(a)) 7r,
g:=g(a), Hi = (X -B))G+yog ', Hryr =Xy fork=1,...,K, and Hj = QxMz QxHyMF,
for k=1,..., K 4+ 1. Moreover, define

tr(éGéT)ﬂK+1

1 -7 ~
cy = ﬁ’%{, (MFp, ® Mg )vec(€) +

1 -
YW = —H7 (Mp, © Mz, )H

1
vnT

nT
1 ~
T(2) = ﬁtr(zg(GGT X ITK))WK+17T;I—<+1
1 ~7 = ~
T = —H (M, ® Mj,)5e(Mr, @ Mz, )H
1 - -
‘I‘(4) = ﬁtr(zg(G (4 ITK)ES(GT % ITK))#K+1W;+17

D="Y D, =YV4Y® vV :=Y® andV, = YO +YWD with H = (vec(H1),...,vec(Hx1)).

E.1. Extended Assumptions

Presented below are extensions of the main assumptions to allow for lagged outcomes as regressors.

Assumption MD*.

(i) The parameter vector O lies in the interior of ©g, where Oy is a compact subset of REFL in
which |a| < 1.

(ii) Assumption MD(ii).
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Assumption ED*. Conditional on &,r, €;; are independent over ¢ and ¢, with Eley|Enr] = 0,
E[e%|Enr] > 0, and E[e};|E,7] uniformly bounded.
Assumption CS*.

(i) Assumption CS(i).

(i) mingerpr+1,5),=1 Z;I:Tman pe((nT)"N(Z-8)"(Z-8)) >b>0, wp.a.lasn— co, with T > Tinin

fixed or T' — oco.

Assumption AE*. Assumption AE.

Assumption AD*.

(i) The elements of Hj, and Hj, have uniformly bounded fourth moments. Moreover, the elements

of QM Ao Q;H &, Ao, and Fy have uniformly bounded eighth moments.

(ii) As n — oo, with T' > Tin fixed or T — oo and T//n — 0, there exist nonstochastic matrices D
and V such that D % D and V & V, where the eigenvalues of D and V are bounded away from
zero and from above by a constant. Otherwise, as n,T — oo with T'//n — 7 € (0, 00), there exist
nonstochastic matrices D4 and V. such that Dy 2 Dy and V4 2 V., and the eigenvalues of

D4 and V4 are bounded away from zero and from above by a constant.

E.2. Lemmas

Lemma E.1. Under Assumption MD*
(i) Y_1=H; +AoF]G +¢G;
(ii) llg(a)llz < c and [|G(a)|]2 < c.
Lemma E.2. Under Assumptions MD*, ED* CS* and AD*,
(i) (nT)72 ]2 = Op(n~1);
Gi) |1 Zxll2, 1 Zkll2, | Z5ll Py | Z ]| 7 = Op(VAT) for k =1,...,K +1;
(iii) tr(Zy &) = Op(VaT) fork=1,..., K +1;
(iv) 16 — 6oll2 = 0,(1) as n — oo, with T > Tiin fixed or T — c0;
(v) ||Fg &  Hylla = Op(v/nT) fork=1,..., K +1;
(vi) |[HrE  Aoll2 = Op(nV/T) for k=1,..., K + 1;
(vil) |EGFolls = O,(T).
Lemma E.3. Under Assumptions MD*, ED* CS* AE*, and AD¥*,
(i) (nT)"2te(Mp,E" M3 EPF,G) = (nT) 2 tx(Se(Pr,GMr, © Mg )) + Op(n”2);
(i) (nT) 2tr(EGPr,&") = (nT) 2tr(Ee(GPr, ® Itk)) + Op(n"2);
(i) (nT)"2te(EGET Pg,) = Op(n™%);

(v) (nT)~Hir(eGPr,ET Py,) = Oy(nT)~H);
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(v) () er(HiMp,(EG) Mz ) = Op(nT)"2) fork =1,..., K +1;
(vi) (nT)"'tr(EGMp,(G) My ) = (nT) 'tr(Ze(GG" ® Irk)) + Op(n™");
(vii) (nT)"2tx(ET Mz HiBE) =) + Op(n 1) fork=1,..., K +1;
(vii) (nT)" 2tr(Mp,é EBH) =P + Op(n"2) fork=1,..., K +1,
where B = Fo(FJ Fo)~'(Ag Ao) A, .
Lemma E.4. Under Assumptions MD*, ED* CS* AE*, and AD¥,
(i) b =~ + Oy(n"7);
(ii) B = Op(n™1);
(it) b = —p® —¢ + Oy (n71).
Lemma E.5. Under Assumptions MD*, ED* CS* AE*, and AD¥*,
() e =ey — €2+ Op(n"2);
(i) Dy =Dy + O,((nT)"2).

Lemma E.6. Under Assumptions MD*, ED* CS* AE* and AD*, c4+ 4, N(0,Vy) as n — oo, with

T > Twin fixed or T — o0.

E.3. Proof of Theorem 2.

First, using Lemma E.2, one can establish an expansion analogous to that obtained in Proposition 2

which reads

0(6) = 0(8,) — \/%(a —00)Tdys + (6 — 00) Dy (0 60) +r(6), (B.1)

where d4 == ¢y + bg_l) + b(f) + bf), and the elements of these vectors and matrices are given by

D, = %z”(MF0 © Mz )2

C+ = \/%L;T(MFO ® Mgz, )vec(€)
b\, = — \/:TTH (MpoéTM;\OZkFO(FJFO)‘I(AJ[&O)*[&OTF:)
b, = — \/:TTH (Mr,Z M3, EFo(Fg Fo) (Ao Ao) ' Ko €)
b, = _\/:TT“ (Mro&" My EFo(Fg Fo) (Ao Ko) *Ag Z1),

for @ such that ||@ — 8|2 = 0,(1), where r(8) is of order 0,((nT) " (1 + v/nT||0 — 8o]2)?), and Z :=
(vec(Z1),...,vec(Zx+1)). Notice by Assumption CS*(ii), the matrix D is invertible and ||1_);1 2 <e¢
w.p.a.l. Define a; = (nT)_%D;1d+. The stochastic order of this quantity is examined. First, it is

assumed in the statement of the theorem that ||c4||2 = Op(1). By Lemmas E.4(i), E.4(ii), and E.4(iii),

bg:)»b(j) =0, < Z;) )
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and b = 0, (n"1). Hence, ||a+|l2 = Op((nT “3) = o0,(1). Now, using (E.1) and Lemma E.2(iv),
+ P P P

Q(6) = Q(60)+ (0 —60—ai) D(0—00—a)—a;Diay +7(6)

Q60 +ai) = Q(60) —aiDias+r(0+as). (E.2)
Since Q(8) < Q(6y + a4),
0—60—a)D (6 —00—a.)<r(0+a;)—r0). (E.3)

Given |la4||2 = 0p(1) one obtains

.
<0y () (O + VilTllas a)?) + O,((1-+ VAT - B0l (5.4)

Multiplying (E.4) by nT, using |0 — 0o — @+ ||3ftmin(D+) < (0 — 80 — a1 ) D (0 — 0o —a), Assumption
CS*(ii), and the inequality \/(z + y) < /& + \/y yields

VnT||6 — 80 — a2 < 0,(1 4+ VnT|lat||2) + 0p(1 + VnT||80 — 0]]2) = 0,(1),
and, in turn,
VnT(0 —00) = D 'd, + 0, (1).

The final result follows after applying Lemmas E.4, E.5, and E.6, as Assumption AD*(ii).

E.4. Proofs of Lemmas E.1 - E.6

Proof of Lemma E.1. First, write

Y=aY_14+X -B,+AoF] +¢

= oYW + aoyow; +X-By+ AOFJ +e.
Thus,
Y = (wyynr + X -8By + AoF +¢e)(Ir — agW) !,
where It — aoW is invertible under Assumption MD*(i). Using this,

Y =YW +y,nr
= (X By + AoFo +€)G +yomr (It + 0G)
= (X~,80+A0F(—I)—+€)G+y0gT

:H1 +AOFJG+EG
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Proof of Lemma E.1(ii). Since

lg(a)llz < (1 + [ x [|G()[[2)ll7r]l2,

where |a| < ¢ under Assumption MD*(i) and ||mwr||2 = 1, it suffices to show that |G(a)||2 < ¢ uniformly
over T. Recall G(a) = (It — aW)™'W, with W being a T x T shift matrix of all zeros, except those
elements directly above the main diagonal, which equal to 1. Since |W/||2 = 1, it remains only to

consider (It —aW)™'. By Fact 9.13.21 in Bernstein (2009),

B _ 1
[(Ir — aW) 1 = |[(Ir — aW) e < T Jal’

usin ssumption V 1). results then follow from the inequalit 2 < 1 co-
ing Assumption MD*(i). All results then follow from the inequality [|All2 < /[A1[IA]

Proof of Lemma E.2(i). The lemma is obtained by combining two results. The first is that
- 3
€]l = Op(T4), (E.5)
and the second is that

€l = 0, (Vmax{n,T}). (E.6)

Taken together one obtains the result. For (E.5), this follows identically to expression (C.2) in the proof
of Lemma B.2(i). For (E.6), under Assumption ED*, the elements of € are independent conditional on

Enr. Using the result in Latala (2005),

2

3
=

T n % T
< 2 2 4
Ellell2lénr] 5 | max <;E[elt|€m> + max <;E[e”|€m> +(;;E[En|w> ;

from which it then follows that ||e||2 = Op(y/max{n,T}). The result is then obtained using ||&]|2 < ||&||2
since || Q|2 = 1. O

Proof of Lemma E.2(ii). For k =1,

|1Z1]lr < [|H Al + [|AoFo Gl F + [€Gllr

< [Hillr + [[Aollr[[Foll r|Gll2 + (el r G2, (E.7)

using Lemma E.1. Under Assumption AD*(i), similar to the proof of Lemma B.1(i), it can be established
that | H1||r = Op(vVnT). || Ao|lr||Follr = Op(v/nT) by Lemma B.1(ii), and |G|l = O(1) by Lemma
E.1(ii). Finally, it is straightforward to show ||e||r = Op(v/nT) under Assumption ED*. This gives
1Z1llr = Op(ViTT), from which follows | Z1lr < |Qxllz|Z1llr = [ Z1llr = Op(vaT) and [ Z12 <
1Qx 21 Z1ll2 = | Z1]|2 < || Z1]|F = Op(v/nT). The results for k = 2,..., K + 1 follow by Lemma B.1(i).

(]
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Proof of Lemma E.2(iii). For k£ = 1, using Lemma E.1,
tr(Z, &) = tr(H| Pxe) + tr((AoFg Q)" Pxe) + tr((eG) | Pxe).

Consider each of these terms, in turn. First,

3

T 2
ZZ PXHI ztgzt)
T_ =

22

n

T
Z Z Ple zltl (PxH1)12t2511t1512t2

Il
&=

E [tr(Hl Pye)? [

HM;’

|PxH: %]

E[
= O(nT),

using [|PxH1|lr < ||H1||r, as well as Assumptions ED* and AD*(i). Next,

E [tr((AoFJG) Pye) } =E l:(ZZ PxAoF G t8z't>2

t=1 i=1

=E |:Z Z Z Z P?CA()FO 11i1(PxAOF(—l)—G)iztzsiltlsiﬁz

t1=111=1tao=1149=1

| PxAoF] GHF]

= O(nT),

using || PxAoF§ G|l < |AoF] ||r||Gll2 < | Aollr||Follr||G||2, Lemma E.1(ii), and Assumptions MD*(ii)
and ED*. Finally,

Eltr((eG) " Pxe)?] = Elvec(e) ' (G ® Px)vec(e)vec(e) " (G ® Px)vec(e))
E Z Z(fé’lt - SO'éyit)(G ® Px)%it)(it) + tr(Eg(G & Px))2
+1tr(Be (G ® Px)Ee (G @ Px)) + tr(Te (G @ Px)Ee(G ® Px))

= O(nT),

using

n T
D> D (G ® Px)fiyan = tr(G @ Px)” = tr(2e(G ® Px)Ze (G ® Px)) =

i=1 t=1
and

[tr(2e(G ® Px)SBe(G ® Px))| < nT|Ze|3]|G|3 = O(nT),

which follows by Lemma E.1(ii) and Assumption ED*. By Markov’s inequality, one then obtains
tr(ZlTé) = Op(vnT). The results for k =2,..., K + 1 follow similarly. O
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Proof of Lemma E.2(iv). The proof is analogous to that of Proposition 1, using Lemmas E.2(i),

B.1(ii), B.2(ii), E.2(iii), and Assumption CS*(ii). O

Proof of Lemma E.2(v). The proof is analogous to that of Lemma C.1(i), using Assumptions MD*(ii),
ED*, and AD*(i). O

Proof of Lemma E.2(vi). The proof is analogous to that of Lemma C.1(v), using Assumptions

MD*(ii), ED*, and AD*(i). O

Proof of Lemma E.2(vii).
E [||EGFo|%] = E [|| PxeGFo| %]

n R n T 2
=K Z Z (Z Z(Px)iligeigt(GFO)tr>

ip=1r=1 \ig=1 t=1

=B |:Z Z Z Z Z Z(Px)i1i2€i2t1 (GF0)tyr(Px)iyig€igta (GF0)tor

i1=1r=1ig=1t1=14i3=1to=1
< T||G5E [|| Foll7]

= O(T),
which follows using Lemma E.1(ii) and Assumptions MD*(ii) and ED*. O

Proof of Lemma E.3(i). First,

E [tr(MFoéTM ;\OEPFOG)\S,LT] ~E [vec(e)T(MFOGTPFO ® Qy M ;\DQ;)vec(e)\SHT]

= tr(2e(MFp,G' Pr, ® Qx M3z Qx))

= tr(X: A),
and
E [tr(MFOETM %, EPF,G) \&LT] - [ vee(e) (M r,G Pr, ® Qx Mz, Qx)vec(e ))2|5nT]
n T
Z Z fs it 305 it) A%’Lt)(it) +tr(Ze A A)
tr(ngng ) + tr(ng)Q,
which follows using Assumption ED*. Now,
2
E [(tr(MFogTMAoéPFOG) — tr(2e(Mp, G Pr, ® QXMAOQ;))) }
n T
[Z D (€8t — 302.4) Aliy(ir) + t1(Ze ATe A) + tr(Te AT A )}

=1 t=1

= O(T),
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since

STIG|: = O(T)

n T
E [ Z fs it 305 it A('Lt)(it)

=1 t=1

[Eltr(Ze AT A))| S TIGI3 = O(T)
[Eltr(Ze AT AN S TIG|3 = O(T),
which follows using Lemma E.1(ii) and Assumption ED*.
Proof of Lemma E.3(ii). First,
[tr(eG’PFO )|5nT] —E [vec(z—:)T(G’PFO ® Px)vec(€)|5nT]

= tr(Ze(GPr, ® Px))
= tr(XecA),

and

E [tr(é’G’PF0 |SnT] = [ vec(e G’PF0 ® Px)vec(e ))2|5nT]

n

T

Z €eit — 30E 1) Alinyir) + t1(Be AXe A)
=1 t=1

+ tI‘(EgAEgAT) + tI‘(EgA)Q,

which follows using Assumption ED*. Now,

E {(tr(éGPpoéT) —tr(Ze(GPFp, ® PUC)))Q}

n T
[ZZ ¢t — 308 1) Aliyir) + t1(Ze AT A) + tr(Ze AT AT)

since

S TIG|3 = O(T)

n T
E [ Z (€.t — 302.it) Aliyan)

i=1 t=1

[E[tr(Ze AZe A))| < TIG|5 = O(T)

Eltr(SeAZ: AD)| S TIGIE = O(T),

which follows using Lemma E.1(ii) and Assumption ED*.
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Proof of Lemma E.3(iii). Under Assumption ED*,

E [tr(écéTP;\O)Q] =E

—

E [(vec(e)T(G © QxPx,Qx)vec(e))? 'g"T”

ZZ 55 it~ 305 it) zt )it T tr(EgAESAT):|

i=1 t=1

= o(1),
which follows because tr(XgA) = tr(Xg A¥g A) = 0 and

S TIG|; = O(T)

n T
E [Z > (€ i — 302.) Aliyan)

i=1 t=1

Eltr(SeAZ: AD)| S TI|GI2 = O(T),

by Lemma E.1(ii) and Assumption ED*.
Proof of Lemma E.3(iv). First,
= =T T T
E [tr(eGPFUe PAO)\EHT} —E [vec(e) (GPr, ® QxP;\OQx)vec(e)wnT]
= tr(Ze(GPr, ® QxPj,Qx))
= tr(X: A),

and

E [(EGPR,ET Py, enr| = E [(vec(e) (GPr, ® QuP3,Q)vec(s))*|Eur

T
Z §£ it — 308 it) A%it)(it) +tr(EeAZA)

i=1 t=1
+ (B AT A7) 4+ tr(Be A)?,

which follows using Assumption ED*. Thus

~ ~T 2
E (tr(eGPpos Px,) —tr(EgA))
n T
[Z Z €8t — 302 1t) Aluy(iry T tr(Ze A A) + tr(Ze AT AT)
= 0(1),

since

n

S IGIE = 0(1)

T
Z E¢.it — 30 1) A?it)(it):|

i=1 t=1

[Eltr(Se AZ:A)]| < |GIJ5 = O(1)

Eltr(ZeAZeAT))| S (IG5 = O(1),
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by Lemma E.1(ii) and Assumption ED*. Finally, the result follows from

tr(Ze A)] S [Ze|2[|Gll2 = O1),

using Lemma E.1(ii) and Assumption ED*.
Proof of Lemma E.3(v). Let
-~ - ~ T
tr(HyMp,(6G) M3 ) = tr(eGMp,H, M3 Qy) =: tr(cA).

Now,

n

n T T
E[tr(eA)?] Z Z Z Z €irty Einto Atyir Atoin
1=1t1=1ip=1tg—1

SE[|lAll%]

S IGIZE [ H|]

= O(nT),
using Lemma E.1(ii) and Assumptions ED* and AD*(i).
Proof of Lemma E.3(vi). First, using Assumption ED*,

E [tr(éGMFO E&) M AO)\&LT} —E [vec(e)T(GMFOGT ® Qy M AOQ;)vec(e)\SHT]

= tr(zg((;'MFO(;’T & QxM[\OQ;))

= tr(ng),
and
E [tr(éGMFO (EG)TM;\O)Z\SHT] - [(vec(s)T(GMFOGT ® QxMAOQ;)vec(e))2|SnT}
n T
= Z(fé,it - 3U§ zt)A(zt)(zt +tr(ZeAXc A)
i=1 t=1
tr(BeAZAT) + tr(Be A)2
Thus,

E {(tr(éGMFo(lgG)TMi\o) - “(28“”)2]

n T
[Z > (€2t — 30%,:) Aliy(ir) + tr(Ze ATe A) + tr(BDe AZe A')

= O(T%),
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using

< T?|Gl2

n T
E |: Z 55 it — 305 it A(zt)(zt)

i=1 t=1

Eftr(Ze AZe A)]| S T°) G2

Eltr(ZeAZ:AT)]| S T G2,
by Lemma E.1(ii) and Assumption ED*. Hence,

1 _ _ 1 1
ST EGME (EG) M} ) = —tr(ZeA) + Oy (ﬁ) '

Finally, notice that

1 1 1
—Str(ZeA) = n—Ttr(z,g(GGT ® Px)) — n—Ttr(Eg(GPFOGT ® Px))
1
- —tr(Be(GGT ® QxP5,Qx))
1
+ = tr(Ze(GPr G @ QxPj,Qx))
1 1
= ﬁtr(zg(GG Q@ Irk))+ O <ﬁ) s

using

[t1(Be(GPrGT ©QxQ))| S TIGI2 = O(T)
[tr(Ze (GG © QxP3,Qx)) < TGz = O(T)
[tr(Be(GPr, G © QxP3,Qx))| S IIGIIz = O(1),
by Lemma E.1(ii).
Proof of Lemma E.3(vii). Analogous to the proof of Lemma C.2(i).

Proof of Lemma E.3(viii). Analogous to the proof of Lemma C.2(ii).
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Proof of Lemma E.4(i). Using Lemma E.1,

~ 5 1,7 T 17T <
tr (MFOsTM;\OZlFO(FJFO) L(Ag Ao)~'Ag s)

(1) _
by’ = - :

=T > T 1A TR y-13T =
tr (MFOE My, Zx1Fo(F§ Fo) ' (Ag Ao)'Ag s)

tr (MFOé‘TM,\UﬁlFO(FOTFO)*l(AJ]\O)*AJé)

~ ~ 12T 13T <
tr (MFOETM;\OHKJAF()(F(—)FF()) 1(A0 Ao) 1A0 E)
tr (MFOé'TMAOé'GFo(Fa—FQ)71(AJA0)71AJ§>
1 0

For the first term on the right in the above, similar to the proof of Lemma B.3(i),

tr (MFoéTMAOﬁlFO(FJFO)*l(AOTAO)*AJ&)
1 1
. _ (1) — =
_ : = — + O,(n" 1),
Nes : T T v p(n %)
tr (MFOéTM,-\UHKHJE«“O(FJFO)*(A(J Ao) A, é)

using Lemmas B.1(ii), C.1(ii), C.1(iii), E.2(v), and E.3(vii), as well as Assumption AE*. For the second

term, consider the nonzero element.

(MFOa"TM;\OéGFO(FJFO)*l(fngxo)”[\gé) )

1 - 1.7\ "
(—FJFO) (fAO Ao)
T n

Ve

— |tr

nT
L1

~ /nT nT
=0, (n—%) 7

using Lemmas C.1(ii), E.2(i), and E.2(vii), as well as Assumption AE*. Thus,

~T~
Ao &2

2

[€llzlEGFoll2

2

b = 5 + O, (),

Proof of Lemma E.4(ii). Using Lemma E.1,
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~T - _ ~T ~ 1~ T2
tr (MFOZ1 M3 EFo(FJ Fo) (Ao Ag)'Ag s)

b(2) - _
+ /nT :
=T - T 1 ATR \-1xT=
tr (MFOZKHM;\OEFO(FO Fo)~Y(Ag Ao)~'Ag s)
~ T - _ ~T ~ 1T 2
tr (MFOH1 My EFo(F] Fo) ™ (Ao Ao) ' Aq e)

1
VT . ' .
tr (MFOHK+1M[\0§F0(F(-)FFO)71(AO Ao)™!
tr (MF0 (EG)T M, EFo(F] Fo) " (Ao Ao)™
0

a vnT
0

For the first term on the right in the above, similar to the proof of Lemma B.3(ii),

tr (MFOIEIIMM@FO(FJFO)*([\J[\O)*lixgé)
1
: = (’)p(nfi)’

1
nT T . T T
tr (MpyH e\ My EFo(Fg Fo) ™ (Ag Ao) ' Ag 5)

using Lemmas B.1(ii), C.1(ii), C.1(iv), C.1(vi), and E.2(v), as well as Assumption AE*. For the nonzero

element of the second term on the right,
~T ~ T 1A TR 17T~
(MFO(eG) M &Fo(F{ Fo) (A Ao) 'A, a)’

1 - 1tz \ 7 aT
(fFJ F) (on Ao) 1Aq élls
T n

2

v
— |tr
nT

2

1 1
—— —|€]l2||G||2||EF
S eI Gl
= 0, (n—i) :
using Lemmas C.1(ii), C.1(vi), E.2(i), and E.1(ii), as well as Assumption AE*. Hence,

A

bf) =0, (n7%> .

Proof of Lemma E.4(iii). Using Lemma E.1,
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tr(M &' My, EFo(F§ Fo) " (Ag Ao)'Ag Z1)
b(3) — _ 1
’ nT . T T
tr(Mp, &' Mz EFo(Fg Fo) ' (Ao Ao) 'Ag Zk11)
tr(Mp,& M EFo(FJ Fo) ' (Ag Ao)'Ag H1)
1
- nT . T T
tr(MFOé'TMAOé'FQ(F(-)rFo)71(AO A0)71A0 HK+1)
tr(Mp,é" M5 éPF,G)
1 0
a vnT
0
(M p&T My EFo(F§ Fo) " (Ag Ao) "Ag €G)
1 0 -
- — 8
s (E.8)

For the first term on the right in (E.8), similar to the proof of Lemma B.3(iii),

(M p & My EFo(F§ Fo) (Ao Ao)'Ag H))
1 ) 2) ( 1 )
e : =- +0,| — ),
vnT ’ I o k4 P\vn
tr(Mp,& Mg EFo(Fg Fo) '(Ag Ao) ' Ao Hic 1)
using Lemmas B.1(ii), C.1(ii), C.1(iii), E.2(v), and E.3(viii), as well as Assumption AE*. For the second

term in (E.8), using Lemma E.3(i),

1 _ _ 1 = 1
_ﬁtr(MFOETMAOEPFOG) = — ﬁtr(zg(PFOGMFO [029] MAO)) + Op <%)
1 =~ 1
= — ﬁtr(zg(PFoGMFO ® ITK)) + Op (ﬁ)
e L
—eo ().

which follows because

1 N 1 = 1
ﬁ“r(zdpFoGMFo @ Pz )< WHEEMHGM =0p (W) .

using Lemma E.1(ii) and Assumption ED*. Finally, for the third term in (E.8),

1

VnT

~ ~ 1,7 T2 —1577T <
t1(Mp,&" Mg EFo(Fg Fo) (A Ao) "Aq eG)l2

1 -t 17~ \ !
(—FJ Fo> (—Ao AO)
T n

S ST
< IE€ll2lEF0]|2 Ao €ll2[|G2

1 1
VnT nT

00 (7).

2 2
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using Lemmas C.1(ii), C.1(vi), E.2(i), and E.1(ii) and Assumption AE*. Thus,

b = @ _ W 1o, (,;%) ,

Proof of Lemma E.5(i). Using Lemma E.1,

~T -
Z (MF, ® Mg )vec(€)

tr(EGMp,&" Mjy,)
1 0

Consider the second term in the above.

tr(EGPr,E")

- =T 1 -
tr(EGMr,€ Mg ) ﬁtr(eGs -

1
B vnT
g 1 - -
_ tr(sGsTP;\O) + ﬁtr(sGPFosTPAO)
1

tr(Be(GPr, @ Itk)) + O, <%> ,

1
vnT
_1
vnT

1 g
-t G —
T r(EGE")

using Lemmas E.3(ii), E.3(iii), and E.3(iv). Let

1
vnT

1 - .
cy = 77-LT(MF0 ® Mg )vec(€) + tr(EGE " w1

VnT

1 -
£ = ﬁtr(Eg(GPFO ® ITk))TK+1.

1
VnT
n
Then
e =cy —t?+0, (%) .
Proof of Lemma E.5(ii). Using Lemma E.1,

Dy =YY+ P+ P +Ps,

where
tr(H1Mr,(EG) ' Mgz) -+ tr(Hxy1Mp,(6G) My )
1 0 0
P, =
1 nT )
0 0
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and

tr(EGMp,(EG) Mg ) - 0

Each of these matrices is now examined. First, by Lemma E.3(v), P; = Op((nT)_%). For P, by
Lemma E.3(vi),

1 < 1
P, = n—Ttr(Eg(GGT @ Itk))Tri17 i1 + Op <ﬁ)

=-r% 0, <1> :
n

Hence,

_ 1 1

O

Proof of Lemma E.6. Let v denote a nonstochastic (K + 1) x 1 vector such that ||v||2 = 1. Then

vie, = (’H (M, ® Mz, )vec(&) + tr(éG’éT)ﬂ'KH)

W\

n T n t1—1
= Z Z ( hi, ., +o! <7TK+1 Z Z Gtgtl(Px)i2i15i2t2)> €itts
ip=1t1=1

T

ip=1ty=1

n

= ZZ @it + bit)gir.

Now, let j:==n(t—1)+ifor 1 <i<nand 1<t<T withj=1,...,nT = m. Define the mapping

ﬁ\

) =14+ L), i) =g - n(e() - ),

and the shorthand z(;) = z;(;)¢ ;) for a double-indexed quantity z;;. Consider the filtration F; =
0’(8117 €215+ 5Enlye v 3 €1,t(5)—1s+ -+ Ent(j)—15 E1L(H)s - - - 75i(j)t(j)) V Epr for 7 > 1 and Fo = Enr. Set

w() = (ag) +b))e()- Then
1 m
= S u,
\/R; ()
with Elw;)|Fj-1] = 0, from which it follows that {(w;y, ;) : 1 < j < m} forms a martingale difference

array. Next, for § > 0 small, E[|w;|*T°] < (IE[a?j)])21 (E[bm])¥ using Assumption ED*. Hence,
Efjw)|*™] < e follows if it can be shown that E[af;] < ca and E[bj;] < . For the first of these,

K+1
Ela}] <E (Z vkh;m> <ol <, (E.9)

114



using Assumption AD*(i) and ||v]|2 = 1. Next, let S;+ be an n X T matrix of all zeros, except element

it, which equals to 1, and define s;+ := vec(S;t). Then

n t1—1 4
Ejb} ] =E (vTﬂK+1 (Z Z Gt2t1(Pfx)i2i1€i2t2>>

ig=1ty=1
=E [(vlvec(s)T(G ® Px)Siyt; )4]
= viE[vec(e) T (G ® Px)si i, 801, (G| @ Pax)vec(e)
x vec(e) (G ® Px)siltls;ltl (G ® Px)vec(e)]
= oK [vec( Y Csiyiy s mlCTvec(s)vec(e)TCsiltlsiTlthTvec(s)}

n T
4 4 2
= 'UlE[ E E fs,i2t2 *3U£,i2t2)( zztzcsntl zltlc Szztz)

i9=1ta=1

+ 2tr(ZeCsiy1,8,,4,C ZeCsiyiy s mlCT)+tr(EgC’si1tls¢T1tICT)2:| <e,

with C := (G ® Px), and which follows because

n T
Z Z(&é,ith _30-?',1'2152)( z2t2csllt1 thlC slzfz) S HCJH;1
io=1to=1

[tr(2eCsis;,C BeCsis,CT)| < ||Gl3

tr(SeConsiiCT) < |G,

since ||si||2 = 1, and using Lemma E.1(ii) and Assumption ED*. Thus, E[b},] < ¢, and so E[jw(;[*™°] <

cw for § > 0 small. Next,

n T

1
T Z Z(ait + bit)QE?t - ’UTV+17
=1 t—1

n

T n T
1 1 = =
= 52> auleh — oa) + ( S kel — vitn(Se(G @ Irk)Se (G @ ITK))>
i=1 t=1 i=1 t=1
n T

2
+ﬁ;

=1 t=

aitbitsft. (E.lO)
1

Consider each of these terms. For the first term in (E.10),

n T 2
1
<nT Z Z a?t(é“?t - Ug,it))

i=1 t=1

n T n T
1 2 2 2 2 2 2
n2T? Ay ¢y Qigty (5i1t1 - Uf,iltl)(gigtg - Ug,igtg)

i1=1t1=1ip=1to=1

ZZ fs it — UE it a;lt] =o(1),

n2T2
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using (E.9) and Assumptions ED* and AD*(i). Next, for the second term in (E.10),

i=1 t=1

n T
1 - .
— (Z > bhedh — vitr(Be(G @ Irk)Ee (G @ ITK))>

<Z Zvec (G ® Px)sitsiy (G ® Px)vec(e)es,

i=1 t=1

— t1(Ze(G @ Itk)Ee(GT ® ITK))>

’112 £l

ﬁ Z: Z: ) Csits,C vec(e)el, — tr(ZeCEeC )

,U% - T~T 2 T
=T Z Z it +eusit) CsusyCl (e i+ eusi)er —tr(TeCEeCT) |,

where e_;: := vec(g) — €;:8:;:. Now, notice,

n T
T T T 2
E E (e—it +eitsit) Cs8it8;3C (e—it + it 8t )iy
n T

n T
T T T 2 T TA~T. .3
= E E e_;;Csi+8;C e_iici; + 22 E e_;;Csits;;C  sitey;
i=1 t=1

i=1 t=1
n T
T T~T. 4
+§ E 8;1Csi18;;C sitey,

i=1 t=

Ja

n T
T T~T 2
E e_;;Csi15;;C e_ucy,

1=1 t=1

which follows since the second and third term in the second display above are exactly zero as s;,C' T sy

corresponds to a diagonal element of C. Continuing,

n T 2
<Z Z e ;;Csi55C e_je2 — tI‘(EgCEgCT)>

i=1 t=1

n T 2
<ZZeLtC5its;ECTeitai> — 'cr(Z]gCELgCT)2 . (E.11)
i=1t

=1
Next,

n 2
.
E E e .,Csi18;,C e_sue?, |EnT
'L

1t=1

m 2
= E {(Z‘f( HCs)s(C e J)E(J)> |5nT]

Jj=1

=E [Zq »Cs)8(HC e_yel_Csis(HC e a>€<y)|5nT]

j=1

T T T 2 T T T 2
+E Z Z €-1)C81)81)C  €(—1)€(j1)€(~j2)C8(12)8(j2)C  €(—j2)E(ja) |EnT

J1=1j2#51

=: p1 + p2.
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Consider each of these terms.

m m m m m
4 4 4 4 4 2 2 2 2
Pr= D> &€ s —30E.3a)Chis +3 D DD EE (1) (12)0% (15)Crais Coain
Jj1=17g2=1 j1:1j2=1j3=1
=:p1.1 +pie.

Notice

p1a] S [ClRaxlICllE S TG = O(T?)

pr2] S ICII% 2 ICNE S T?|Gll2 = O(T),
which follows because

[Climax < |G llmax|[Px|lmax < |Gll2 < ¢,
and

IC|I%2 < max_[|Cv|5=|C|5 < |G| <,
1

CHICPES

using || Px|lmax < [|[Px|l2 = 1 and ||G||max < ||G/|2 < ¢ by Lemma E.1(ii). Thus, py = O(T?). Next,

T T T 2
P2=E| > > (e(ciimjo) +£(2)SG2))  C83i1)8()C (€(—ir—ja) + E(ia) (i) )ET)
J1=1j2#51

T T T 2
X (€(—ji—ja) T€G1SG)) C8i2)8(j2)C (€(—j1—j2) T E(31)8(31))E(ia) | EnT
=:p21+...+p2o.

For the first term in (E.12),

m m m

2 2 4 4 2 2
pri= Y Y. > 0F;,08 (8 — 308.5,)Chi Cha
J1=1j2#51 §3#31,32
m m m m

2 2 2 2
2> > > 024,02.5,025,025,Ci551 Cisga Ciay Ciaga
J1=1jo2#j1 3F£J1,d2 JaFi1,d2
m m m m

2 2 2 2 2 2
+ Z Z Z Z 057]'1Uf,jzagajsa&jcxcjzjlCj4j2

J1=1j2#j1 j3#i1.J2 Ja#i1.J2

=t p2.1.1+p21.2+p21.3.

Now, first, |p2.1.1] < ||Cll2,0|IC|73 < T?||G|3 = O(T?). Second,

m m m m
2 2 2 2
pria=2Y_ > ) > 07,02 5,02 302, Cisji Cisjs Ciagr Casa
J1=1j2#51 j3#i1,d2 jaFi1,J2
m m m
T T 4 2 2 2 2
= 2tr(ZeCTeC ' BeCTeCT) =2 > > 0 5,08,,08 3,5, Oy

Jj1=1j2=1j3=1

=! p2.1.2.1 + P2.1.2.2,
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which follows using Cj; = 0. Notice that

[p2.1.2.] S rank(C)[|Ze 2| Cl2 S T?IGl2 = O(T),

[p21.22] S ICl2.lICll7 < T?|Gll> = O(T?),

and thereby p2.1.2 = O(T?). Third,

m m

m m
P2.13 = E : § : § : § : 5 JIUE ]20'5 1305 J4073710J4J2
J1=1j2#]

1 J3#741,J2 JaF#i1,52

T
tr(ZgCZgC )2 - Z Z Z Ug,j1a«‘237j20§d30]2]1CJ3]1

Jji=1j2=1j3=1

m m m
2 4 2 2 2
E : E : E :057.7'10'57]'205,13 J2J1 7372 E : E : E : 05 3105 JQUE 7.30]3]10J1]2
j1=1jo#j1 ja=1 J1=1j27#J1 j3#J1.72

= t1(BeCZeC')* + parsa + paisz + paiss.

Notice

P <T?|Gl> = O(T?).

Similarly for p2.1.3.2 and p2.1.3.3, whereby p213 = tI‘(EgCZgCT)2 + (’)(T2) and, in turn, p21 =
tr(ZeCBeC )2+ O(T?). Returning to (E.12), in similar fashion one can analyse terms p2.1 +...+p2.g
and establish these to be O(T?). Tt therefore follows that

n T 2
<Z Z e ;;Cs155C e_je2 — tr(EgCEgCT)> = O(T?),

i=1 t=1

whereby the second term in (E.10) is 0,(1). For the third term in (E.10),

n T
% Zzaitbit@?t = 2U1 ZZG”VGC G ® Px)sltglt

=1 t=1 =1 t=1
21)1 U T 2
= 2_am (e +8mEm) Csuen)
j=1
2’U1
= Z%)e( HCs(iHEG)s
j=1
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because C has a zero diagonal. Now,

2
21)1
E |:< ZG(J)E( HCs) 5(1)) :|

j=1

403 WAL T T 2 2
= oE [Z D 460G C8Gn e C8(i)€ (i) tia)
j1=17j2=1

J
74011[522 T Csis  CTe ot
=2 a(ye-)C81)8(HC e-nHey)
j=1

m m
E Z Z A(51)A(52) e( Jl)Cs(h)e( Jz)CS(J2>5(J1)5<J2)

Consider each of these terms in turn.

4”% - . 4 2 2 2
n=_5F DD €102 Chin

J1=1j27#51

1
oa® | ((max at) €1 ]

T2
m2 B Lg;f‘g(m a’(Jl):|

T2 H
E max a( )
m2 1<ji1<m J1

717—;2 (E [Z a?j1):|> = o(1),

using Assumptions ED* and AD*(i). Next,

A
|

A
|

A
|

24N
|

403 & T T T 2 2
©2=—3E| > > aGnagy (i +56e6) C8n8nC (e—ji-ia) + 8G0EG)El)E )
J1=1j27#51
40? s
= sz Z Z A(51)0( Jz)e( J1— Jz)cs(h)s(n)c €(—j1 J2>6(J1)E<J2)
J1=1j27#j1
4’U m m
1 T 3 2
+—3E | D D 06162 Ciiiz €2 C8G1E (i) )
J1=1j27#j1
1 T T 2 3
+ 2E D D %602 Crin8()C (-3 )
J1=1j27#j1
B3 S g0 Coan Cirsaclin e,
(31) B (G2) ™ J21 %~ 4152€ (j1) € (J2)
J1=1j27j1
4ot - T T AT 2 2
=SB D 0G0ae- -1 C861) 8 C T €(—j1—ia)€() ) | -
J1=1j27j1
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since E[e(,jl,jz)s%h)s?b)|£nT] =0 and Cj,;; Cj,j, = 0, and where e(_j;, _;,) = vec(e) — €(;,)S(j;) —

€(j2)S(j2)- Thus,

403 Ui T T T 2 2
2=k D D AU (5 -32C8(1)8(5)C €1 —i) )€ )
| J1=1 52751
T m2 €,(31)9€,(52)9¢€,(33) 4 (41) A (32) ™~ J371~ J3i2
| J1=1j27#71 j3#51.72
L (S S G
=2 Te,(j1)9€,(j2) 9, (43) Wi1) A(j2) Cisin C gsia
Li1=1j2=1j3=1
41}% N e 4 2 2 2
- 2k > 0861982900 Chan
j1=1j2=1
=!q2.1 + q2.2.

For the first term,

4 2
q21= L E[a’ B:C BeCFeal
41}% 2 T
< “2E [|al3ZeCT BeCe o

4v?
S “2E [lal] = o(1).

using Assumptions ED* and AD*(i). Next,
_4U§E e 4 2 2 o2 — o1
22l =—3E | >0 > 02,6102 ()00 Chan | = (1),
j1=1j2=1
similar to ¢1. Thus, g2 = o(1), whereby the third term in (E.10) is 0,(1), and overall

T

1 n
T Z Z(ait +bi) el — v Vv =0p(1),

=1 t=1

Hence, with v7 Vv > 0 w.p.a.1 by Assumption AD*(ii), the result follows by the Cramér-Wold device
and Corollary 5.26 in White (1984). O

Appendix F. Higher Order Terms

This appendix studies the order four and order five terms detailed in the proof of Proposition 2.

F.1. Order Four

Define

K K K K
1 - - - - -
eW = = ST enensensen, QW (Ao, Fo, Xy, Xk, Xy, Xy (F.1)
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The summation in (F.1) can be decomposed into 16 terms by separating the index 0 and the remaining

indices which are greater than 0. This gives
1 - -~ = =
eW = ﬁeoeoeoeoQM)(AmFo,Xo,Xo,Xo,Xo)

K
1 4 e iyd < id iyd
+ == D exeocoeo Q™ (Ao, Fo, X, Xo, Xo, Xo)
ki=1
1 K
oo~ Lo
+ T Z eoekleoeoQ< )(AO,FO,X07XI€17X03X0)
k1=1
K
> eocoer, 09 (Ao, Fo, Xo, Xo, X1, , Xo)

k1=1

L1
nT

K
1 e =~ ~ ~ ~
+ wT kzl e()e()e()ele<4)(A07 Fo,Xo0,X0,X0,Xk,)
1=

+ 10 similar terms

K K K K
1 - - 4~ -
+ o IS ek, eryerser, QY (Ao, Fo, X iy, Xy, Xy, X i)

ki=1ko=1ks=1ks=1

=M 4. +eld. (F.2)

For terms 8(84), A 8%), the bound obtained in equation S.58 in Moon and Weidner (2015) can be applied

to demonstrate that

~ ~ 2
e+ + € =0, (18- 8ol + 0, (18- Bl 2 ) + 0, (m HE) ) .

What remains are terms 854), 8;4), 8514) and 824). To evaluate these it is necessary to obtain an explicit

expression for

4
A4 x v v v v —+1 m vl m (vp) m
Q( )(AOaF07Xk17Xk2,Xk37Xk4):Z(—l)p Z tI‘(S( 1)7',(61“)‘.5’( 2)...7-‘”7];45'( p+1)).
p=1 V1t Fvp=4
mi+...+mpp1=p—1
1<v; <2
m; >0

For p = 1 there are zero terms, for p = 2 there are 3 terms, for p = 3 there are 30 terms, and for p = 4
there are 35 terms. However, using §(0 81 = §W g0 — g0 g — g2 g — S(0>T](€11)S(0) =0 and
the invariance of the matrix trace to cyclical permutations the number of terms can be reduced to 1,6

and 4 for p equal to 2,3 and 4, respectively. Going further, several of these terms are equivalent up to
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a reordering of the indices ki, k2, k3, k4. Therefore the remaining terms are (up to a constant)

w(T?,, 80T, 50)

tr (2) S(O)T(l 5(2)7'(1 S(O))
tr (2) S(l)TQ 5(1)7'<1 S(O)

)
tr (1>S 1)7-’(;2)5 1)7"(;)’164 S(O))

tr

(
(T
(T

tr(T(1>S 1)7-(2) 5(1)7'<1 s
(T
(T (1)S(2>T(1)S(0)T(1)5(1)7-(1)S(U))
(

tr 7—(1)5 1)7'(1)5 1)7—(1)5 1)7'(1)5(0))
which are denoted p1(k1, k2, ks, ka), ..., p7(k1, k2, k3, ka). Consider the first term.

1 -1 17~ \*!
<—FJF0) <—AO Ao)
T n

1 ~T = =T =
[p1(k, ko, ks, )| S 5| X i, Xk, Follo 175 X iy X iy |2-

2 2
This gives,
B
p1(51,0,0,0) < — || e, | IRl (TFF) H H ~ Ko Ko H |F3 e, el = o, ( i)
2
17 S Tt~ \ €]l
042,00 < Tl Kualel ol | (780 Fo) | || (FATA) | imvea =0, (1 22).
1 Lo NPl T 1€l
90.0,80,0) < o lElelleRoll | (2FaF0) | |(SA5R0) | IFulalXLell = 0, (182},
nT T 5 n ) vnT
— 2 — -
9100,0.0,k0)] < ——1EalleFola | (2FTFS) | |(2A0A0) || 1FTE Il Rl = 0, (1112
b b b _nT2 T 2 n 2 4 \/7-[/7T b

using Lemmas B.1(i), B.1(ii), C.1(vi), C.1(vii), and C.1(viii), as well as Assumption AE. Applying
Lemma B.2(i) then yields the result |p;(ki, k2, ks, k1)| = 0p(v/nT). Repeatedly using Lemmas B.2(i)
and C.1, as well as Assumption AE, the remaining terms ps(k1, k2, k3, ka), ..., p7(k1, k2, k3, ka) can be
shown to share the same order. With this result, it follows that

e e e e _ (Hﬂ - ﬁollz) ’
2 3 4 5 P \/’lﬁ

and thereby

1 - -~ o~ o~
e = —seoeocoeo Q™ (Ao, Fo, Xo, Xo, Xo, Xo) + O, (I8 Boll2) + (Hﬂ :80||31|/€E)
_ 5 2 lIElB 118 = Boll2
+ OP (HB IBOHQ nT +OP \/ﬁ .
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F.2. Order Five

As in the previous part write

K K K K K
1 - - - - - -
et = nT 2 : Z z: § : E ek1€k26ksek4ek59(5)(A0>F07Xk17Xk27Xk37Xk47Xk5)‘
n k1=0 ko=0 k3=0 kg4=0 k5=0

This summation can be decomposed into 32 terms by, again, separating out the index 0 and the remaining

indices which are greater than 0. This gives
1 - - o~ o~ o~ o~
e® = 760306060509(5)(A07F07X0,X07X07X07X0)
n

T Z e eoeoeoeoQ™ (Ao, Fo, X1, , X0, X0, X0, X0)

k=1

1

+ 5 Z eoex, eoeoeoQ'” (Ao, Fo, Xo, X1, Xo, X0, Xo)
ki1=1
K

T Z eoeoer; c0eoQ™ (Ao, Fo, Xo, Xo, X1y, Xo, Xo)
k=1

| X

nT kzl eoeoeoer, €02 (Ao, Fo, Xo, X0, X0, X,, Xo)
=

1 - -~ o~ o~ o~
—7 D, eoeoeoeoer, 87 (Ao, Fo, Xo, Xo, Xo, Xo, Xy,)

k=1
+ 26 similar terms

=P el .. +ef). (F.3)

For terms 5(75), e 85{3), the bound obtained in equation S.58 in Moon and Weidner (2015) can be applied

to demonstrate that

e 4.+ = 0, (18- Bl + 0, (I - polis 12

(Iﬁ %b(%)) (IIﬁ ﬁoll2(\|/%)3>~

What remains are terms 8;5)7 8&5)7 8515)7 89 and 8&5) . As previously it is necessary to make explicit

5
0 (Ao, Fo, Xy, Xy, Xy Xy, Xiiy) = 3 _(—1)P > tr(SUm TR §me) ) gy,
p=1 v1+...Fvp=5
mi+...+mpr1=p—1
1<v; <2
m; >0

For p = 1 and p = 2 there are zero terms, for p = 3 there are 30 terms, for p = 4 there are 140 terms,
and for p = 5 there are 126 terms. As before number of terms can be reduced to 9, 22 and 10 for p

equal to 3,4 and 5, respectively. Moreover, since many of these terms are equivalent up to a reordering
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of their indices those that remain are (up to a constant)

Applying Lemmas B.2(i) and C.1, as well as Assumption AE, it can be established that

and thereby

1 - Y e A~
e® — ﬁeoeoeoeoeoQ(5>(Ao,Fo,Xo,XmXo,Xo»XO) Oy (I8 - ﬂo”g) +Op <||,8 = Boll

(2) 0) 7(2) 2) (1) q(0
(732, 80T, sPT) s
(2) 0) (1) q(2) 4~(2) 0
(T, SO T SO T, 8

2 1 2 1 1 0
tr I(cl>,k2 S( )Tgvs),lms( >TI(C5)S( )

)
)
)
tr 1(621)71€2 5(1)7-&)5(1)7-;24)‘%5(0))
S(l))

5

(2 2 1) (0 1) ol 1
tr k1>,k2 s )7'2.3)3( )7'564)5( )7'565)

(2 0 1) 2 1 1 1

tr l1>,l S( )’ <} S( )7 i)s< )’ §Cs>
(2 1 1) 0 1) 2 1)

tr }l)vl S( )’ §€3 S( )’ ;C S< )’ §€5

(2 0 1) q(1 1) g(2) (1)
(T, SOTSOT ST

(T

(T

(T

(T
tr(TE,, SOT SVTE,

(T

(T

(T

(T
(T, SOTH SOOI T
wr(TE, WL OV gD
(TP SOTE, §OTW g7
(TP SOTE, sOTL O
(T SOTVsOTE, g
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Appendix G. Additional Monte Carlo Material

Assume, for simplicity, that ;; ~ N(0,02) and X1,..., X x are fixed. Then the largest singular value

of & = Qq.e is the same as that of a min{n, TK} x T matrix with independent A(0,c?) entries.**

Therefore,

asn,T — oo with T'/n — v € [0, 00), with the convention that 1/y = co when v = 0 (see, e.g., Theorem

5.11 in Bai et al. (2010)). Hence,
min{n, TK} \ o.
n= |1+ ——

supplies a penalty of the order required by Proposition 10. Based on this heuristic, the following choice

of p,, is considered as a means to tailor the choice of penalty parameter to the data. First, the model is
estimated with R. = 5 > 2 = Rg to obtain an initial estimate B Using this, A and F are constructed as

A= vn(ui,...,ur,) and F= (s1v1,...,SR. VR, )/\/n, respectively, where Y — X 8= Zthl Spurvy

is a singular value decomposition with singular values sr < ... < s1. Finally, with
1 o o2
2= — Y—X-B—AFTH ,
nT F

the penalty parameter is set as

b = <1+ /min{?;TK}) j%.

Tables G.1 and G.2 below display counterparts to Tables 3 and 6 with ¢, = g

Table G.1: Percentage of Estimated R equal to Ro, on = 0n

n\T 9 12 15

100 77.44  84.08  88.55
250 90.23  95.09  97.70
500 96.12  98.72  99.44

“Recall X = USV' T, where the matrices of singular vectors U and V are n x rank(X) and TK x
rank(X), respectively, and the diagonal matrix of singular values S is rank(X) x rank(X). Since V'V =
Ionix)s |Ell2 = |[VU T€|l2 = ||[U "el|2, and U "€ is a min{n, TK } x T matrix with independent N'(0, 02)
entries.
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Table G.2: Percentage of Estimated R equal to Ro, on = 0n

n\T 10 25 50

100 87.03 98.88 99.94
250 95.38 99.99 100.00
500 98.20 100.00 100.00

Comparing Tables G.1 and G.2 to Tables 3 and 6, the data-driven choice of g, results in a small

improvement in test performance.
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