
Supplementary Material for

“Panel Data Models with Interactive Fixed Effects and (Relatively)

Small T”

Ayden Higgins

September 22, 2026

Contents

A Additional Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

B Proofs of Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

C Proofs of Lemmas B.1 - B.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

D Results for Section 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

E Results for Section 5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

F Higher Order Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

G Additional Monte Carlo Material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

Appendix A. Additional Material

A.1. Properties of QX

The following properties are used throughout the paper, often without explicit reference. Assume X has

full rank.

1. QXQ
>
X = PX and PX = In if TK ≥ n;

2. Q>XQX = ITK if TK ≤ n;

3. PXX = X;

4. tr(PX) = rank(X);

5. ‖QX‖2 = ‖PX‖2 = 1;

6. ‖QX‖F = ‖PX‖F =
√

rank(PX);

7. rank(QX) = rank(PX) = O(T ).

Proof:
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1. Notice X>X = V S2V > and therefore (X>X)+ = V S−2V >. Hence,

QXQ
>
X = UV >V U> = USV >V S−2V >V SU> = X(X>X)+

X
> = PX.

When TK ≥ n, rank(X) = n, whereby U is orthogonal, from which it follows QXQ
>
X =

UV >V U> = UU> = UU−1 = In.

2. When TK ≤ n, rank(X) = TK, whereby V is orthogonal, from which it follows

Q>XQX = V V > = V V −1 = ITK .

3. PXX = UU>USV > = USV > = X.

4. tr(PX) = tr(UU>) = tr(U>U) = tr(Irank(X)) = rank(X).

5. ‖QX‖22 = µmax(Q>XQX) = µmax(QXQ
>
X) = µmax(UU>) = µmax(PX) = 1 = ‖PX‖22.

6. ‖QX‖2F = tr(QXQ
>
X) = tr(PX) = rank(X).

7. rank(QX) = rank(PX) = rank(X) = min{n, TK} ≤ TK = O(T ).

A.2. Equations (3.1) and (3.2)

To establish equation (3.1),

min
Λ̃∈RTK×Re , F∈RT×R0

µmin

(
1

nT
X̃>(MF ⊗M Λ̃)X̃

)
= min
δ∈RK :‖δ‖2=1

min
Λ̃∈RTK×Re , F∈RT×R0

(
1

nT
(X̃δ)>(MF ⊗M Λ̃)X̃δ

)
= min
δ∈RK :‖δ‖2=1

min
Λ̃∈RTK×Re , F∈RT×R0

1

nT
tr
(

(X̃ · δ)>M Λ̃(X̃ · δ)MF

)
= min
δ∈RK :‖δ‖2=1

T∑
t=Tmin

µt

(
1

nT
(X̃ · δ)>(X̃ · δ)

)
,

where the last line follows by Lemma A.1 in Moon and Weidner (2017). For (3.2), using the previous

display,

min
δ∈RK :‖δ‖2=1

T∑
t=Tmin

µt

(
1

nT
(X̃ · δ)>(X̃ · δ)

)

= min
Λ̃∈RTK×Re , F∈RT×R0

µmin

(
1

nT
X>(MF ⊗QXM Λ̃Q

>
X)X

)
= min

Λ∈Rn×Re , F∈RT×R0

µmin

(
1

nT
X>(MF ⊗ (PX − PXΛ(Λ>PXΛ)+Λ>PX)X

)
= min

Λ∈Rn×Re , F∈RT×R0

µmin

(
1

nT
X>(MF ⊗MPXΛ)X

)
≥ min

Λ∈Rn×Re , F∈RT×R0

µmin

(
1

nT
X>(MF ⊗MΛ)X

)
.
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A.3. Equation (3.4)

Equation (3.4) is demonstrated to hold under the following assumption.

Assumption AX. .

(i) The elements of Λ1 have uniformly bounded second moments and n−1Λ̃
>
1 Λ̃1

p−→ ΣΛ̃1
as n→∞,

with T ≥ R1 + 1 fixed or T →∞, where the eigenvalues of ΣΛ̃1
are bounded away from zero and

from above by a constant.

(ii) λ2,i ∼ iid(0,Σλ2) and is independent of the covariates and Λ1, with uniformly bounded fourth

moment, and the minimum eigenvalue of Σλ2 bounded away from zero.

First,

1

n
Λ̃
>
1 Λ̃1

p−→ ΣΛ̃1
, (A.1)

as n→∞, with T fixed or T →∞ and T/n→ γ ∈ [0,∞) by Assumption AX(i). Second,

E
[

1

n2

(
Λ̃
>
1 Λ̃2

)2

r1,r2

]
=

1

n2
E
[
E
[
λ>1,r1PXλ2,r2λ

>
2,r2PXλ1,r1 |X1, . . . ,XK ,Λ1

]]
=

1

n2
(Σλ2)r2,r2E

[
λ>1,r1PXλ1,r1

]
≤ 1

n2
(Σλ2)r2,r2E

[
‖λ1,r1‖

2
2

]
= O

(
1

n

)
,

using Assumptions AX(i) and AX(ii), from which it follows that

1

n
Λ̃
>
1 Λ̃2

p−→ 0, (A.2)

as n→∞, with T fixed or T →∞ and T/n→ γ ∈ [0,∞). Finally, notice that

E
[
E
[

1

n

(
Λ̃
>
2 Λ̃2

)
r1,r2

|X1, . . . ,XK ,Λ1

]]
=

1

n
E
[
E
[
λ>2,r1PXλ2,r2 |X1, . . . ,XK ,Λ1

]]
=

1

n
(Σλ2)r1,r2E [tr(PX)]

=
1

n
min{n, TK}(Σλ2)r1,r2 ,
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by Assumption AX(ii) and since tr(PX) = min{n, TK}. Using this result,

E

[(
1

n

(
Λ̃
>
2 Λ̃2

)
r1,r2

− 1

n
min{n, TK}(Σλ2)r1,r2

)2
]

= E

[(
1

n

(
Λ̃
>
2 Λ̃2

)
r1,r2

)2
]
− 2

n
min{n, TK}(Σλ2)r1,r2E

[
1

n

(
Λ̃
>
2 Λ̃2

)
r1,r2

]
+

1

n2
min{n, TK}2(Σλ2)2

r1,r2

=
1

n2
E
[
E
[
λ>2,r1PXλ2,r2λ

>
2,r1PXλ2,r2 |X1, . . . ,XK ,Λ1

]]
− 1

n2
min{n, TK}2(Σλ2)2

r1,r2

=
1

n2
min{n, TK}2(Σλ2)2

r1,r2

+
1

n2
min{n, TK}

(
(Σλ2)r1,r1(Σλ2)r2,r2 + (Σλ2)2

r1,r2

)
+

1

n2

(
E
[
λ2

2,i,r1λ
2
2,i,r2

]
− (Σλ2)r1,r1(Σλ2)r2,r2 − 2(Σλ2)2

r1,r2

)
E

[∑
i

(PX)2
ii

]

− 1

n2
min{n, TK}2(Σλ2)2

r1,r2

=
1

n2
min{n, TK}

(
(Σλ2)r1,r1(Σλ2)r2,r2 + (Σλ2)2

r1,r2

)
+

1

n2

(
E
[
λ2

2,i,r1λ
2
2,i,r2

]
− (Σλ2)r1,r1(Σλ2)r2,r2 − 2(Σλ2)2

r1,r2

)
E

[∑
i

(PX)2
ii

]

= O
(

1

n

)
,

which follows by Assumption AX(ii) and since

∑
i

(PX)2
ii ≤

∑
i

(PX)ii = tr(PX) = min{n, TK} ≤ n.

Thus,

1

n
Λ̃
>
2 Λ̃2 −min

{
1,
TK

n

}
Σλ2

p−→ 0,

as n→∞, with T fixed or T →∞ and T/n→ γ ∈ [0,∞), from which it follows that

1

n
Λ̃
>
2 Λ̃2

p−→ min{1, γK} ×Σλ2 .
39 (A.3)

Combining (A.1), (A.2), and (A.3) yields the result.

A.4. Footnote 27

Assume rank(Λ̃0F
>
0 ) = R0 and 1 ≤ R0 ≤ T . Suppose it is possible to decompose Λ̃0F

>
0 = Λ̃∗F

>
∗ such

that

F ∗ =

IR0

Φ

 ,

39Recall the convention that γ := limn→∞ T/n = 0 when T is fixed.
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where Φ is (T −R0)×R0. Setting

V0 :=

 Φ>

−IT−R0

 ,

one has

V>0 F ∗Λ̃
>
∗ =

(
Φ −IT−R0

)IR0

Φ

 Λ̃
>
∗ = (Φ−Φ)Λ̃

>
∗ = 0.

Now, instead, suppose

V0 =

 Φ>

−IT−R0


and V>0 F 0Λ̃

>
0 = 0. Then

V>0 F 0Λ̃
>
0 =

(
Φ −IT−R0

)F 0,1

F 0,2

 Λ̃
>
0 = ΦF 0,1Λ̃

>
0 − F 0,2Λ̃

>
0 = 0.

Hence, ΦF 0,1Λ̃
>
0 = F 0,2Λ̃

>
0 , whereby

Λ̃0F
>
0 =

(
Λ̃0F

>
0,1 Λ̃0F

>
0,2

)
=
(
Λ̃0F

>
0,1 Λ̃0F

>
0,1Φ

>
)

= Λ̃0F
>
0,1

(
IR0 Φ>

)
= Λ̃∗F

>
∗ .

A.5. Assumptions IF(iii) and IF(iv)

The section provides an example of error dependence which satisfies Assumptions IF(iii) and IF(iv). For

simplicity it is assumed that εit is independent of DnT . Suppose εit = φεit−1 +uit with |φ| < 1, and uit

independent over i and t with E[uit] = 0, E[u2
it] = σ2

u and E[u16
it ] uniformly bounded. Moreover, assume

εi0 = 0. The extension to heterogeneous φ, heteroskedastic uit, higher order autoregressive processes,

and nonzero initial conditions comes at the expense of more cumbersome notation. Write

v>εi = v>S−>ui =: a>ui,

where S := IT − φW and W is a T × T shift matrix which consists of zeros everywhere, except those

elements directly above the main diagonal, which take on a value of 1. Using the Rosenthal inequality

9.7.c in Lin (2010),

E
[
|v>εi|16

]
.

(
T∑
t=1

E[a2
tu

2
it]

)8

+

T∑
t=1

E
[
|atuit|16] . (A.4)

Now,

T∑
t=1

E[a2
tu

2
it] .

(
T∑
t=1

a2
t

)
≤ ‖S−1‖22,
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and

T∑
t=1

E
[
|atuit|16] . ( T∑

t=1

a16
t

)
≤ ‖S−1‖16

2 .

Using ‖S−1‖2 ≤ c, which follows by the same arguments as in the proof of Lemma E.1(ii), the right-hand

side of (A.4) is uniformly bounded which verifies IF(iii). For IF(iv), notice that

E[εit1εit2 ] = (1− φ2 min{t1,t2})
σ2
u

1− φ2
φ|t1−t2| =: b(t1, t2)φ|t1−t2|,

whereby

E[εi1t1εi2t2 ] =

b(t1, t2)φ|t1−t2| for i1 = i2

0 otherwise,

and thereby ∆D := ΓbT (ΣD)−ΣD is such that

δD,i1i2t1t2 =

−b(t1, t2)φ|t1−t2| for i1 = i2 and |t1 − t2| ≥ bT

0 otherwise.

Using this,

‖∆D‖2 ≤ ‖∆D‖1 ≤ max
1≤t1≤T

T∑
t2=1

1{|t1 − t2| ≥ bT }b(t1, t2)|φ||t1−t2|

≤ max
1≤t1≤T

T∑
t2<t1

1{t1 − t2 ≥ bT }b(t1, t2)|φ|t1−t2

+ max
1≤t1≤T

T∑
t2>t1

1{t2 − t1 ≥ bT }b(t1, t2)|φ|t2−t1

. |φ|bT → 0,

as bT →∞. This verifies IF(iv).

Appendix B. Proofs of Main Results

Notation

Throughout this appendix and subsequent appendices, some additional notation is employed. Let

σ2
A,it := E[ε2

it|AnT ] and ξjA,it := E[εjit|AnT ] for j > 2. Moreover, a . b is used to indicate there

exists a constant c such that a ≤ cb. For an n × 1 vector a with elements ai, ‖a‖1 :=
∑n
i=1 |ai| and

‖a‖∞ := max1≤i≤n |ai|. Let A be an n × m matrix with elements Aij . The following matrix norms

are those induced by their vector counterparts: ‖A‖1 := max1≤j≤m
∑n
i=1 |Aij |, which is the maximum

absolute column sum of A, and ‖A‖∞ := max1≤i≤n
∑m
j=1 |Aij |, which is the maximum absolute row

sum of A.
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Lemmas

Lemma B.1. Under Assumption MD,

(i) ‖Xk‖2, ‖X̃k‖2, ‖Xk‖F , ‖X̃k‖F = Op(
√
nT ) for k = 1, . . . ,K;

(ii) ‖F 0‖2, ‖F 0‖F = Op(
√
T ) and ‖Λ0‖2, ‖Λ0‖F , ‖Λ̃0‖2, ‖Λ̃0‖F = Op(

√
n).

Lemma B.2. Under Assumption MD, and Assumption EC or ED,

(i) (nT )−
1
2 ‖ε̃‖2 = Op(n−

1
4 );

(ii) tr(X̃
>
k ε̃) = Op(

√
nT ) for k = 1, . . . ,K.

Lemma B.3. Under Assumptions MD, ED, AE, and AD,

(i) b(1) = −ψ(1) + Op(n
− 1

4 );

(ii) b(2) = Op(n
− 1

2 );

(iii) b(3) = −ψ(2) + Op(n
− 1

2 ).

Proof of Proposition 1.

Substituting the true DGP (2.1) into the expression for Q(β, Λ̃,F ) (given in equation (2.3)) yields

Q(β, Λ̃,F ) =
1

nT
tr
((
X̃ · (β0 − β) + Λ̃0F

>
0 − Λ̃F> + ε̃

)>
×
(
X̃ · (β0 − β) + Λ̃0F

>
0 − Λ̃F> + ε̃

))
. (B.1)

Now,

Q(β) = min
Λ̃∈RTK×Re , F∈RT×R0

1

nT
tr
((
X̃ · (β0 − β) + Λ̃0F

>
0 − Λ̃F> + ε̃

)>
×
(
X̃ · (β0 − β) + Λ̃0F

>
0 − Λ̃F> + ε̃

))
≥ min
F̄∈RT×(Re+R0)

1

nT
tr

((
X̃ · (β0 − β) + ε̃

)
M F̄

(
X̃ · (β0 − β) + ε̃

)>)

= min
F̄∈RT×(Re+R0)

{
1

nT
tr

((
X̃ · (β0 − β)

)
M F̄

(
X̃ · (β0 − β)

)>)

+
2

nT

K∑
k=1

(β0,k − βk)tr(ε̃M F̄ X̃
>
k ) +

1

nT
tr(ε̃M F̄ ε̃

>)

}
, (B.2)

which follows because the minimum can be no less than if one were able to minimise with respect to Λ̄

and F̄ , where Λ̄F̄
>

:= Λ̃0F
>
0 − Λ̃F> which can have rank of at most Re+R0 under Assumption CS(i).

For the last two terms in (B.2),

2

nT

K∑
k=1

(β0,k − βk)tr(ε̃M F̄ X̃
>
k ) =

2

nT

K∑
k=1

(β0,k − βk)tr(ε̃X̃
>
k )− 2

nT

K∑
k=1

(β0,k − βk)tr(ε̃P F̄ X̃
>
k )

= ‖β − β0‖2Op
(

1√
n

)
+ ‖β − β0‖2Op

(
‖ε̃‖2√
nT

)
, (B.3)
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and

1

nT
tr(ε̃M F̄ ε̃

>) =
1

nT
tr(ε̃ε̃>)− 1

nT
tr(ε̃P F̄ ε̃

>),

=
1

nT
tr(ε̃ε̃>) +Op

(
‖ε̃‖22
nT

)
, (B.4)

uniformly over F̄ ∈ RT×(Re+R0) using Lemmas B.1(i), B.1(ii), and B.2(ii), as well as the inequality

|tr(A)| ≤ rank(A)‖A‖2. Applying (B.3) and (B.4) to (B.2),

Q(β) ≥ min
F̄∈RT×(Re+R0)

{
1

nT
tr
(

(X̃ · (β0 − β))M F̄ (X̃ · (β0 − β))>
)}

+ ‖β − β0‖2Op
(
‖ε̃‖2√
nT

)
+Op

(
‖ε̃‖22
nT

)
+

1

nT
tr(ε̃ε̃>)

≥ c‖β − β0‖
2
2 + ‖β − β0‖2Op

(
‖ε̃‖2√
nT

)
+Op

(
‖ε̃‖22
nT

)
+

1

nT
tr(ε̃ε̃>) (B.5)

w.p.a.1, where the last inequality follows by Assumption CS(ii). Now, note that

Q(β0) = min
Λ̃∈RTK×Re , F∈RT×R0

1

nT
tr((Λ̃0F

>
0 − Λ̃F> + ε̃)(Λ̃0F

>
0 − Λ̃F> + ε̃)>)

≤ Q(β0, Λ̃0,F 0) =
1

nT
tr(ε̃>ε̃). (B.6)

Since Q(β̂) ≤ Q(β0) by definition, combining (B.5) and (B.6) gives

c‖β̂ − β0‖
2
2 + ‖β̂ − β0‖2Op

(
‖ε̃‖2√
nT

)
+Op

(
‖ε̃‖22
nT

)
≤ 0,

w.p.a.1, from which the result is obtained by applying Lemma B.2(i).

Proof of Proposition 2.

Begin by defining the following

Ỹ − X̃ · β = Λ̃0F
>
0 + ε̃+

K∑
k=1

(β0,k − βk)X̃k

=: Λ̃0F
>
0 +

K∑
k=0

ekX̃k, (B.7)

with e0 := (nT )−
1
2 ‖ε̃‖2, ek := (β0,k−βk) for k = 1, . . . ,K, and X̃0 := (nT )

1
2 ‖ε̃‖−1

2 ε̃. Now, substituting

(B.7) into the concentrated objective function (2.4), Q(β) is equal to

1

nT

T∑
t=R0+1

µt

F 0Λ̃
>
0 Λ̃0F

>
0 +

K∑
k=0

ekX̃
>

k Λ̃0F
>
0 +

K∑
k=0

ekF 0Λ̃
>
0 X̃k +

K∑
k1=0

K∑
k2=0

ek1ek2X̃
>
k1
X̃k2


=:

T∑
t=R0+1

µt
(
T (0) + T (1)(e) + T (2)(e)

)
.

One may consider T (e) := T (0) + T (1)(e) + T (2)(e) to be a perturbation of the linear operator T (0).

When the perturbation e is small, it may be possible to express the eigenvalues of T (e) as a power series
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in e. Define

µmax(Λ̃0,F 0) :=

√
1

nT
µ1

(
F 0Λ̃

>
0 Λ̃0F

>
0

)
µmin(Λ̃0,F 0) :=

√
1

nT
µR0

(
F 0Λ̃

>
0 Λ̃0F

>
0

)
,

and

r0(Λ̃0,F 0) :=

(
4µmax(Λ̃0,F 0)

µmin(Λ̃0,F 0)
+

1

2µmax(Λ̃0,F 0)

)−1

.

An expansion of Q(β) can be obtained under the condition

1√
nT

K∑
k=0

|ek|‖X̃k‖2 ≤ r0(Λ̃0,F 0).40 (B.8)

Intuitively, this condition ensures the perturbation of T (0) is sufficiently small. Now, r0(Λ̃0,F 0) con-

verges in probability to a positive constant by Assumptions AE(ii) and AE(iii). For k = 1, . . . ,K,

1√
nT
‖X̃k‖2 = Op(1), (B.9)

by Lemma B.1(i). For k = 0, (nT )−
1
2 ‖X̃0‖2 = ‖ε̃‖−1

2 ‖ε̃‖2 = 1. Thus, (nT )−
1
2 ‖X̃k‖2 = Op(1) for

k = 0, . . . ,K and so the satisfaction of (B.8) rests upon the extent to which e0, . . . , eK are small. By

Lemma B.2(i), e0 = (nT )−
1
2 ‖ε̃‖2 is Op (1). Also ek = β0,k − βk = Op (1) is assumed in the statement of

the proposition. Thus, Lemma S.1 in Moon and Weidner (2017) is applicable with the result that Q(β)

can be expanded in the following power series in e0, . . . , eK :

Q(β) =
1

nT

∞∑
g=2

K∑
k1=0

K∑
k2=0

. . .

K∑
kg=0

ek1ek2 . . . ekgQ
(g)(Λ̃0,F 0, X̃k1 , . . . , X̃kg ), (B.10)

where

Q
(g)(Λ̃0,F 0, X̃k1 , . . . , X̃kg ) =

1

g!

(
Q̃

(g)(Λ̃0,F 0, X̃k1 , . . . , X̃kg ) + .all permutations of k1, . . . , kg
)
,

with

Q̃
(g)(Λ̃0,F 0, X̃k1 , . . . , X̃kg ) :=

g∑
p=1

(−1)p+1
∑

v1+...+vp=g
m1+...+mp+1=p−1

1≤vj≤2
mj≥0

tr(S(m1)T (v1)
k1...

S(m2) . . .T (vp)

...kg
S(mp+1)),

40See S.6.1 in Moon and Weidner (2017) for details.
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and S(0) := −MF 0 , S(m) := (F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1(F>0 F 0)−1F>0 )m for m ≥ 1, T (1)

k := F 0Λ̃
>
0 X̃k +

X̃
>
k Λ̃0F

>
0 , and T (2)

k1,k2
:= X̃

>
k1
X̃k2 . Moreover, under the stronger condition

1√
nT

K∑
k=0

|ek|‖X̃k‖2 ≤
µ2

min(Λ̃0,F 0)

16µmax(Λ̃0,F 0)
, (B.11)

this series can be truncated at order G ≥ 2, with the following bound on the remainder∣∣∣∣∣∣Q(β)− 1

nT

G∑
g=2

K∑
k1=0

K∑
k2=0

. . .

K∑
kg=0

ek1ek2 . . . ekgQ
(g)(Λ̃0,F 0, X̃k1 , . . . , X̃kg )

∣∣∣∣∣∣
≤ R0(G+ 1)%G+1µ2

min(Λ̃0,F 0)

2(1− %)2
,

where,

% :=
16µmax(Λ̃0,F 0)

µ2
min(Λ̃0,F 0)

(
1√
nT

K∑
k=0

|ek|‖X̃k‖2

)
≤ 1. (B.12)

Since the right-hand side of (B.11) will converge in probability to a positive constant under Assumptions

AE(ii) and AE(iii), this condition will be satisfied w.p.a.1, and the above bound on the remainder

becomes applicable. Hence, using the expansion (B.10) taken to order G = 5 one obtains

Q(β) = Q(β0)− 2√
nT

(β − β0)>d+ (β − β0)>D(β − β0) + r(β), (B.13)

where d := c+ b(1) + b(2) + b(3), and elements of these vectors and matrices are

Dk1k2
:=

1

nT
tr(X̃k1MF 0X̃

>
k2
M Λ̃0

)

ck :=
1√
nT

tr(X̃kMF 0 ε̃
>M Λ̃0

)

b
(1)
k := − 1√

nT
tr
(
MF 0 ε̃

>M Λ̃0
X̃kF 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

b
(2)
k := − 1√

nT
tr
(
MF 0X̃

>
kM Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

b
(3)
k := − 1√

nT
tr
(
MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 X̃k

)
,
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for k, k1, k2 = 1, . . . ,K, and

r(β) :=
1

nT

K∑
k1=1

K∑
k2=1

ek1ek2e0Q
(3)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃0)

+
1

nT

K∑
k1=1

K∑
k2=1

e0ek1ek2Q
(3)(Λ̃0,F 0, X̃0, X̃k1 , X̃k2)

+
1

nT

K∑
k1=1

K∑
k2=1

ek1e0ek2Q
(3)(Λ̃0,F 0, X̃k1 , X̃0, X̃k2)

+
1

nT

K∑
k1=1

K∑
k2=1

K∑
k3=1

ek1ek2ek3Q
(3)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3)

+
1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

ek1ek2ek3ek4Q
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4)

+
1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

K∑
k5=0

ek1ek2ek3ek4ek5Q
(5)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4 , X̃k5)

− 1

nT
e0e0e0e0Q

(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0)

− 1

nT
e0e0e0e0e0Q

(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃0)

+Op

( K∑
k=1

|β0,k − βk|
‖X̃k‖2√
nT

+
‖ε̃‖2√
nT

)6
−Op(( ‖ε̃‖2√

nT

)6
)
, (B.14)

where the last term in (B.15) is not just some term of that order, but exactly the term of that order

contained in ((nT )−
1
2
∑K
k=1 |β0,k − βk|‖X̃k‖2 + (nT )−

1
2 ‖ε̃‖2)6. This term is already accounted for in

Q(β0). Now, consider the remainder term r(β) which is expressed in (B.14). For the first term in

(B.14),

1

nT

∣∣∣∣∣∣
K∑

k1=1

K∑
k2=1

ek1ek2e0Q
(3)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃0)

∣∣∣∣∣∣
.

1

n2T 2

(
K∑
k=1

|β0,k − βk|‖X̃k‖2

)2

‖Λ̃0‖2
∣∣∣∣∣∣∣∣( 1

n
Λ̃
>
0 Λ̃0

)∣∣∣∣∣∣∣∣−1

2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖F 0‖2‖ε̃‖2

= Op
(
‖β0 − β‖

2
2
‖ε̃‖2√
nT

)
,

using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE(ii) and AE(iii). The second and third

terms in (B.14) are both of the same order. Using Lemmas B.1(i) and B.1(ii), as well as Assumptions
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AE(ii) and AE(iii), the fourth term is Op(‖β0 − β‖32). Thus,

r(β) = Op
(
‖β0 − β‖

2
2
‖ε̃‖2√
nT

)
+Op(‖β0 − β‖

3
2)

+
1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

ek1ek2ek3ek4Q
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4)

+
1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

K∑
k5=0

ek1ek2ek3ek4ek5Q
(5)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4 , X̃k5)

− 1

nT
e0e0e0e0Q

(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0)

− 1

nT
e0e0e0e0e0Q

(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃0)

+Op

( K∑
k=1

|β0,k − βk|
‖X̃k‖2√
nT

+
‖ε̃‖2√
nT

)6
−Op(( ‖ε̃‖2√

nT

)6
)
. (B.15)

The second and third terms on the right-hand side of (B.15) are studied in Appendix F, where it is

established that

1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

ek1ek2ek3ek4Q
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4)

+
1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

K∑
k5=0

ek1ek2ek3ek4ek5Q
(5)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4 , X̃k5)

=
1

nT
e0e0e0e0Q(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0) +

1

nT
e0e0e0e0e0Q(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃0)

+ Op
(
‖β − β0‖

5
2

)
+Op

(
‖β − β0‖

4
2
‖ε̃‖2√
nT

)
+Op

(
‖β − β0‖

4
2

)
+Op

(
‖β − β0‖

3
2

(
‖ε̃‖2√
nT

)2
)

+ Op
(
‖β − β0‖

3
2
‖ε̃‖2√
nT

)
+Op

(
‖β − β0‖

2
2

(
‖ε̃‖2√
nT

)3
)

+Op

(
‖β − β0‖

2
2

(
‖ε̃‖2√
nT

)2
)

+ Op

(
‖β − β0‖2√

nT

)
.

Combining the above with (B.13) and (B.15)

Q(β) = Q(β0)− 2√
nT

(β − β0)>d+ (β − β0)>D(β − β0)

+
1

nT

(
nT‖β0 − β‖

2
2 × Op(1) +

√
nT‖β0 − β‖2 × Op(1)

)
,

using Lemma B.2(i).

Proof of Theorem 1.

Notice that by Assumption AD(ii), the matrix D is invertible and ‖D−1‖2 ≤ c w.p.a.1. Define w :=

(nT )−
1
2D−1d. The stochastic order of this quantity is examined. First, by assumption, ‖c‖2 = Op(1).

By Lemmas B.3(i), B.3(ii), and B.3(iii),

b(1), b(3) = Op

(√
T

n

)
,
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and b(2) = Op(n
− 1

2 ). Hence ‖w‖2 = Op((nT )−
1
2 ) = Op(1). Now, notice that Proposition 1 goes through

replacing Assumption EC with ED (Lemmas B.2(i) and B.2(ii) hold under either assumption). Thus,

applying Proposition 2,

Q(β̂) = Q(β0) + (β̂ − β0 −w)>D(β̂ − β0 −w)−w>Dw + r(β̂)

Q(β0 +w) = Q(β0)−w>Dw + r(β0 +w).

Since Q(β̂) ≤ Q(β0 +w),

(β̂ − β0 −w)>D(β̂ − β0 −w) ≤ r(β0 +w)− r(β̂). (B.16)

Given ‖w‖2 = Op(1), the order of the remainder term established in Proposition 2 is valid. Thus (B.16)

becomes

(β̂−β0 −w)>D(β̂ − β0 −w)

≤ Op
(

1

nT

)(
Op((1 +

√
nT‖w‖2)2) +Op((1 +

√
nT‖β0 − β̂‖2)2)

)
, (B.17)

Multiplying (B.17) by nT , using ‖β̂− β0 −w‖22µmin(D) ≤ (β̂− β0 −w)>D(β̂− β0 −w), Assumption

CS(ii), and the inequality
√

(x+ y) ≤
√
x+
√
y gives

√
nT‖β̂ − β0 −w‖2 ≤ Op(1 +

√
nT‖w‖2) + Op(1 +

√
nT‖β̂ − β0‖2) = Op(1),

and, in turn,

√
nT (β̂ − β0) = D−1(c+ b(1) + b(3)) + Op (1) , (B.18)

since b(2) = Op(n
− 1

2 ). To obtain the final result, let v be a K × 1 vector with ‖v‖2 = 1. Consider,

v>V−
1
2 c =

1√
nT
v>V−

1
2 X>(MF 0 ⊗QXM Λ̃0

Q>X)vec(ε)

=:
1√
nT

n∑
i=1

T∑
t=1

aitεit

=

n∑
i=1

(
1√
nT

T∑
t=1

aitεit

)

=:
n∑
i=1

bi. (B.19)

Let Fi := DnT ∨ σ(ε1, . . . , εi) for i ≥ 1 and F0 := DnT . Then {Fi : 1 ≤ i ≤ n} is such that bi is Fi-

measurable, Fi−1 ⊆ Fi, and E[bi|Fi−1] = 0 by Assumption ED. Moreover, let X∗k := MPXΛ0XkMF 0 .

Then

E[|bi|] ≤
1√
nT

E
[
‖ai‖2 ×

∣∣∣d>i εi∣∣∣] . 1√
nT

E [‖X∗i ‖2] ≤ c,

with di := ai/‖ai‖2 for ‖ai‖2 > 0, and di := 0 otherwise, using Assumptions ED and AD(ii). Thus

{bi,Fi} forms a martingale difference array. The conditions for the application of Theorem 3.2 in Hall
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and Heyde (1980) are now verified. First,

E
[

max
1≤i≤n

|bi|
]
≤

(
E

[
n∑
i=1

b4i

]) 1
4

≤ n
1
4 max

1≤i≤n

(
E[b4i ]

) 1
4 = O(n−

1
4 ),

since

E[b4i ] =
1

n2T 2
E
[(
‖ai‖2 ×

∣∣∣d>i εi∣∣∣)4
]
.

1

n2T 2
E
[
‖X∗i ‖42

]
.

1

n2
, (B.20)

using Assumptions ED and AD(ii), from which it follows that max1≤i≤n |bi| = Op(1). Second,

n∑
i=1

b2i − 1 =
1

nT

n∑
i=1

v>V−
1
2 (X∗i )

>εiε
>
i X

∗
iV−

1
2 v − v>V−

1
2 VV−

1
2 v

= v>V−
1
2

(
1

nT

n∑
i=1

(X∗i )
>εiε

>
i X

∗
i − V

)
V−

1
2 v

= v>V−
1
2

(
1

nT

n∑
i=1

(X∗i )
>εiε

>
i X

∗
i − V

)
V−

1
2 v + Op(1)

= v>V−
1
2

(
1

nT

n∑
i=1

(X∗i )
>(εiε

>
i −ΣD,ii)X

∗
i

)
V−

1
2 v + Op(1), (B.21)

using Assumption AD(ii). Consider element k1, k2 of the term in brackets and, for simplicity, set K = 1.

1

n2T 2
E

[(
n∑
i=1

(x∗i )
>(εiε

>
i −ΣD,ii)x

∗
i

)2]

=
1

n2T 2
E

[
n∑
i=1

(
(x∗i )

>(εiε
>
i −ΣD,ii)x

∗
i

)2
]

=
1

n2T 2
E

[
n∑
i=1

(ε>i x
∗
i )

4

]
− 1

n2T 2
E

[
n∑
i=1

(
(x∗i )

>ΣD,iix
∗
i

)2
]

.
1

n2T 2
E

[
n∑
i=1

‖x∗i ‖42

]
= O

(
1

n

)
, (B.22)

using Assumptions ED and AD(i). Hence, under Assumption AD(ii), the right-hand side of (B.21) is

Op(1). Thirdly,

E
[

max
1≤i≤n

b2i

]
≤
(
E
[

max
1≤i≤n

|bi|4
]) 1

2

≤

(
E

[
n∑
i=1

|bi|4
]) 1

2

≤ n
1
2 max

1≤i≤n

(
E[b4i ]

) 1
2 ≤ c,

follows using (B.20). Therefore, by Theorem 3.2 in Hall and Heyde (1980) and with application of

Assumption AD(ii),

D−1c
d−→ N (0,D−1VD−1).

Finally, applying Lemmas B.3(i) and B.3(iii) completes the result.
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Proof of Proposition 3.

The result can be obtained as a special case of Proposition 4, by noticing that (MF 0 ⊗MΛ0)+ =

(M+
F 0
⊗M+

Λ0
) = (MF 0 ⊗MΛ0). Similarly for (MF 0 ⊗M Λ̃0

).

Proof of Proposition 4.

First rewrite

X̃>
(

(MF 0 ⊗M Λ̃0
)Σ̃(MF 0 ⊗M Λ̃0

)
)+

X̃

= X>
(

(MF 0 ⊗QXM Λ̃0
Q>X)Σ(MF 0 ⊗QXM Λ̃0

Q>X)
)+

X

= X>(MF 0 ⊗QXM Λ̃0
Q>X)

(
(MF 0 ⊗QXM Λ̃0

Q>X)Σ(MF 0 ⊗QXM Λ̃0
Q>X)

)+

× (MF 0 ⊗QXM Λ̃0
Q>X)X

=: X>Σ−
1
2 Ã(Ã

>
Ã)+Ã

>
Σ−

1
2 X ,

and

X> ((MF 0 ⊗MΛ0)Σ(MF 0 ⊗MΛ0))+ X

= X>(MF 0 ⊗MΛ0) ((MF 0 ⊗MΛ0)Σ(MF 0 ⊗MΛ0))+ (MF 0 ⊗MΛ0)X

=: X>Σ−
1
2A(A>A)+A>Σ−

1
2 X .

Thus, the result follows provided

X>Σ−
1
2

(
A(A>A)+A> − Ã(Ã

>
Ã)+Ã

>)
Σ−

1
2 X � 0, (B.23)

which holds if middle matrix on the left is positive semidefinite. This is now established. First,

MΛ0QXM Λ̃0
Q>X = (In − PΛ0)(PX − PXΛ0(Λ>0 PXΛ0)+Λ>0 PX)

= PX − PXΛ0(Λ>0 PXΛ0)+Λ>0 PX − PΛ0PX

+ PΛ0PXΛ0(Λ>0 PXΛ0)+Λ>0 PX

= PX − PXΛ0(Λ>0 PXΛ0)+Λ>0 PX − PΛ0PX + PΛ0PX

= QXM Λ̃0
Q>X. (B.24)

Similarly, it can be shown that

QXM Λ̃0
Q>XMΛ0 = QXM Λ̃0

Q>X. (B.25)
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Using (B.24) and (B.25),

A(A>A)+A>Ã(Ã
>
Ã)+Ã

>

= Σ
1
2 (MF 0 ⊗MΛ0) ((MF 0 ⊗MΛ0)Σ(MF 0 ⊗MΛ0))+ (MF 0 ⊗MΛ0)Σ

× (MF 0 ⊗QXM Λ̃0
Q>X)

(
(MF 0 ⊗QXM Λ̃0

Q>X)Σ(MF 0 ⊗QXM Λ̃0
Q>X)

)+

× (MF 0 ⊗QXM Λ̃0
Q>X)Σ

1
2

= Σ
1
2 (MF 0 ⊗MΛ0) ((MF 0 ⊗MΛ0)Σ(MF 0 ⊗MΛ0))+ (MF 0 ⊗MΛ0)Σ

× (MF 0 ⊗MΛ0QXM Λ̃0
Q>X)

(
(MF 0 ⊗QXM Λ̃0

Q>X)Σ(MF 0 ⊗QXM Λ̃0
Q>X)

)+

× (MF 0 ⊗QXM Λ̃0
Q>X)Σ

1
2

= Σ
1
2 (MF 0 ⊗MΛ0QXM Λ̃0

Q>X)
(

(MF 0 ⊗QXM Λ̃0
Q>X)Σ(MF 0 ⊗QXM Λ̃0

Q>X)
)+

× (MF 0 ⊗QXM Λ̃0
Q>X)Σ

1
2

= Σ
1
2 (MF 0 ⊗QXM Λ̃0

Q>X)
(

(MF 0 ⊗QXM Λ̃0
Q>X)Σ(MF 0 ⊗QXM Λ̃0

Q>X)
)+

× (MF 0 ⊗QXM Λ̃0
Q>X)Σ

1
2

= Ã(Ã
>
Ã)+Ã

>
.

In the same way one can show Ã(Ã
>
Ã)+Ã

>
A(A>A)+A> = Ã(Ã

>
Ã)+Ã

>
. It therefore follows that

(A(A>A)+A> − Ã(Ã
>
Ã)+Ã

>
)(A(A>A)+A> − Ã(Ã

>
Ã)+Ã

>
)

= A(A>A)+A> −A(A>A)+A>Ã(Ã
>
Ã)+Ã

> − Ã(Ã
>
Ã)+Ã

>
A(A>A)+A>

+ Ã(Ã
>
Ã)+Ã

>

= A(A>A)+A> − Ã(Ã
>
Ã)+Ã

>
,

which establishes A(A>A)+A> − Ã(Ã
>
Ã)+Ã

>
is idempotent, which coupled with the fact that it is

symmetric, establishes it to be an orthogonal projector and therefore must be positive semidefinite. This

proves (B.23).

Proof of Proposition 5.

With W = (IT ⊗ nT (X>X)−1), the minimiser of QRS(β, Λ̃,F ) with respect to Λ̃ is given by

ˆ̃ΛRS(β,F (Φ)) = (X>X)−
1
2 X
>(Y −X · β)F (Φ)(F>(Φ)F (Φ))−1.

Substituting this into the moment condition (4.3),

ϕRS(β, ˆ̃ΛRS(β,F (Φ)),F (Φ)) = vec(X>(Y −X · β)MF (Φ))

=: ϕRS(β,F (Φ)),
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and thereby

min
Λ̃∈Θ

Λ̃

QRS(β, Λ̃,F (Φ)) = ϕ>RS(β,F (Φ))WϕRS(β,F (Φ)).

Now,

√
nTW

1
2ϕRS(β,F (Φ)) = vec(Q>X(Y −X · β)MF (Φ)).

with which

√
nTW

1
2 E[∇ϕRS(β0,F ∗)|DnT ] =

(
−(MF 0 ⊗QX)>X −(MF 0 ⊗ Λ̃∗)J (IR0 ⊗ S)

)
=
(
A B

)
,

where S := (0R0×(T−R0); I(T−R0)), J is an R0T ×R0T commutation matrix, and

nTW
1
2 E
[
ϕRS(β0,F ∗)ϕ

>
RS(β0,F ∗)|DnT

]
W

1
2 = (MF 0 ⊗Q

>
X)ΣD(MF 0 ⊗QX) =: Ω.

Now, let

nT (G>RSWGRS)−1G>RSWHRSWGRS(G>RSWGRS)−1

= nT

A>A A>B

B>A B>B

−1A>ΩA A>ΩB

B>ΩA B>ΩB

A>A A>B

B>A B>B

−1

=: nT

Ψ11 Ψ12

Ψ>12 Ψ22

A>ΩA A>ΩB

B>ΩA B>ΩB

Ψ11 Ψ12

Ψ>12 Ψ22

 . (B.26)

Multiplying out, up to a factor of nT , the top-left block of the matrix in (B.26) is given by

Ψ11A
>ΩAΨ11 + Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12.

Using, Ψ11 Ψ12

Ψ>12 Ψ22


=

A>A A>B

B>A B>B

−1

=

 (A>MBA)−1 −(A>MBA)−1A>B(B>B)−1

−(B>B)−1B>A(A>MBA)−1 (B>MAB)−1

 , (B.27)

which follows by

det

A>A A>B

B>A B>B

 = det(A>A)det(B>MAB) = det(B>B)det(A>MBA),
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using, for example, Fact 6.5.27 in Bernstein (2009), from which (B.27) then follows using standard

expressions for the inverse of a partitioned matrix (see, e.g., Proposition 2.8.7 in Bernstein (2009)).

Thus

Ψ11A
>ΩAΨ11 = (A>MBA)−1A>ΩA(A>MBA)−1

Ψ12B
>ΩAΨ11 = − (A>MBA)−1A>PBΩA(A>MBA)−1

Ψ11A
>ΩBΨ>12 = − (A>MBA)−1A>ΩPBA(A>MBA)−1

Ψ12B
>ΩBΨ>12 = (A>MBA)−1A>PBΩPBA(A>MBA)−1,

whereby

Ψ11A
>ΩAΨ11+ Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12

= (A>MBA)−1A>MBΩMBA(A>MBA)−1.

Now an expression for MB is obtained. First,

B>B = (IR0 ⊗ S)>J>(MF 0 ⊗ Λ̃
>
∗ Λ̃∗)J (IR0 ⊗ S)

= (IR0 ⊗ S)>(Λ̃
>
∗ Λ̃∗ ⊗MF 0)(IR0 ⊗ S)

= (Λ̃
>
∗ Λ̃∗ ⊗ S>MF 0S).

Notice that, since Λ̃0F
>
0 = Λ̃∗F

>
∗ , there exists an R0×R0 invertible matrix H such that Λ̃∗ = Λ̃0H

−>

from which it follows that Λ̃
>
∗ Λ̃∗ = H−1Λ̃

>
0 Λ̃0H

−> is invertible w.p.a.1 under Assumption AE(ii).

Moreover, using F>∗ S = Φ>0 and F>∗ F ∗ = IR0 + Φ>0 Φ0 � 0,

S>MF 0S = S>MF ∗S

= IT−R0 −Φ0(F>∗ F ∗)
−1Φ>0

= IT−R0 −Φ0(IR0 + Φ>0 Φ0)−1Φ>0

= (IT−R0 + Φ0Φ
>
0 )−1 � 0,

where the last line follows by applying the Sherman-Morrison-Woodbury formula (see, e.g., Corollary

2.8.8 in Bernstein (2009)). Hence, B>B is invertible w.p.a.1, and therefore

PB = (MF 0 ⊗ Λ̃∗)J (IR0 ⊗ S)
(

(Λ̃
>
∗ Λ̃∗)

−1 ⊗ (S>MF 0S)−1
)

(IR0 ⊗ S)>J>(MF 0 ⊗ Λ̃
>
∗ )

= (MF 0 ⊗ Λ̃∗)J
(

(Λ̃
>
∗ Λ̃∗)

−1 ⊗ S(S>MF 0S)−1S>
)
J>(MF 0 ⊗ Λ̃

>
∗ )

= (MF 0 ⊗ Λ̃∗)
(
S(S>MF 0S)−1S> ⊗ (Λ̃

>
∗ Λ̃∗)

−1
)

(MF 0 ⊗ Λ̃
>
∗ )

= (MF 0S(S>MF 0S)−1S>MF 0 ⊗ P Λ̃0
). (B.28)
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Consider MF 0S(S>MF 0S)−1S>MF 0 . Under R-RS,

MF 0 = MF ∗ = IT −

IR0

Φ0

(IR0 + Φ>0 Φ0

)−1

IR0

Φ0

>

= IT −

 (IR0 + Φ>0 Φ0)−1 (IR0 + Φ>0 Φ0)−1Φ>0

Φ0(IR0 + Φ>0 Φ0)−1 Φ0(IR0 + Φ>0 Φ0)−1Φ>0

 .

Now, for brevity, let G := F>∗ F ∗ whereby

MF ∗S =

 −G−1Φ>0

IT−R0 −Φ0G
−1Φ>0

 =

−G−1Φ>0

S>MF ∗S

 ,

and therefore

MF 0S(S>MF 0S)−1S>MF 0 =

G−1Φ>0 (S>MF 0S)−1Φ0G
−1 −G−1Φ>0

−Φ0G
−1 S>MF 0S

 .

Next, using Φ>0 Φ0G
−1 = IR0 −G−1 and (S>MF ∗S)−1 = IT−R0 + Φ0Φ

>
0 ,

G−1Φ>0 (S>MF ∗S)−1Φ0G
−1 = G−1Φ>0 Φ0G

−1 +G−1Φ>0 Φ0Φ
>
0 Φ0G

−1

= G−1(IR0 −G
−1) + (IR0 −G

−1)(IR0 −G
−1)

= IR0 −G
−1.

Hence,

MF 0S(S>MF 0S)−1S>MF 0 =

IR0 −G−1 −G−1Φ>0

−Φ0G
−1 IT−R0 −Φ0G

−1Φ>0


= IT −

 G−1 G−1Φ>0

Φ0G
−1 Φ0G

−1Φ>0


=

 (IR0 + Φ>0 Φ0)−1 (IR0 + Φ>0 Φ0)−1Φ>0

Φ0(IR0 + Φ>0 Φ0)−1 Φ0(IR0 + Φ>0 Φ0)−1Φ>0


= MF 0 .

Returning to (B.28), PB = (MF 0 ⊗ P Λ̃0
) from which it follows that MB = IT2K − (MF 0 ⊗ P Λ̃0

).

Applying this result

A>MBA = X̃>(MF 0 ⊗M Λ̃0
)X̃

A>MBΩMBA = X̃>(MF 0 ⊗M Λ̃0
)Σ̃D(MF 0 ⊗M Λ̃0

)X̃ .
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Thus,

nT (Ψ11A
>ΩAΨ11 + Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12)

= (A>MBA)−1A>MBΩMBA(A>MBA)−1

= D−1V D−1,

which concludes the result.

Proof of Proposition 6.

First write

√
nTW

1
2ϕALS(β,V(Φ)) = vec(Q>X(Y −X · β)V(Φ))

= (IT−R0 ⊗Q
>
X(Y −X · β))vec(V(Φ))

= (IT−R0 ⊗Q
>
X(Y −X · β))I1vec(Φ)

+ (IT−R0 ⊗Q
>
X(Y −X · β))I2,

where I1 is a T (T − R0)× R0(T − R0) matrix containing the columns of a T (T − R0) identity matrix

which correspond to the Φ-elements of vec(V(Φ)), and I2 := vec(V(Φ))− I1vec(Φ). Using this,

√
nTW

1
2 E[∇ϕALS(β0,V∗)|DnT ] =

(
−(V∗ ⊗QX)>X (IT−R0 ⊗ Λ̃0F

>
0 )I1

)
=:
(
A B

)
,

and

nTW
1
2 E
[
ϕALS(β,V∗)ϕ>ALS(β,V∗)

]
W

1
2 = (V∗ ⊗QX)>ΣD(V∗ ⊗QX) =: Ω.

Now,

nT (G>ALSWGALS)−1G>ALSWHALSWGALS(G>ALSWGALS)−1

= nT

A>A A>B

B>A B>B

−1A>ΩA A>ΩB

B>ΩA B>ΩB

A>A A>B

B>A B>B

−1

=: nT

Ψ11 Ψ12

Ψ>12 Ψ22

A>ΩA A>ΩB

B>ΩA B>ΩB

Ψ11 Ψ12

Ψ>12 Ψ22

 . (B.29)

Multiplying out, up to a factor of nT , the top-left block of the matrix in (B.29) is given by

Ψ11A
>ΩAΨ11 + Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12.
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Identically to (B.27),Ψ11 Ψ12

Ψ>12 Ψ22


=

A>A A>B

B>A B>B

−1

=

 (A>MBA)−1 −(A>MBA)−1A>B(B>B)−1

−(B>B)−1B>A(A>MBA)−1 (B>MAB)−1

 , (B.30)

from which one obtains,

Ψ11A
>ΩAΨ11+ Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12

= (A>MBA)−1A>MBΩMBA(A>MBA)−1.

An expression for MB is now obtained. Notice (IT−R0 ⊗ F>∗ )I1 = I(T−R0)R0
. Thus,

PB = (IT−R0 ⊗ Λ̃0F
>
0 )I1

(
I>1 (IT−R0 ⊗ F 0Λ̃

>
0 Λ̃0F

>
0 )I1

)−1

I>1 (IT−R0 ⊗ F 0Λ̃
>
0 )

= (IT−R0 ⊗ Λ̃∗F
>
∗ )I1

(
I>1 (IT−R0 ⊗ F ∗Λ̃

>
∗ Λ̃∗F

>
∗ )I1

)−1

I>1 (IT−R0 ⊗ F ∗Λ̃
>
∗ )

= (IT−R0 ⊗ P Λ̃0
),

and MB = (IT−R0 ⊗M Λ̃0
). Therefore, bringing together the above,

Ψ11A
>ΩAΨ11 + Ψ12B

>ΩAΨ11 + Ψ11A
>ΩBΨ>12 + Ψ12B

>ΩBΨ>12

= (X̃>(V∗V>∗ ⊗M Λ̃0
)X̃ )−1X̃>(V∗V>∗ ⊗M Λ̃0

)Σ̃D

× (V∗V>∗ ⊗M Λ̃0
)X̃ (X̃>(V∗V>∗ ⊗M Λ̃0

)X̃ )−1,

from which the result then follows.

Proof of Proposition 7.

First, since V∗ forms a basis for the left null space of F 0, it follows that there exists a (T −R0)×(T −R0)

matrix H such that V∗H = U , where U>U = IT−R0 and UU> = MF 0 . Let

A :=
1√
nT

(V>∗ ⊗M Λ̃0
)X̃

B := (HH> ⊗ ITK).
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Then

σ2
0D
−1 = σ2

0

(
1

nT
X̃>(MF 0 ⊗M Λ̃0

)X̃
)−1

= σ2
0

(
1

nT
X̃>(UU> ⊗M Λ̃0

)X̃
)−1

= σ2
0

(
1

nT
X̃>(V∗HH>V>∗ ⊗M Λ̃0

)X̃
)−1

= σ2
0

(
A>BA

)−1

.

Let

D∗ :=
1

nT
X̃>(V∗V>∗ ⊗M Λ̃0

)X̃

V ∗ :=
σ2

0

nT
X̃>(V∗V>∗ V∗V>∗ ⊗M Λ̃0

)X̃ .

Then

D−1
∗ V ∗D

−1
∗ = σ2

0

(
A>A

)−1 (
A>(V>∗ V∗ ⊗ ITK)A

)(
A>A

)−1

= σ2
0

(
A>A

)−1

A>B−1A
(
A>A

)−1

,

which follows because V>∗ V∗ = H−>U>UH−1 = (HH>)−1. Now, let

C :=

 B A

A> A>B−1A

 =

 B
1
2

A>B−
1
2

 B
1
2

A>B−
1
2

> ,
which is positive semidefinite. Since B is positive definite, it then follows that A(A>B−1A)−1A> �

B.41 Thus,

σ2
0(A>BA)−1 � σ2

0(A>A)−1A>B−1A(A>A)−1.

Proof of Proposition 8.

See Appendix D.

Proof of Proposition 9.

See Appendix D.

41See, e.g., Fact 8.11.18 in Bernstein (2009).
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Proof of Proposition 10.

To prove the result, the following three equations are demonstrated to hold:

µ∗R0

µ∗R0+1

p−→∞. (B.31)

µ∗q
µ∗q+1

= Op(1) for q = 1, . . . , R0 − 1, (B.32)

with R0 ≥ 2.

µ∗R0+s

µ∗R0+s+1

= Op(1) for s = 1, . . . , (T −R0 − 1), (B.33)

with T ≥ R0 + 2. Thus, (B.31), (B.32), and (B.33), are now demonstrated, in reverse order.

Equation (B.33)

First, decompose

1

nT

(
Ỹ − X̃ · β̂

)> (
Ỹ − X̃ · β̂

)
=

1

nT

(
X̃ · (β0 − β̂) + Λ̃0F

>
0 + ε̃

)> (
X̃ · (β0 − β̂) + Λ̃0F

>
0 + ε̃

)
=:

1

nT

(
Γ + Λ̃0F

>
0

)> (
Γ + Λ̃0F

>
0

)
=:

1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗ +

1

nT
Γ>M Λ̃0

Γ

=: L1 +L2, (B.34)

where F ∗ := F 0 + Γ>Λ̃0(Λ̃
>
0 Λ̃0)−1. Now,

0 < µ∗R0+s = µR0+s (L1 +L2) + %2
n. (B.35)

Moreover, because both L1 and L2 are positive semidefinite, by Weyl’s inequality (see, for example,

Bernstein (2009) Theorem 8.4.11),

µR0+s (L2) ≤ µR0+s (L1 +L2) , (B.36)

and

µR0+s (L1 +L2) ≤ µR0+1 (L1) + µs (L2) = µs (L2) , (B.37)

since F ∗ has R0 columns. Hence, (B.35), (B.36), and (B.37) together imply

0 < µR0+s (L2) + %2
n ≤ µ∗R0+s ≤ µs (L2) + %2

n, (B.38)
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whereby

µ∗R0+s

µ∗R0+s+1

≤
µs
(

1
nT

Γ>M Λ̃0
Γ
)

+ %2
n

µR0+s+1

(
1
nT

Γ>M Λ̃0
Γ
)

+ %2
n

. (B.39)

It remains only to show that the right-hand side of the above is Op(1). Since Γ>M Λ̃0
Γ is positive

semidefinite, for r = 1, . . . , T ,

µr(L2) ≤ 1

nT

∥∥∥M Λ̃0
(X̃ · (β0 − β̂) + ε̃)

∥∥∥2

2

≤ ‖β̂ − β0‖
2
2

(
1

nT

K∑
k=1

‖X̃k‖2F

)
+ ‖β̂ − β0‖2

(
1

nT

K∑
k=1

‖X̃k‖2F

) 1
2 ‖ε̃‖2√

nT
+
‖ε̃‖22
nT

= Op(r2
nT ), (B.40)

which follows since ‖X̃k‖F = Op(
√
nT ), and because ‖β̂ − β0‖2 = Op(rnT ) by assumption. Hence,

µr(L2) = Op
(
r2
nT

)
, from which (B.33) then follows since %−1

n rnT = O(1).

Equation (B.32)

Let J ≤ R0, V ∗J denote a T × J matrix of normalised eigenvectors associated with the J largest eigen-

values of (nT )−1F ∗Λ̃
>
0 Λ̃0F

>
∗ , and, similarly, let V J denote a T × J matrix of normalised eigenvectors

associated with the J largest eigenvalues of (nT )−1F 0Λ̃
>
0 Λ̃0F

>
0 .

J∑
j=1

µj

(
1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗

)
=

1

nT
tr
(
V ∗>J F 0Λ̃

>
0 Λ̃0F

>
0 V

∗
J

)
+

2

nT
tr
(
V ∗>J F 0Λ̃

>
0 ΓV ∗J

)
+

1

nT
tr
(
V ∗>J Γ>P Λ̃0

ΓV ∗J

)
≤

J∑
j=1

µj

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) , (B.41)

using |tr(A)| ≤ rank(A)‖A‖2, ‖V ∗J‖2 = ‖V J‖2 = 1, (nT )−
1
2 ‖Γ‖F = Op(‖β̂−β0‖2)+(nT )−

1
2Op(‖ε̃‖2),

and Lemma B.1(ii). Next,

J∑
j=1

µj

(
1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗

)
≥ 1

nT
tr
(
V >J F ∗Λ̃

>
0 Λ̃0F

>
∗ V J

)
=

1

nT
tr
(
V >J F 0Λ̃

>
0 Λ̃0F

>
0 V J

)
+

2

nT
tr
(
V >J F 0Λ̃

>
0 ΓV J

)
+

1

nT
tr
(
V >J Γ>P Λ̃0

ΓV J

)
=

J∑
j=1

µj

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) , (B.42)

by similar steps to (B.41). This implies

µj

(
1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗

)
= µj

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) (B.43)
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since (B.41) and (B.42) hold for any J ≤ R0. Next, by Weyl’s inequality,

µq (L1 +L2) ≤ µq (L1) + µ1 (L2) ,

whereby for any J ≤ R0,

J∑
j=1

µj (L1 +L2) ≤
J∑
j=1

µj

(
1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗

)
+ Jµ1

(
1

nT
Γ>M Λ̃0

Γ

)

=

J∑
j=1

µj

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) , (B.44)

using (B.40) and (B.43). Also,

J∑
j=1

µj (L1 +L2) ≥
J∑
j=1

µj

(
1

nT
F ∗Λ̃

>
0 Λ̃0F

>
∗

)
+ JµT

(
1

nT
Γ>M Λ̃0

Γ

)

=

J∑
j=1

µj

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) , (B.45)

again, using (B.40) and (B.43). Combining (B.44) and (B.45), and using the fact that µq(L1 + L2 +

%2
nIT ) = µq(L1 +L2) + %2

n, gives the result

µq
(
L1 +L2 + %2

nIT
)

= µq

(
1

nT
F 0Λ̃

>
0 Λ̃0F

>
0

)
+Op (rnT ) + %2

n (B.46)

for q = 1, . . . , R0, where 0 < (nT )−1µq(F 0Λ̃
>
0 Λ̃0F

>
0 ) and (nT )−1µq(F 0Λ̃

>
0 Λ̃0F

>
0 ) = Op(1) because first

R0 eigenvalues of the matrix (nT )−1F 0Λ̃
>
0 Λ̃0F

>
0 equal those of (n−1Λ̃

>
0 Λ̃0)(T−1F>0 F 0) which, under

Assumptions AE(ii) and AE(iii), converges in probability to a positive definite matrix with bounded

eigenvalues. Equation (B.46) then establishes equation (B.32).

Equation (B.31)

Combining (B.38), (B.40), and (B.46) proves (B.31).

Proof of Theorem 2.

See Appendix E.
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Proof of Proposition 11.

First,

D̄+ − D̄+,LS =
1

nT
˜̄H
>

(MF 0 ⊗M Λ̃0
) ˜̄H− 1

nT
H̄>(MF 0 ⊗MΛ0)H̄

+
σ2

0

nT
tr((GG> ⊗ PX))πK+1π

>
K+1 −

σ2
0

nT
tr((GG> ⊗ In))πK+1π

>
K+1

=
1

nT
H̄>(MF 0 ⊗ PΛ0 − PPXΛ0)H̄

+
σ2

0

nT
tr((GG> ⊗−MX))πK+1π

>
K+1.

Following similar steps to those in the proof of Proposition 3, the first term in the above can be shown

to be negative semidefinite. For the second term,

σ2
0

nT
tr(GG> ⊗−MX) = −σ

2
0

T
max {0, 1− γK} tr(GG>) ≤ 0,

from which the result then follows.

Appendix C. Proofs of Lemmas B.1 - B.3

Intermediary Lemmas

Lemma C.1. Under Assumptions MD, ED, CS, and AE,

(i) ‖F>0 ε̃>X̃k‖2 = Op(
√
nT ) for k = 1, . . . ,K;

(ii) ‖Λ̃>0 ε̃‖2 = Op(
√
nT );

(iii) ‖Λ̃>0 ε̃F 0‖2 = Op(
√
nT );

(iv) ‖P F 0 ε̃
>P Λ̃0

‖2 = Op(1);

(v) ‖X̃kε̃
>Λ̃0‖2 = Op(n

√
T ) for k = 1, . . . ,K;

(vi) ‖ε̃F 0‖2 = Op(T );

(vii) ‖ε̃>X̃k‖2 = Op(
√
nT ) for k = 1, . . . ,K;

(viii) ‖ε̃X̃>k ‖2 = Op(
√
nT ) for k = 1, . . . ,K.

Lemma C.2. Under Assumptions MD, ED, CS, AE, and AD,

(i) (nT )−
1
2 tr(ε̃>M Λ̃0

X̃kBε̃) = ψ
(1)
k +Op(n−

1
4 );

(ii) (nT )−
1
2 tr(MF 0 ε̃

>ε̃BX̃k) = ψ
(2)
k +Op(n−

1
2 ),

for k = 1, . . . ,K, where B := F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 .

Proof of Lemma B.1(i). Given ‖X̃k‖2 = ‖Q>XXk‖2 ≤ ‖Xk‖2 ≤ ‖Xk‖F since ‖QX‖2 = 1, it suffices

to show that ‖Xk‖F = Op(
√
nT ) for k = 1, . . . ,K. Now,

E
[
‖Xk‖2F

]
= E

[
n∑
i=1

T∑
t=1

x2
kit

]
= O(nT ),
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by Assumption MD(ii), which gives the result ‖Xk‖F = Op(
√
nT ) using Markov’s inequality.

Proof of Lemma B.1(ii). For the first part,

E
[
‖F 0‖2F

]
= E

[
T∑
t=1

R0∑
r=1

f2
0,tr

]
= O(T ), (C.1)

using Assumption MD(ii). This then implies ‖F 0‖F = Op(
√
T ). For the second part, since ‖Λ̃0‖F =

‖Q>XΛ0‖F ≤ ‖Λ0‖F , it suffices to show that E[‖Λ0‖2F ] = O(n), which follows by the same steps as (C.1)

using Assumption MD(ii). The results for the spectral norm follow from the inequality ‖A‖2 ≤ ‖A‖F .

Proof of Lemma B.2(i). The lemma is obtained by combining two results. The first is that

‖ε̃‖2 = Op(T
3
4 ), (C.2)

and the second is that

‖ε̃‖2 = Op
(√

nT
1
4 + n

1
4

√
T
)
. (C.3)

Taken together one obtains the result.

Expression (C.2)

To establish (C.2), first,

‖ε̃‖22 = ‖ε̃>ε̃‖2 ≤ ‖ε̃>ε̃‖F = tr(ε̃>ε̃ε̃>ε̃)
1
2 .

Now,

E
[
tr(ε̃>ε̃ε̃>ε̃)

]
=

n∑
i1=1

n∑
i2=1

n∑
i3=1

n∑
i4=1

E
[
(PX)i1i2(PX)i3i4ε

>
i1εi4ε

>
i2εi3

]
=

n∑
i1=1

n∑
i2 6=i1

E [(PX)i1i1(PX)i2i2tr(ΣC,i1ΣC,i2)]

+
n∑

i1=1

n∑
i2 6=i1

E
[
(PX)2

i1i2tr(ΣC,i1ΣC,i2)
]

+

n∑
i1=1

n∑
i2 6=i1

E [(PX)i1i2(PX)i2i1tr(ΣC,i1)tr(ΣC,i2)]

+

n∑
i=1

E
[
(PX)2

iiε
>
i εiε

>
i εi
]

=: p1 + p2 + p3 + p4.
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Consider each of these terms.

|p1| ≤
n∑

i1=1

n∑
i2=1

E [(PX)i1i1(PX)i2i2 |tr(ΣC,i1ΣC,i2)|] . T
(
E[tr(PX)2]

)
= O(T 3)

|p2| ≤
n∑

i1=1

n∑
i2=1

E
[
(PX)2

i1i2 |tr(ΣC,i1ΣC,i2)|
]
. TE

[
‖PX‖2F

]
= O(T 2)

|p3| ≤
n∑

i1=1

n∑
i2 6=i1

E [|(PX)i1i2 ||(PX)i2i1 ||tr(ΣC,i1)||tr(ΣC,i2)|] . T 2E
[
‖PX‖2F

]
= O(T 3),

and

|p4| ≤
n∑
i=1

E

[
(PX)2

ii

T∑
t1=1

T∑
t2=1

ε2
it1ε

2
it2

]
. T 2

n∑
i=1

E
[
(PX)2

ii

]
≤ T 2E

[
‖PX‖2F

]
= O(T 3),

which follows using Assumption EC. Thus, E
[
tr(ε̃>ε̃ε̃>ε̃)

]
= O(T 3), from which it then follows that

tr(ε̃>ε̃ε̃>ε̃)
1
2 = Op(T

3
2 ), and thereby ‖ε̃‖2 = Op(T

3
4 ). Notice that same conclusion continues to hold if

Assumption EC is replaced by Assumption ED.

Expression (C.3)

Let ui = εi/
√
T . Under Assumption EC,

E
[∥∥∥uiu>i ∥∥∥2

F

]
= E

[
tr(uiu

>
i uiu

>
i )
]
≤

T∑
t1=1

T∑
t2=1

(
E[u4

it1 ]
) 1

2
(
E[u4

it2 ]
) 1

2 ≤ c.

Thus the Rosenthal inequality (Corollary 7.4) in Mackey et al. (2014) is applicable with p = 1 from

which one obtains

E

[∥∥∥∥∥
n∑
i=1

uiu
>
i |CnT

∥∥∥∥∥
2

F

]
≤

∥∥∥∥∥
n∑
i=1

E
[
uiu

>
i |CnT

]∥∥∥∥∥
1
2

F

+
√

2

(
n∑
i=1

E
[∥∥∥uiu>i ∥∥∥2

F
|CnT

]) 1
4

4

.

Now, ∥∥∥∥∥
n∑
i=1

E
[
uiu

>
i |CnT

]∥∥∥∥∥
2

F

=
1

T 2

∥∥∥∥∥
n∑
i=1

ΣC,i

∥∥∥∥∥
2

F

=
1

T 2

n∑
i1=1

n∑
i2=1

tr (ΣC,i1ΣC,i2) .
n2

T
,

and

n∑
i=1

E
[∥∥∥uiu>i ∥∥∥2

F
|CnT

]
=

1

T 2

n∑
i=1

E

[
T∑

t1=1

T∑
t2=1

ε2
it1ε

2
it2 |CnT

]
. n,

under Assumption EC. Thus,

E[‖u‖42] = E[‖u>u‖22] = E

[∥∥∥∥∥
n∑
i=1

uiu
>
i

∥∥∥∥∥
2

2

]
≤ E

[∥∥∥∥∥
n∑
i=1

uiu
>
i

∥∥∥∥∥
2

F

]
.

(√
n

T
1
4

+
√

2n
1
4

)4

,

from which it follows that

‖ε‖2 =
√
T‖u‖2 = Op

(√
nT

1
4 + n

1
4

√
T
)
,
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which establishes (C.3). Notice that same conclusion continues to hold if Assumption EC is replaced by

Assumption ED.

Proof of Lemma B.2(ii). The result follows from

E
[
tr(X̃

>
k ε̃)

2
]

= E
[
tr(X>k PXε)

2
]

= E
[
tr(X>k ε)

2
]

= E

[
n∑

i1=1

n∑
i2=1

T∑
t1=1

T∑
t2=1

xki1t1xki2t2εi1t1εi2t2

]

. E

[
n∑

i1=1

T∑
t1=1

T∑
t2=1

|xki1t1 ||xki1t2 |

]

= O(nT 2),

using Assumption MD(ii), and either Assumption EC or Assumption ED. The result then follows using

Markov’s inequality.

Proof of Lemma B.3(i). Recall

b(1) = − 1√
nT


tr
(
MF 0 ε̃

>M Λ̃0
X̃1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0 ε̃

>M Λ̃0
X̃KF 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)
 . (C.4)

Now,

b
(1)
k = − 1√

nT
tr
(
ε̃>M Λ̃0

X̃kF 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

+
1√
nT

tr
(
P F 0 ε̃

>X̃kF 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

− 1√
nT

tr
(
P F 0 ε̃

>P Λ̃0
X̃kF 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

=: b
(1.1)
k + b

(1.2)
k + b

(1.3)
k .

Consider each of these terms.

|b(1.2)
k | . 1√

nT

1

nT

1

T
‖F 0‖22‖F>0 ε̃>X̃k‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃>0 ε̃‖2

= Op
(

1√
n

)
,

and

|b(1.3)
k | . 1√

nT

1

nT
‖P F 0 ε̃

>P Λ̃0
‖2‖X̃k‖2‖F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃>0 ε̃‖2

= Op
(

1√
n

)
,
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using Lemmas B.1(i), B.1(ii), C.1(i), C.1(ii), and C.1(iv), as well as Assumption AE. Next, using Lemma

C.2(i),

b
(1.1)
k = −ψ(1)

k +Op
(
n−

1
4

)
,

where

|ψ(1)
k | .

√
T

n

1

nT
‖ΣD‖2‖X̃k‖2‖F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃0‖2

= Op

(√
T

n

)
,

using Lemmas B.1(i) and B.1(ii), as well as Assumption AE.

Proof of Lemma B.3(ii). Recall

b(2) = − 1√
nT


tr
(
MF 0X̃

>
1 M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0X̃

>
KM Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)
 . (C.5)

First,

|b(2)
k | ≤

1√
nT
|tr(X̃>k ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃)|

+
1√
nT
|tr(P F 0X̃

>
k ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃)|

+
1√
nT
|tr(X̃>k P Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃|

+
1√
nT
|tr(P F 0X̃

>
k P Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃)|

=: b
(2.1)
k + b

(2.2)
k + b

(2.3)
k + b

(2.4)
k .

Now,

b
(2.1)
k .

1√
nT

1

nT
‖X̃>k ε̃F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃>0 ε̃‖2 = Op
(

1√
n

)
,

and

b
(2.3)
k .

1√
nT

1

n2T
‖X̃k‖2‖Λ̃0‖2‖Λ̃

>
0 ε̃F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

2

‖Λ̃>0 ε̃‖2

= Op
(

1√
n

)
,

using Lemmas B.1(i), B.1(ii), C.1(i), C.1(ii), C.1(iii), and C.1(iv), as well as Assumption AE. Similarly

for b
(2.2)
k and b

(2.4)
k which gives the result.

Proof of Lemma B.3(iii). Recall
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b(3) = − 1√
nT


tr(MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 X̃1)

...

tr(MF 0 ε̃
>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 X̃K)

 . (C.6)

First,

b
(3)
k = − 1√

nT
tr(MF 0 ε̃

>ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 X̃k)

+
1√
nT

tr(ε̃>P Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 X̃k)

− 1√
nT

tr(P F 0 ε̃
>P Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 X̃k)

=: b
(3.1)
k + b

(3.2)
k + b

(3.3)
k .

For the second and third terms,

|b(3.2)
k | . 1√

nT

1

n2T
‖X̃kε̃

>Λ̃0‖2‖Λ̃
>
0 ε̃F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

2

‖Λ̃0‖2

= Op
(

1√
nT

)
,

and

|b(3.3)
k | . 1√

nT

1

nT
‖P F 0 ε̃

>P Λ̃0
‖2‖ε̃F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
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>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃0‖2‖X̃k‖2

= Op
(

1√
n

)
,

using Lemmas B.1(i), B.1(ii), C.1(iii), C.1(iv), C.1(v), and C.1(vi), as well as Assumption AE. For term

b
(3.1)
k , using Lemma C.2(ii),

b
(3.1)
k = −ψ(2)

k +Op
(

1√
n

)
,

where

|ψ(2)
k | .

√
T

n

1

nT
‖ΣD‖2‖X̃k‖2‖F 0‖2

∣∣∣∣∣
∣∣∣∣∣
(

1

T
F>0 F 0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
(

1

n
Λ̃
>
0 Λ̃0

)−1
∣∣∣∣∣
∣∣∣∣∣
2

‖Λ̃0‖2

= Op

(√
T

n

)
,

using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE and AD.
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Proofs of Intermediary Lemmas C.1 - C.2

Proof of Lemma C.1(i).

E
[
‖F>0 ε̃>X̃k‖2F

]
= E

[
‖F>0 ε>Xk‖2F

]
= E

[
n∑
i=1

(XkX
>
k )iitr(F 0F

>
0 ΣD,ii)

]

. E
[
‖Xk‖2F ‖F 0‖2F

]
= O(nT 2),

which follows by Assumption ED, using the Cauchy–Schwarz inequality, and noting that E[‖Xk‖4F ] =

O(n2T 2) and E[‖F 0‖4F ] = O(T 2) under Assumption MD(ii).

Proof of Lemma C.1(ii).

E
[
‖Λ̃>0 ε̃‖2F

]
= E

[
‖(PXΛ0)>ε‖2F

]
= E

[
n∑
i=1

(PXΛ0Λ
>
0 PX)iitr(ΣD,ii)

]

. TE
[
‖PXΛ0‖2F

]
. TE

[
‖Λ0‖2F

]
= O(nT ),

under Assumptions MD(ii) and ED.

Proof of Lemma C.1(iii).

E
[
‖Λ̃>0 ε̃F 0‖2F

]
= E

[
‖(PXΛ0)>εF 0‖2F

]
= E

[
n∑
i=1

(PXΛ0Λ
>
0 PX)iitr(ΣD,iiF 0F

>
0 )

]

. E
[
‖PXΛ0‖2F ‖F 0‖2F

]
. E

[
‖Λ0‖2F ‖F 0‖2F

]
= O(nT ),

under Assumptions MD(ii) and ED.

Proof of Lemma C.1(iv).

‖P F 0 ε̃
>P Λ̃0

‖2 ≤
∥∥∥F 0(F>0 F 0)−1F>0 ε̃

>Λ̃0(Λ̃
>
0 Λ̃0)−1Λ̃

>
0

∥∥∥
2

≤ 1

nT
‖F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

‖F>0 ε̃>Λ̃0‖2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖Λ̃0‖2 = Op(1),

using Lemmas B.1(ii) and C.1(iii), as well as Assumption AE(ii) and AE(iii).

Proof of Lemma C.1(v).
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E
[
‖X̃kε̃

>Λ̃0‖2F
]

= E
[
‖Xkε

>PXΛ0‖2F
]

= E

[
n∑
i=1

(PXΛ0Λ
>
0 PX)iitr(X

>
kXkΣD,ii)

]

. E
[
‖PXΛ0‖2F ‖Xk‖2F

]
≤ E

[
‖Λ0‖2F ‖Xk‖2F

]
= O(n2T ),

which follows by Assumption ED, using the Cauchy–Schwarz inequality, and noting that E[‖Xk‖4F ] =

O(n2T 2) and E[‖Λ0‖4F ] = O(n2) under Assumption MD(ii).

Proof of Lemma C.1(vi).

E
[
‖ε̃F 0‖2F

]
= E

[
‖PXεF 0‖2F

]
= E

[
n∑
i=1

(PX)iitr(F 0F
>
0 ΣD,ii)

]

. TE
[
‖F 0‖2F

]
= O(T 2),

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.1(vii).

E
[
‖ε̃>X̃k‖2F

]
= E

[
‖ε>Xk‖2F

]
= E

[
T∑

t1=1

T∑
t2=1

n∑
i1=1

n∑
i2=1

εi1t2xki1t1εi2t2xki2t1

]

= E

[
T∑

t1=1

T∑
t2=1

n∑
i=1

ε2
it2x

2
kit1

]
= O(nT 2),

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.1(viii).

E
[
‖ε̃X̃>k ‖2F

]
= E

[
n∑

i1=1

n∑
i2=1

(PX)i1i2tr(X>kXkεi1ε
>
i2)

]

= E

[
n∑
i=1

(PX)iitr(X
>
kXkΣD,ii)

]

. TE
[
‖Xk‖2F

]
= O(nT 2),

which follows by Assumptions MD(ii) and ED.

Proof of Lemma C.2(i). Write,
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1√
nT

tr(ε̃>M Λ̃0
X̃kBε̃) =

1√
nT

vec(ε)>(IT ⊗QXM Λ̃0
X̃kBQ

>
X)vec(ε)

=
1√
nT

tr
(
ΣD(IT ⊗QXM Λ̃0

X̃kBQ
>
X)
)

+
1√
nT

tr
((

vec(ε)vec(ε)> −ΣD
)

(IT ⊗QXM Λ̃0
X̃kBQ

>
X)
)
. (C.7)

It is now demonstrated that the second term in the above is Op(n−
1
4 ). Let

Π :=

(
1

T
F>0 F 0

)−1(
1

n
Λ̃
>
0 Λ̃0

)−1

.

One can write the second term on the right in (C.7) as

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i1=1

n∑
i2=1

tr(εi1ε
>
i2 −ΣD,i1i2)(QXM Λ̃0

X̃kf0,r1
λ̃
>
0,r2Q

>
X)i1i2

)

=:

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i1=1

n∑
i2=1

tr(εi1ε
>
i2 −ΣD,i1i2)Ai1i2(r1, r2)

)

=

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i=1

tr(εiε
>
i −ΣD,ii)Aii(r1, r2)

)

+

R0∑
r1=1

R0∑
r2=1

Πr1r2

 1√
nT

1

nT

n∑
i1=1

n∑
i2 6=i1

tr(εi1ε
>
i2)Ai1i2(r1, r2)


=: p1 + p2.

Consider each of these terms, in turn. First, since ‖Π‖max ≤ ‖Π‖2 = Op(1) under Assumption AE(ii)

and AE(iii), it suffices to examine the summands (over R0) in p1 and p2 for each (r1, r2). Starting with
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p1, for brevity let X∗k := QXM Λ̃0
Q>XXk and Λ∗0 := PXΛ0,

1

n3T 3
E

[(
n∑
i=1

tr(εiε
>
i −ΣD,ii)Aii(r1, r2)

)2]

=
1

n3T 3
E

[
n∑
i=1

tr(εiε
>
i −ΣD,ii)

2A2
ii(r1, r2)

]

=
1

n3T 3
E

[
n∑
i=1

ε>i εiε
>
i εiA

2
ii(r1, r2)

]
− 1

n3T 3
E

[
n∑
i=1

tr (ΣD,ii)
2A2

ii(r1, r2)

]

=
1

n3T 3
E

[
n∑
i=1

T∑
t1=1

T∑
t2=1

ε2
it1ε

2
it2A

2
ii(r1, r2)

]
− 1

n3T 3
E

[
n∑
i=1

tr (ΣD,ii)
2A2

ii(r1, r2)

]

.
1

n3T
E

[
n∑
i=1

A2
ii(r1, r2)

]

=
1

n3T
E

[
n∑
i=1

(f>0,r1x
∗
ki)

2(λ∗0,ir2)2

]

≤ 1

n3T
E

[
n∑
i=1

‖x∗ki‖22‖f0,r1
‖22(λ∗0,ir2)2

]

≤ 1

n3T

(
E

[
n∑
i=1

‖x∗ki‖42‖f0,r1
‖42

]) 1
2 (

E
[
‖λ∗0,r2‖

4
4

]) 1
2

≤ 1

n3T

(
n∑
i=1

(
E
[
‖x∗ki‖82

]) 1
2
(
E
[
‖f0,r1

‖82
]) 1

2

) 1
2 (

E
[
‖λ∗0,r2‖

4
2

]) 1
2

= O
(

1√
n

)
,

under Assumptions ED and AD(i). It thereby follows that p1 = Op(n−
1
4 ). Turning now to p2,

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

n∑
i3=1

n∑
i4 6=i3

tr(εi1ε
>
i2)tr(εi3ε

>
i4)Ai1i2(r1, r2)Ai3i4(r1, r2)


=

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

tr(ΣD,i1i1ΣD,i2i2)A2
i1i2(r1, r2)


+

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

tr(ΣD,i1i1ΣD,i2i2)Ai1i2(r1, r2)Ai2i1(r1, r2)


.

1

n3T 2
E

[
n∑

i1=1

n∑
i2=1

A2
i1i2(r1, r2)

]
+

1

n3T 2
E

[
n∑

i1=1

n∑
i2=1

|Ai1i2(r1, r2)||Ai2i1(r1, r2)|

]

.
1

n3T 2
E
[
‖A(r1, r2)‖2F

]
≤ 1

n3T 2
E
[
‖Xk‖2F ‖f0,r1

‖22‖λ0,r2‖
2
2

]
≤ 1

n3T 2

(
E
[
‖Xk‖4F

]) 1
2
(
E
[
‖f0,r1

‖82
]) 1

4
(
E
[
‖λ0,r2‖

8
2

]) 1
4

= O
(

1

n

)
,

under Assumptions MD(ii), ED, and AD(i). It thereby follows that p2 = Op(n−
1
2 ) which completes the

result.
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Proof of Lemma C.2(ii).

1√
nT

tr(MF 0 ε̃
>ε̃BX̃k) =

1√
nT

vec(ε)>(BX̃kMF 0 ⊗ PX)vec(ε)

=
1√
nT

tr
(
ΣD(BX̃kMF 0 ⊗ PX)

)
+

1√
nT

tr
((

vec(ε)vec(ε)> −ΣD
)

(BX̃kMF 0 ⊗ PX)
)
. (C.8)

It is now demonstrated that the second term in the above is Op(n−
1
2 ). Let

Π :=

(
1

T
F>0 F 0

)−1(
1

n
Λ̃
>
0 Λ̃0

)−1

.

One can write the second term on the right in (C.8) as

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i1=1

n∑
i2=1

(PX)i1i2tr((εi1ε
>
i2 −ΣD,i1i2)f0,r1

λ̃
>
0,r2X̃kMF 0)

)

=:

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i1=1

n∑
i2=1

(PX)i1i2tr((εi1ε
>
i2 −ΣD,i1i2)A(r1, r2))

)

=

R0∑
r1=1

R0∑
r2=1

Πr1r2

(
1√
nT

1

nT

n∑
i=1

(PX)iitr((εiε
>
i −ΣD,ii)A(r1, r2))

)

+

R0∑
r1=1

R0∑
r2=1

Πr1r2

 1√
nT

1

nT

n∑
i1=1

n∑
i2 6=i1

(PX)i1i2tr(εi1ε
>
i2A(r1, r2))


=: p1 + p2.

Consider each of these terms, in turn. First, since ‖Π‖max ≤ ‖Π‖2 = Op(1) under Assumption AE(ii)

and AE(iii), it suffices to examine the summands (over R0) in p1 and p2 for each (r1, r2). Starting with

p1,

1

n3T 3
E

[
n∑
i=1

(PX)2
iitr((εiε

>
i −ΣD,ii)A(r1, r2))2

]

=
1

n3T 3
E

[
n∑
i=1

(PX)2
iitr(εiε

>
i A(r1, r2))2

]
− 1

n3T 3
E

[
n∑
i=1

(PX)2
iitr(ΣD,iiA(r1, r2))2

]

.
1

n3T 3
E

[
n∑
i=1

(PX)2
ii‖f0,r1

‖22‖λ0,r2‖
2
2‖Xk‖2F

]

≤ 1

n3T 2
E
[
‖f0,r1

‖22‖λ0,r2‖
2
2‖Xk‖2F

]
≤ 1

n3T 2

(
E
[
‖f0,r1

‖82
]) 1

4
(
E
[
‖λ0,r2‖

8
2

]) 1
4
(
E
[
‖Xk‖4F

]) 1
2

= O
(

1

n

)
,
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under Assumptions MD(ii), ED, and AD(i). It thereby follows that p1 = Op(n−
1
2 ). Turning now to p2,

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

n∑
i3=1

n∑
i4 6=i3

(PX)i1i2(PX)i3i4tr(εi1ε
>
i2A(r1, r2))tr(εi3ε

>
i4A(r1, r2))


=

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

(PX)2
i1i2tr(ΣD,i1i1A

>(r1, r2)ΣD,i2i2A(r1, r2))


+

1

n3T 3
E

 n∑
i1=1

n∑
i2 6=i1

(PX)i1i2(PX)i2i1tr(ΣD,i1i1A(r1, r2)ΣD,i2i2A(r1, r2))


.

1

n3T 3
E
[
‖PX‖2F ‖A(r1, r2)‖22

]
.

1

n3T 2
E
[
‖f0,r1

‖22‖λ0,r2‖
2
2‖Xk‖22

]
≤ 1

n3T 2

(
E
[
‖f0,r1

‖82
]) 1

4
(
E
[
‖λ0,r2‖

8
2

]) 1
4
(
E
[
‖Xk‖4F

]) 1
2

= O
(

1

n

)
,

under Assumptions MD(ii), ED, and AD(i). It thereby follows that p2 = Op(n−
1
2 ) which completes the

result.

Appendix D. Results for Section 5.1

Notation

For an n × m matrix A, define mixed matrix norms ‖A‖2,∞ := max1≤i≤n ‖ai‖2 and ‖A‖∞,2 :=

max1≤j≤m ‖aj‖2. Moreover, let X∗k := MPXΛ0XkMF 0 and X̂
∗
k := QXM ˆ̃Λ

Q>XXkM F̂ . Note also

the following inequality which is used throughout: for two matrices A and B which are n × m and

m× T respectively, ‖AB‖max ≤ ‖A‖2,∞‖B‖∞,2.42

D.1. Lemmas

Lemma D.1. Under Assumptions MD, ED, CS, AE, and AD,

(i) ‖MF 0 −M F̂ ‖2 = Op(n−
1
2 );

(ii) ‖M Λ̃0
−M ˆ̃Λ

‖2 = Op(n−
1
2 ),

where F̂ and ˆ̃Λ are defined in Section 5.1.

Lemma D.2. Under Assumptions AD and IF,

(i) ‖Xk‖max, ‖X∗k‖max = Op((nT )
1
8 ) for k = 1, . . . ,K;

(ii) ‖Xk‖2,∞ = Op(n
1
8

√
T ) for k = 1, . . . ,K;

(iii) ‖Xk‖∞,2 = Op(
√
nT

1
8 ) for k = 1, . . . ,K;

42Let C := AB. Then |cit| = |a>i bt| ≤ ‖ai‖2‖bt‖2, from which it then follows that ‖C‖max ≤
‖A‖2,∞‖B‖∞,2.
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(iv) ‖ε‖2,∞ = Op(n
1
8

√
T );

(v) ‖ε‖∞,2 = Op(
√
nT

1
8 );

(vi) ‖Λ0‖2,∞ = Op(n
1
8 );

(vii) ‖F 0‖2,∞ = Op(T
1
8 );

(viii) ‖Λ>0 ε‖∞,2 = Op(
√
nT

1
8 );

(ix) ‖εF 0‖2,∞ = Op(n
1
8

√
T );

(x) ‖ε‖max = Op((nT )
1
16 ).

Lemma D.3. Under Assumptions MD, CS, AE, AD, and IF, as n→∞ with T ≥ Tmin fixed,

(i) ‖e‖max = Op(n
1
8 );

(ii) ‖ê− e‖max = Op(1);

(iii) ‖ê− e‖F = Op(1),

where e := εMF 0 and ê := (Y −X · β̂)M F̂ .

Lemma D.4. Under Assumptions MD, CS, AE, AD, and IF, as n, T →∞ and T/n→ γ ∈ (0,∞),

(i) ‖ě− ε‖max = Op(n−
1
4 );

(ii) ‖ ˆ̃ΛΓ−1 − Λ̃0‖2 = Op(1);

(iii) ‖F̂ − F 0Γ
−>‖2 = Op (1);

(iv) ‖B̂ −B‖2 = Op(n−
3
2 ),

where B is defined in Lemma C.2, B̂ is defined analogously, and Γ is defined in the proof of D.4(ii).

D.2. Proof of Proposition 8.

First,

‖D̂ −D‖2 ≤
1

nT
‖X̃>((M F̂ −MF 0)⊗M ˆ̃Λ

)X̃‖2

+
1

nT
‖X̃>(MF 0 ⊗ (M ˆ̃Λ

−M Λ̃0
))X̃‖2. (D.1)

For the first term in the above,

1

nT
‖X̃>((M F̂ −MF 0)⊗M ˆ̃Λ

)X̃‖2 ≤
1

nT
‖X̃‖22‖M F̂ −MF 0‖2.

Notice,

‖X̃‖22 ≤ ‖X̃‖2F =

K∑
k=1

‖X̃k‖2F = Op(nT ),

by Lemma B.1(i). Hence, using this and Lemma D.1, it follows that the first term is Op(1). Similarly for

the second term in (D.1). This concludes the first part of the proposition. Turning now to the second

part, decompose

V̂ − V = (V̂ − V̄ ) + (V̄ − V ), (D.2)
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where

V̄ :=
1

nT
X̃>(MF 0 ⊗M Λ̃0

Q>X)ΓT
(

vec(e)vec(e)>
)

(MF 0 ⊗QXM Λ̃0
)X̃ .

To establish that the first term in (D.2) is Op(1), it is sufficient to show that V̂k1k2 − V̄k1k2 = Op(1) for

k1, k2 = 1, . . . ,K.

V̂k1k2 − V̄k1k2 =
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 êit2 − eit1eit2)x̂∗k1it1 x̂
∗
k2it2

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1eit2(x̂∗k1it1 x̂
∗
k2it2 − xk1it1xk2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 êit2 − eit1eit2)(x̂∗k1it1 x̂
∗
k2it2 − x

∗
k1it1x

∗
k2it2)

=: p1 + p2 + p3. (D.3)

Each of these terms is now examined. First,

p1 =
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 êit2 − eit1eit2)x∗k1it1x
∗
k2it2

=
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

((êit1 − eit1)(êit2 − eit2) + (êit1 − eit1)eit2 + eit1(êit2 − eit2))x∗k1it1x
∗
k2it2

=: p
(1)
1 + p

(2)
1 + p

(3)
1 .

Consider the first term.

|p(1)
1 | ≤

1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

|êit1 − eit1 ||êit2 − eit2 ||x
∗
k1it1 ||x

∗
k2it2 |

≤ 1

n
‖X∗k1

‖max‖X∗k2
‖max‖ê− e‖2F

= Op(1),

using Lemmas D.2(i) and D.3(iii). Consider the second term. First notice,

p
(2)
1 =

1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)eit2x
∗
k1it1x

∗
k2it2

=
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)εit2x
∗
k1it1x

∗
k2it2 .

Now,

|p(2)
1 | ≤

1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

|êit1 − eit1 ||εit2 ||x
∗
k1it1 ||x

∗
k2it2 |

≤ 1

nT
‖ê− e‖max

n∑
i=1

T∑
t1=1

T∑
t2=1

|εit2 ||x
∗
k1it1 ||x

∗
k2it2 |

= Op(1),
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which follows using Lemma D.3(ii), and because

E

[
n∑
i=1

T∑
t1=1

T∑
t2=1

|εit2 ||x
∗
k1it1 ||x

∗
k2it2 |

]
= O(n),

using Assumptions IF(i) and IF(iii). Similarly for p
(3)
1 from which it then follows that p1 = Op(1). Next,

p2 =
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1eit2(x̂∗k1it1 x̂
∗
k2it2 − x

∗
k1it1x

∗
k2it2)

=
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1eit2((x̂∗k1it1 − x
∗
k1it1)(x̂∗k2it2 − x

∗
k2it2) + (x̂∗k1it1 − x

∗
k1it1)x∗k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1eit2x
∗
k1it1(x̂∗k2it2 − x

∗
k2it2)

=: p
(1)
2 + p

(2)
2 + p

(3)
2 .

Consider the first term.

|p(1)
2 | ≤

1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

|eit1 ||eit2 ||x̂
∗
k1it1 − x

∗
k1it1 ||x̂

∗
k2it2 − x

∗
k2it2 |

≤ 1

n
‖e‖2max‖X̂

∗
k1
−X∗k1

‖F ‖X̂
∗
k2
−X∗k2

‖F

= Op(1),

using Lemma D.3(i) and

‖X̂∗k −X∗k‖F ≤ ‖M ˆ̃Λ
−M Λ̃0

‖2‖Xk‖F + ‖Xk‖F ‖M F̂ −MF 0‖F = Op(1), (D.4)

using Lemmas B.1(i) and D.1. Consider the second term.

|p(2)
2 | ≤

1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

|eit1 ||eit2 ||x̂
∗
k1it1 − x

∗
k1it1 ||x

∗
k2it2 |

≤ 1

n
‖e‖2max‖X̂

∗
k1
−X∗k1

‖F ‖X∗k2
‖F

= Op(1),
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using Lemmas B.1(i), D.3(i), and (D.4). Similarly for p
(3)
2 which establishes that p2 = Op(1). Finally,

p3 =
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 êit2 − eit1eit2)(x̂∗k1it1 x̂
∗
k1it2 − x

∗
k2it1x

∗
k2it2)

=
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)(êit2 − eit2)(x̂∗k1it1 − x
∗
k1it1)(x̂∗k2it2 − x

∗
k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)(êit2 − eit2)(x̂∗k1it1 − x
∗
k1it1)x∗k2it2

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)(êit2 − eit2)x∗k1it1(x̂∗k2it2 − x
∗
k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)eit2(x̂∗k1it1 − x
∗
k1it1)(x̂∗k2it2 − x

∗
k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)eit2(x̂∗k1it1 − x
∗
k1it1)x∗k2it2

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

(êit1 − eit1)eit2x
∗
k1it1(x̂∗k2it2 − x

∗
k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1(êit2 − eit2)(x̂∗k1it1 − x
∗
k1it1)(x̂∗k2it2 − x

∗
k2it2)

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1(êit2 − eit2)(x̂∗k1it1 − x
∗
k1it1)x∗k2it2

+
1

nT

n∑
i=1

T∑
t1=1

T∑
t2=1

eit1(êit2 − eit2)x∗k1it1(x̂∗k2it2 − x
∗
k2it2)

=: p
(1)
3 + . . .+ p

(9)
3 .

Consider the first term.

|p(1)
3 | ≤

1

n
‖ê− e‖2max‖X̂

∗
k1
−X∗k1

‖F ‖X̂
∗
k2
−X∗k2

‖F = Op(1),

using (D.4) and Lemma D.3(ii). For term p
(2)
3 ,

|p(2)
3 | ≤

1

n
‖ê− e‖2max‖X̂

∗
k1
−X∗k1

‖F ‖X∗k2
‖F = Op(1),

using (D.4) and Lemmas B.1(i) and D.3(ii). Similar steps establish term p
(3)
3 , . . . , p

(9)
3 are also Op(1),

from which it then follows that p3 = Op(1), whereby ‖V̂ −V̄ ‖2 = Op(1). Turning now to the second term

in (D.2), ‖V̄ − V ‖2 = Op(1) using similar steps to (B.22) in the proof of Theorem 1. This completes

the result.
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D.3. Proof of Proposition 9.

Let

Ak := QXM Λ̃0
X̃kBQ

>
X

Âk := QXM ˆ̃Λ
X̃kB̂Q

>
X

B := F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0

B̂ := F̂ (F̂
>
F̂ )−1( ˆ̃Λ

> ˆ̃Λ)−1 ˆ̃Λ
>

Ck := (IT ⊗Ak)

Ĉk := (IT ⊗ Âk).

Then

ψ̂
(1)
k − ψ

(1)
k =

1√
nT

tr
(

ΓbT (vec(ě)vec(ě)>)Ĉk

)
− 1√

nT
tr (ΣDCk)

=
1√
nT

tr
((

ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)
)

(Ĉk −Ck)
)

+
1√
nT

tr
((

ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)
)
Ck

)
+

1√
nT

tr
(

ΓbT (vec(ε)vec(ε)>)(Ĉk −Ck)
)

+
1√
nT

tr
((

ΓbT (vec(ε)vec(ε)>)−ΣD
)
Ck

)
=: qk,1 + qk,2 + qk,3 + qk,4.

Now, notice that

‖ΓbT (ab>)‖2 = ‖diag(a)(Ω⊗ In)diag(b)‖2 ≤ ‖a‖∞‖Ω‖2‖b‖∞ ≤ 2bT ‖a‖∞‖b‖∞,

which follows using ‖Ω‖2 ≤ 2bT .43 This latter property can be established by noticing that, since Ω is

symmetric and non-negative, its largest eigenvalue is bounded by its largest row sum by the Gershgorin

Circle Theorem. Hence, ‖Ω‖∞ = 2bT − 1 ≤ 2bT . Using this one can establish

‖ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)‖2 = Op(n−
1
8 bT ) = Op(1), (D.5)

as n, T, bT →∞ and T/n→ γ ∈ (0,∞), b8T /n→ 0, which follows applying Lemmas D.2(x) and D.4(i),

and under Assumption IF(iv). Using this,

|qk,1| . ‖ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)‖2‖Ĉk −Ck‖2 = Op(1)

|qk,2| . ‖ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)‖2‖Ck‖2 = Op(1)

|qk,3| . ‖ΓbT (vec(ε)vec(ε)>)‖2‖Ĉk −Ck‖2 = Op(1),

43Where, for an n× 1 vector a, diag(a) is an n×n diagonal matrix containing the entries of a along
its diagonal.
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which follows because

‖Ĉk −Ck‖2 ≤ ‖(IT ⊗QXM ˆ̃Λ
X̃k(B̂ −B)Q>X)‖2 + ‖(IT ⊗QX(M ˆ̃Λ

−M Λ̃0
)X̃kBQ

>
X)|2

≤ ‖X̃k‖2‖B̂ −B‖2 + ‖X̃k‖2‖M ˆ̃Λ
−M Λ̃0

‖2‖B‖2

= Op
(

1√
n

)
,

using Lemmas B.1(i), D.1(ii), and D.4(iv), as well as

‖Ck‖2 .
1

nT
‖X̃k‖2‖F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖Λ̃0‖2 = Op (1) , (D.6)

by Lemmas B.1(i) and B.1(ii), and Assumptions AE(ii) and AE(iii). For qk,4,

qk,4 =
1√
nT

tr
((

ΓbT (vec(ε)vec(ε)>)− ΓbT (ΣD)
)
Ck

)
+

1√
nT

tr ((ΓbT (ΣD)−ΣD)Ck) .

Using similar steps to those in the proof of Lemma C.2(i), the first term can be shown to be Op(1) as

n, T, bT →∞ and T/n→ γ ∈ (0,∞), b8T /n→ 0. For the second term,

1√
nT
|tr ((ΓbT (ΣD)−ΣD)Ck) | ≤ ‖ΓbT (ΣD)−ΣD‖2‖Ck‖2 = Op(1),

as n, T, bT → ∞ and T/n → γ ∈ (0,∞), b8T /n → 0, using (D.6) and Assumption IF(iv). Similar steps

establish that |ψ̂(2)
k −ψ

(2)
k | = Op(1). This concludes the first and second part of the proposition. For the

third part,

D̂ −D =
1

nT
X̃>((M F̂ −MF 0)⊗M ˆ̃Λ

)X̃ +
1

nT
X̃>(MF 0 ⊗ (M ˆ̃Λ

−M Λ̃0
))X̃

=: P 1 + P 2.

Consider each of these terms.

‖P 1‖2 ≤
1

nT
‖X̃‖22‖M F̂ −MF 0‖2 ≤

1

nT

(
K∑
k=1

‖X̃k‖2F

)
‖M F̂ −MF 0‖2 = Op(1),

using Lemmas B.1(i) and D.1(i). Similarly for P 2. For the last part of the proposition it is sufficient to

show that V̂k1k2 − Vk1k2 = Op(1) for k1, k2 = 1, . . . ,K.

V̂k1k2 − Vk1k2 =
1

nT
vec
(
X̂
∗
k1

)> (
ΓbT

(
vec(ě)vec(ě)>

)
− ΓbT

(
vec(ε)vec(ε)>

))
vec
(
X̂
∗
k2

)
+

1

nT
vec
(
X̂
∗
k1

)>
ΓbT

(
vec(ε)vec(ε)>

)
vec
(
X̂
∗
k2
−X∗k2

)
+

1

nT
vec
(
X̂
∗
k1
−X∗k1

)>
ΓbT

(
vec(ε)vec(ε)>

)
vec (X∗k2

)

+

(
1

nT
vec (X∗k1

)
>

ΓbT

(
vec(ε)vec(ε)>

)
vec (X∗k2

)− Vk1k2

)
=: r1 + r2 + r3 + r4.
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Consider each of these terms.

|r1| ≤
1

nT
‖ΓbT (vec(ě)vec(ě)>)− ΓbT (vec(ε)vec(ε)>)‖2‖X̂

∗
k1
‖F ‖X̂

∗
k2
‖F = Op(1),

|r2| ≤
1

nT
‖ΓbT (vec(ε)vec(ε)>)‖2‖X̂

∗
k1
‖F ‖X̂

∗
k2
−X∗k2

‖F = Op(1),

|r3| ≤
1

nT
‖ΓbT (vec(ε)vec(ε)>)‖2‖X̂

∗
k1
−X∗k1

‖F ‖X∗k2
‖F = Op(1),

using ‖X̂∗k‖F ≤ ‖Xk‖F ,

‖X̂∗k −X∗k‖F ≤ ‖M ˆ̃Λ
−M Λ̃0

‖2‖Xk‖F + ‖Xk‖F ‖M F̂ −MF 0‖2,

Lemmas B.1(i), D.1, D.2(x) and D.4(i), as well as (D.5). For r4,

r4 =
1

nT
vec (X∗k1

)
>

(ΓbT

(
vec(ε)vec(ε)>)− ΓbT (ΣD)

)
vec (X∗k2

)

+
1

nT
vec (X∗k1

)
>

(ΓbT (ΣD)−ΣD) vec (X∗k2
) . (D.7)

The first term in the above can be shown to be Op(1) similar to (B.22) in the proof of Theorem 1. For

the second term

1

nT
|vec (X∗k1

)
>

(ΓbT (ΣD)−ΣD) vec (X∗k2
) | ≤ 1

nT
‖X∗k1

‖F ‖X∗k2
‖F ‖ΓbT (ΣD)−ΣD‖2 = Op(1),

using Lemmas B.1(i) and Assumption IF(iv). This completes the result.

D.4. Proofs of Lemmas D.1 - D.4

Proof of Lemma D.1. Similar to Proposition 2, under Assumptions MD, ED, CS, and AE, Lemma

S.1 in Moon and Weidner (2017) is applicable which provides the following expansion of M F̂ :

M F̂ −MF 0 = B
(1)
0 +

K∑
k=1

(β0,k − β̂k)B
(1)
k + Op

(
1√
n

)
,

where

B
(1)
k := −MF 0X̃

>
k Λ̃0(Λ̃

>
0 Λ̃0)−1(F>0 F 0)−1F>0 − F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 X̃kMF 0 ,

for k = 0, . . . ,K with X̃0 := ε̃. Using Lemmas B.1(i) and B.1(ii), as well as Assumptions AE(ii),

and AE(iii), ‖B(1)
k ‖2 = Op(1) for k = 1, . . . ,K. Moreover, ‖B(1)

0 ‖2 = Op(n−
1
2 ) using Lemmas B.1(ii),

C.1(ii), C.1(iv), and C.1(vi), as well as Assumptions AE(ii) and AE(iii). Thus, applying Theorem 1,

‖M F̂ −MF 0‖2 = Op
(

1√
n

)
.

Similarly, one can obtain the symmetric result ‖M Λ̃ −M Λ̃0
‖2 = Op(n−

1
2 ).
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Proof of Lemma D.2(i).

E [‖Xk‖max] ≤
(
E
[

max
1≤i≤n

max
1≤t≤T

|xkit|8
]) 1

8

≤

(
E

[
n∑
i=1

T∑
t=1

|xkit|8
]) 1

8

. (nT )
1
8 ,

which follows using Jensen’s inequality and Assumption IF(i). The result then follows by Markov’s

inequality. Similarly for X∗k.

Proof of Lemma D.2(ii).

E [‖Xk‖2,∞] ≤
(
E
[

max
1≤i≤n

‖xki‖82
]) 1

8

≤

(
E

[
n∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

x2
kit1x

2
kit2x

2
kit3x

2
kit4

]) 1
8

. n
1
8

√
T ,

under Assumption IF(i).

Proof of Lemma D.2(iii). Analogous to the proof of Lemma D.2(ii).

Proof of Lemma D.2(iv).

E [‖ε‖2,∞] ≤
(
E
[

max
1≤i≤n

‖εi‖82
]) 1

8

≤

(
E

[
n∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

ε2
it1ε

2
it2ε

2
it3ε

2
it4

]) 1
8

. n
1
8

√
T ,

which follows using Jensen’s inequality and Assumption IF(iii). The result then follows by Markov’s

inequality.

Proof of Lemma D.2(v). Analogous to the proof of Lemma D.2(iv).

Proof of Lemma D.2(vi).

E [‖Λ0‖2,∞] ≤
(
E
[

max
1≤i≤n

‖λ0,i‖82
]) 1

8

≤

(
E

[
n∑
i=1

R0∑
r1=1

R0∑
r2=1

R0∑
r3=1

R0∑
r4=1

λ2
0,ir1λ

2
0,ir2λ

2
0,ir3λ

2
0,ir4

]) 1
8

. n
1
8 ,

which follows using Jensen’s inequality and Assumption AD(i). The result then follows by Markov’s

inequality.
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Proof of Lemma D.2(vii). Analogous to the proof of Lemma D.2(vi).

Proof of Lemma D.2(viii). First it is demonstrated that under Assumption IF(iii)

sup
‖v‖2=1

E[(v>εt)
8|DnT ] (D.8)

is uniformly bounded. Using a Rosenthal inequality (see, e.g., 9.7.c in Lin (2010))

E

[∣∣∣∣∣
n∑
i=1

viεit

∣∣∣∣∣
8

|DnT

]
.

(
n∑
i=1

E[v2
i ε

2
it|DnT ]

)4

+

n∑
i=1

E
[
|viεit|8|DnT

]
.

Now,

n∑
i=1

E[v2
i ε

2
it|DnT ] =

n∑
i=1

v2
i E[ε2

it|DnT ] ≤ ‖v‖22‖ΣD‖max ≤ c1,

and

n∑
i=1

E
[
|viεit|8|DnT

]
≤

n∑
i=1

v8
i E
[
ε8
it|DnT

]
≤ ‖v‖22

(
max

1≤i≤n
max

1≤t≤T
ξ8
D,it

)
≤ c2,

by Assumption IF(iii). Since the choice of v is arbitrary (subject to being DnT -measurable) this estab-

lishes (D.8). Using this result,

E
[
‖Λ>0 ε‖∞,2

]
≤
(
E
[

max
1≤t≤T

‖Λ>0 εt‖82
]) 1

8

≤

(
E

[
T∑
t=1

‖Λ0‖82‖A>εt‖82

]) 1
8

=

E

 T∑
t=1

‖Λ0‖82

(
R0∑
r=1

(a>r εt)
2

)4
 1

8

.
√
nT

1
8 ,

using Assumption AD(i) with A := Λ0/‖Λ0‖2 if ‖Λ0‖2 > 0, and A := 0 otherwise. The result then

follows by Markov’s inequality.

Proof of Lemma D.2(ix). Analogous to the proof of Lemma D.2(viii).

Proof of Lemma D.2(x). Analogous to the proof of Lemma D.2(i), using Assumption IF(iii).

Proof of Lemma D.3(i).

‖e‖max ≤ ‖ε‖2,∞‖MF 0‖∞,2 = Op(n
1
8 ),

using Lemma D.2(iv) and

‖MF 0‖∞,2 ≤ max
v:‖v‖2=1

‖MF 0v‖2 = ‖MF 0‖2 = 1. (D.9)
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Proof of Lemma D.3(ii). First,

ê− e =

K∑
k=1

(β0,k − β̂k)XkMF 0 +

K∑
k=1

(β0,k − β̂k)Xk(M F̂ −MF 0)

+ Λ0F 0(M F̂ −MF 0) + ε(M F̂ −MF 0). (D.10)

Then

‖ê− e‖max ≤
K∑
k=1

|β0,k − β̂k|‖Xk‖2,∞‖MF 0‖∞,2 +

K∑
k=1

|β0,k − β̂k|‖Xk‖2,∞‖M F̂ −MF 0‖∞,2

+ ‖Λ0‖2,∞‖F 0‖2‖M F̂ −MF 0‖∞,2 + ‖ε‖2,∞‖M F̂ −MF 0‖∞,2 = Op(1),

which follows using Theorem 1, Lemmas B.1(ii), D.2(ii), D.2(iii), D.2(iv), and D.2(vi), as well as equation

(D.9) and

‖M F̂ −MF 0‖∞,2 ≤ ‖M F̂ −MF 0‖2 = Op
(

1√
n

)
,

by Lemma D.1(i).

Proof of Lemma D.3(iii).

‖ê− e‖F ≤
√
T‖ê− e‖2

=
√
T‖(Y −X · β̂)M F̂ − εMF 0‖2

≤
√
T

(
K∑
k=1

|β0,k − β̂k|‖Xk‖2 + ‖Λ0‖2‖F 0‖2‖M F̂ −MF 0‖2 + ‖ε‖2‖M F̂ −MF 0‖2

)

= Op(1),

using Theorem 1, Lemmas B.1(i), B.1(ii), and D.1(i), and ‖ε‖2 = Op(
√
nT ) which is straightforward to

show under Assumption AD(i).

Proof of Lemma D.4(i). Notice that

Λ>0 Λ0 − Λ̃
>
0 Λ̃0 = Λ>0 MXΛ0 � 0,

by which it follows from Assumptions AE(ii) and IF(ii) that n−1Λ>0 Λ0
p−→ ΣΛ0 as n → ∞, where the

eigenvalues of ΣΛ0 are bounded away from zero and from above by a constant. Using this, as well as

Lemma B.1(i), ‖ε‖2 = Op(
√
nT

1
4 +n

1
4

√
T ) (which is shown in the proof of Lemma B.2(i)), and Theorem

1, Lemma S.1 in Moon and Weidner (2015) can be applied to obtain the following expansion for M F̌

M F̌ = MF 0 +B(1) +B(2) +B(3) + Op

(
1

n

)
,

93



where the bound on the remainder is obtained using the result given in part (iv) of Lemma S.1. Using

‖Λ>0 ε‖2 = Op(n) (D.11)

‖Λ>0 εF 0‖2 = Op(n) (D.12)

‖εF 0‖2 = Op(n), (D.13)

which can be shown analogously to Lemmas C.1(ii), C.1(iv), and C.1(vi) under Assumptions MD(ii)

and IF(iii), one can analyse B(2) and B(3) and demonstrate that ‖B(3)‖2 = Op(n−1) and

B(2) = −MF 0ε
>εF 0(F>0 F 0)−1(Λ>0 Λ0)−1(F>0 F 0)−1F>0

− F 0(F>0 F 0)−1(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ε
>εMF 0 + Op

(
1

n

)
=: B

(2)
0 + (B

(2)
0 )> + Op

(
1

n

)
.

Moreover,

B(1) = B
(1)
0 +

K∑
k=1

(β0,k − β̂k)B
(1)
k ,

where

B
(1)
k := −MF 0X

>
k Λ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 − F 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 XkMF 0 ,

for k = 0, . . . ,K with X0 := ε. Hence, combining the above one obtains

M F̌ = MF 0 +B
(1)
0 +

K∑
k=1

(β0,k − β̂k)B
(1)
k +B

(2)
0 + (B

(2)
0 )> + Op

(
1

n

)
.

Now, using this

ě− ε =

(
K∑
k=1

(β0,k − β̂k)Xk + Λ0F
>
0 + ε

)
M F̌ − ε

=

(
K∑
k=1

(β0,k − β̂k)Xk + ε

)
MF 0 +

(
K∑
k=1

(β0,k − β̂k)Xk + Λ0F
>
0 + ε

)
B

(1)
0

+

(
K∑
k=1

(β0,k − β̂k)Xk + Λ0F
>
0 + ε

)(
K∑
k=1

(β0,k − β̂k)B
(1)
k

)
− ε

+

(
K∑
k=1

(β0,k − β̂k)Xk + Λ0F
>
0 + ε

)(
B

(2)
0 + (B

(2)
0 )> + Op

(
1

n

))
. (D.14)

Notice that ∥∥∥∥∥
K∑
k=1

(β0,k − β̂k)Xk

∥∥∥∥∥
2,∞

= Op(n−
3
8 ),
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‖Λ0F
>
0 ‖2,∞ = Op(n

5
8 ), and ‖ε‖2,∞ = Op(n

5
8 ) using Lemmas B.1(ii), D.2(ii), D.2(iv), and D.2(vi), as

well as Theorem 1. Moreover,

‖B(2)
0 ‖∞,2 ≤ ‖MF 0ε

>εF 0(F>0 F 0)−1(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖∞,2

+ ‖F 0(F>0 F 0)−1(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ε
>ε‖∞,2

+ ‖F 0(F>0 F 0)−1(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ε
>εF 0(F>0 F 0)−1F>0 ‖∞,2

= Op
(
n−

7
8

)
,

using Lemmas B.1(ii), D.2(v), and D.2(ix), as well as Assumptions AE(ii) and AE(iii), and

‖B(1)
k ‖∞,2 ≤ ‖XkΛ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖∞,2

+ ‖F 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 Xk‖∞,2

+ ‖F 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 XkF 0(F>0 F 0)−1F>0 ‖∞,2

= Op
(
n−

3
8

)
,

for k = 1, . . . ,K using Lemmas B.1(i), B.1(ii), D.2(iii), and D.2(vii) and Assumptions AE(ii) and AE(iii).

Similarly for ‖B(1)
0 ‖∞,2. Applying this to (D.14) one obtains

‖ě− ε‖max ≤

∥∥∥∥∥
(

K∑
k=1

(β0,k − β̂k)Xk + ε

)
MF 0 − ε

∥∥∥∥∥
max

+
∥∥∥(Λ0F

>
0 + ε

)
B

(1)
0

∥∥∥
max

+

∥∥∥∥∥(Λ0F
>
0 + ε

)( K∑
k=1

(β0,k − β̂k)B
(1)
k

)∥∥∥∥∥
max

+Op
(
n−

1
4

)
. (D.15)

Next each of these terms is examined, in turn:∥∥∥∥∥
K∑
k=1

(β0,k − β̂k)XkMF 0

∥∥∥∥∥
max

≤

∥∥∥∥∥
K∑
k=1

(β0,k − β̂k)Xk

∥∥∥∥∥
max

+

∥∥∥∥∥
K∑
k=1

(β0,k − β̂k)XkP F 0

∥∥∥∥∥
max

= Op(n−
3
8 ),

using Lemmas B.1(ii), D.2(i), D.2(ii), and D.2(vii), as well as Assumption AE(iii) and Theorem 1,

‖εMF 0 − ε‖max = ‖εP F 0‖max = Op(n−
1
4 ),

using Lemmas D.2(vii) and D.2(ix), as well as Assumption AE(iii),

‖Λ0F
>
0 B

(1)
0 ‖max = ‖PΛ0εMF 0‖max ≤ ‖PΛ0ε‖max + ‖PΛ0εP F 0‖max = Op(n−

1
4 ),

using Lemmas D.2(vi), D.2(vii), D.2(ix), equation (D.12), as well as Assumptions AE(ii) and AE(iii),

‖εB(1)
0 ‖max ≤ ‖εε>Λ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖max

+ ‖εF 0(F>0 F 0)−1F>0 ε
>Λ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖max

+ ‖εF 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 ε‖max

+ ‖εF 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 εF 0(F>0 F 0)−1F>0 ‖max

= Op(n−
1
4 ),
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using Lemmas D.2(iv), D.2(vii), D.2(viii), D.2(ix), equation (D.12), as well as Assumptions AE(ii) and

AE(iii),

‖Λ0F
>
0 B

(1)
k ‖max = ‖PΛ0XkMF 0‖max ≤ ‖PΛ0Xk‖max + ‖PΛ0XkP F 0‖max = Op(n

1
4 ),

using Lemmas B.1(i), B.1(ii), D.2(iii), D.2(vi), D.2(vii), as well as Assumptions AE(ii) and AE(iii), and

‖εB(1)
k ‖max ≤ ‖εXkΛ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖max

+ ‖εF 0(F>0 F 0)−1F>0 X
>
k Λ0(Λ>0 Λ0)−1(F>0 F 0)−1F>0 ‖max

+ ‖εF 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 Xk‖max

+ ‖εF 0(F>0 F 0)−1(Λ>0 Λ0)−1Λ>0 XkF 0(F>0 F 0)−1F>0 ‖max

= Op(n
1
4 ),

using Lemmas B.1(i), B.1(ii), D.2(ix), D.2(iii), D.2(iv), D.2(vii). Applying the above to (D.15) yields

the result.

Proof of Lemma D.4(ii). Notice ˆ̃Λ satisfies

1

nT
(Ỹ − X̃ · β̂)(Ỹ − X̃ · β̂)>

ˆ̃Λ√
n

=
ˆ̃Λ√
n

Π,

with Π being an R0 × R0 diagonal matrix containing the largest R0 eigenvalues of (nT )−1(Ỹ − X̃ ·

β̂)(Ỹ − X̃ · β̂)> along its diagonal. Expanding this,

ˆ̃Λ√
n

Π =
1

nT
(X̃ · (β0 − β̂) + Λ̃0F

>
0 + ε̃)(X̃ · (β0 − β̂) + Λ̃0F

>
0 + ε̃)>

ˆ̃Λ√
n

=: P 1 + . . .+ P 8 +
Λ̃0√
n

(
1

T
F>0 F 0

)(
1

n
Λ̃
>
0

ˆ̃Λ

)
,

or

ˆ̃Λ√
n

Π− Λ̃0√
n

(
1

T
F>0 F 0

)(
1

n
Λ̃
>
0

ˆ̃Λ

)
= P 1 + . . .+ P 8.

Now, since M Λ̃0
Λ̃0 = 0,∥∥∥∥ 1

n
Λ̃
>
0 M ˆ̃Λ

Λ̃0

∥∥∥∥
2

=

∥∥∥∥ 1

n
Λ̃
>
0 (M ˆ̃Λ

−M Λ̃0
)Λ̃0

∥∥∥∥
2

≤ 1

n
‖Λ̃0‖22‖P Λ̃0

− P ˆ̃Λ
‖2 = Op

(
1√
n

)
,

using Lemmas B.1(ii) and D.1(ii). Hence,

1

n
Λ̃
>
0 Λ̃0 =

(
1

n
Λ̃
>
0

ˆ̃Λ

)(
1

n
Λ̃
>
0

ˆ̃Λ

)>
+

1

n
Λ̃
>
0 M ˆ̃Λ

Λ̃0 =

(
1

n
Λ̃
>
0

ˆ̃Λ

)(
1

n
Λ̃
>
0

ˆ̃Λ

)>
+ Op(1). (D.16)

The matrix on the left in (D.16) is invertible w.p.a.1 by Assumption AE(ii), therefore the matrix on the

right must also be invertible w.p.a.1. Since n−1Λ̃
>
0

ˆ̃Λ is asymptotically invertible, as is T−1F>0 F 0 by

96



Assumption AE(iii), one obtains

ˆ̃Λ√
n

Γ−1 − Λ̃0√
n

= (P 1 + . . .+ P 8)Γ̄
−1
, (D.17)

with Γ−1 := ΠΓ̄
−1

and

Γ̄
−1

:= plim
n,T→∞

(
1

T
F>0 F 0

)−1(
1

n
Λ̃
>
0

ˆ̃Λ

)−1

.

Now,

1√
n
‖ ˆ̃ΛΓ−1 − Λ̃0‖2 ≤ (‖P 1‖2 + . . .+ ‖P 8‖2)‖Γ̄−1‖2,

where ‖Γ̄−1‖2 = O(1). Consider each of these terms.

‖P 1‖2 ≤
1√
n

1

nT

(
K∑
k=1

‖X̃k‖2F

)
‖β̂ − β0‖

2
2‖ ˆ̃Λ‖2 = Op

(
1

n2

)
,

using Lemma B.1(i), Theorem 1 and ‖ ˆ̃Λ‖2 =
√
n.

‖P 2‖2 ≤
1√
n

1

nT

(
K∑
k=1

‖X̃k‖2F

) 1
2

‖β̂ − β0‖2‖Λ0‖2‖F 0‖2‖ ˆ̃Λ‖2 = Op
(

1

n

)
,

using Lemmas B.1(i), B.1(ii), Theorem 1 and ‖ ˆ̃Λ‖2 =
√
n.

‖P 3‖2 ≤
1√
n

1

nT

(
K∑
k=1

‖X̃k‖2F

) 1
2

‖β̂ − β0‖2‖ε‖F ‖
ˆ̃Λ‖2 = Op

(
1

n

)
,

using Lemma B.1(i), Theorem 1, ‖ε‖F = Op(
√
nT ) and ‖ ˆ̃Λ‖2 =

√
n.

‖P 4‖2 ≤
1√
n

1

nT
‖Λ̃0‖2‖ε̃F 0‖2‖ ˆ̃Λ‖2 = Op

(
1√
n

)
,

using Lemmas B.1(ii) and C.1(vi), and ‖ ˆ̃Λ‖2 =
√
n. Similarly for the remaining terms, from which the

result then follows.

Proof of Lemma D.4(iii). Decompose

(Ỹ − X̃ · β̂) =:
T∑
t=1

stutv
>
t ,

by the singular value decomposition. Then

1

n
(Ỹ − X̃ · β̂)> ˆ̃Λ =

1√
n

(∑T
t=1 stvtu

>
t u1 . . .

∑T
t=1 stvtu

>
t uR0

)
=

1√
n

(
s1v1 . . . sR0vR0

)
= F̂ .
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Thus,

F̂ =
1

n
(Ỹ − X̃ · β̂)> ˆ̃Λ

=
1

n
(X̃ · (β0 − β̂))> ˆ̃Λ +

1

n
F 0Λ̃

>
0

ˆ̃Λ +
1

n
ε̃> ˆ̃Λ

=: P 1 + P 2 + P 3.

Now,

‖P 1‖2 ≤
1

n
‖β̂ − β0‖2

(
K∑
k=1

‖Xk‖2F

) 1
2

‖ ˆ̃Λ‖2 = Op
(

1√
n

)
,

using Lemma B.1(i), Theorem 1 and ‖ ˆ̃Λ‖2 =
√
n.

P 2 =
1

n
F 0( ˆ̃ΛΓ−1)> ˆ̃Λ +

1

n
F 0(Λ̃0 − ˆ̃ΛΓ−1)> ˆ̃Λ = F 0Γ

−> +Op (1) ,

using Lemmas B.1(ii) and D.4(ii), as well as ‖ ˆ̃Λ‖2 =
√
n. Finally,

‖P 3‖2 ≤
1

n
‖ε̃>Λ̃0‖2 +

1

n
‖ε̃>( ˆ̃Λ− Λ̃0Γ)‖2 = Op(1),

using Lemmas C.1(ii) and D.4(ii). Combining the above gives the result.

Proof of Lemma D.4(iv).

B̂ −B =
1

nT
ˆ̃Λ

((
1

n
ˆ̃Λ
> ˆ̃Λ

)−1

−
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
)(

1

T
F̂
>
F̂

)−1

F̂
>

+
1

nT
ˆ̃Λ

(
1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
((

1

T
F̂
>
F̂

)−1

−
(

1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

)
F̂
>

+
1

nT
( ˆ̃Λ− Λ̃0Γ)

(
1

n
(Λ̃0Γ)>Λ̃0Γ

)−1(
1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

F̂
>

+
1

nT
Λ̃0Γ

(
1

n
(Λ̃0Γ)>Λ̃0Γ

)−1(
1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

(F̂ − F 0Γ
−>)>

=: P 1 + P 2 + P 3 + P 4.

Consider each of these terms.

‖P 1‖2 ≤
1

nT
‖ ˆ̃Λ‖2

∥∥∥∥∥
(

1

n
ˆ̃Λ
> ˆ̃Λ

)−1

−
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

T
F̂
>
F̂

)−1
∥∥∥∥∥

2

‖F̂ ‖2 = Op
(
n−

3
2

)
‖P 2‖2 ≤

1

nT
‖ ˆ̃Λ‖2

∥∥∥∥∥
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

T
F̂
>
F̂

)−1

−
(

1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

∥∥∥∥∥
2

‖F̂ ‖2 = Op
(
n−

3
2

)
‖P 3‖2 ≤

1

nT
‖ ˆ̃Λ− Λ̃0Γ‖2

∥∥∥∥∥
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

∥∥∥∥∥
2

‖F̂ ‖2 = Op
(
n−

3
2

)
‖P 4‖2 ≤

1

nT
‖Λ̃0‖2‖Γ‖2

∥∥∥∥∥
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

∥∥∥∥∥
2

‖F̂ − F 0Γ
−>‖2 = Op

(
n−

3
2

)
,
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using ‖ ˆ̃Λ‖2 =
√
n, ‖F̂ ‖2 ≤ ‖F̂ − F 0Γ

−>‖2 + ‖F 0‖2‖Γ−1‖2 = Op(
√
T ), Lemmas B.1(ii), D.4(ii) and

D.4(iii), Assumptions AE(ii) and AE(iii), as well as∥∥∥∥∥
(

1

T
F̂
>
F̂

)−1

−
(

1

T
(F 0Γ

−>)>F 0Γ
−>
)−1

∥∥∥∥∥
2

= Op
(

1√
n

)
,

and ∥∥∥∥∥
(

1

n
ˆ̃Λ
> ˆ̃Λ

)−1

−
(

1

n
(Λ̃0Γ)>Λ̃0Γ

)−1
∥∥∥∥∥

2

= Op
(

1√
n

)
,

which are straightforward to show using Lemmas D.4(ii) and D.4(iii), as well as Assumptions AE(ii)

and AE(iii).

Appendix E. Results for Section 5.3

Notation

Some of the additional notation required for the dynamic model is restated here for convenience. Recall

θ0,1 := α0, Z1 := Y −1 := (y0, . . . ,yT−1), and θ0,k+1 = β0,k, Zk+1 = Xk for k = 1, . . . ,K, πJ

denotes J × 1 vector of all zeros, except the first element, which equals to 1, and W is a T × T shift

matrix which consists of zeros everywhere, except those elements directly above the main diagonal,

which take on a value of 1, G(α) := (IT − αW )−1W , G := G(α0), g(α) := (IT + αG(α))>πT ,

g := g(α0), H1 := (X · β0)G+ y0g
>, Hk+1 := Xk for k = 1, . . . ,K, and H∗k := QXM Λ̃0

Q>XHkMF 0

for k = 1, . . . ,K + 1. Moreover, define

c+ :=
1√
nT

H̃>(MF 0 ⊗M Λ̃0
)vec(ε̃) +

1√
nT

tr(ε̃Gε̃>)πK+1

Υ(1) :=
1

nT
H̃>(MF 0 ⊗M Λ̃0

)H̃

Υ(2) :=
1

nT
tr(Σ̃E(GG

> ⊗ ITK))πK+1π
>
K+1

Υ(3) :=
1

nT
H̃>(MF 0 ⊗M Λ̃0

)Σ̃E(MF 0 ⊗M Λ̃0
)H̃

Υ(4) :=
1

nT
tr(Σ̃E(G⊗ ITK)Σ̃E(G

> ⊗ ITK))πK+1π
>
K+1,

D := Υ(1),D+ := Υ(1)+Υ(2), V := Υ(3), and V + := Υ(3)+Υ(4), with H̃ := (vec(H̃1), . . . , vec(H̃K+1)).

E.1. Extended Assumptions

Presented below are extensions of the main assumptions to allow for lagged outcomes as regressors.

Assumption MD*. .

(i) The parameter vector θ0 lies in the interior of Θθ, where Θθ is a compact subset of RK+1 in

which |α| < 1.

(ii) Assumption MD(ii).
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Assumption ED*. Conditional on EnT , εit are independent over i and t, with E[εit|EnT ] = 0,

E[ε2
it|EnT ] > 0, and E[ε4

it|EnT ] uniformly bounded.

Assumption CS*. .

(i) Assumption CS(i).

(ii) minδ∈RK+1:‖δ‖2=1

∑T
t=Tmin

µt((nT )−1(Z̃ · δ)>(Z̃ · δ)) ≥ b > 0, w.p.a.1 as n→∞, with T ≥ Tmin

fixed or T →∞.

Assumption AE*. Assumption AE.

Assumption AD*. .

(i) The elements of Hk and H∗k have uniformly bounded fourth moments. Moreover, the elements

of QXM Λ̃0
Q>XHk, Λ0, and F 0 have uniformly bounded eighth moments.

(ii) As n → ∞, with T ≥ Tmin fixed or T → ∞ and T/n → 0, there exist nonstochastic matrices D

and V such that D
p−→ D and V

p−→ V, where the eigenvalues of D and V are bounded away from

zero and from above by a constant. Otherwise, as n, T →∞ with T/n→ γ ∈ (0,∞), there exist

nonstochastic matrices D+ and V+ such that D+
p−→ D+ and V +

p−→ V+, and the eigenvalues of

D+ and V+ are bounded away from zero and from above by a constant.

E.2. Lemmas

Lemma E.1. Under Assumption MD*,

(i) Y −1 = H1 + Λ0F
>
0 G+ εG;

(ii) ‖g(α)‖2 ≤ c and ‖G(α)‖2 ≤ c.

Lemma E.2. Under Assumptions MD*, ED*, CS*, and AD*,

(i) (nT )−
1
2 ‖ε̃‖2 = Op(n−

1
4 );

(ii) ‖Zk‖2, ‖Z̃k‖2, ‖Zk‖F , ‖Z̃k‖F = Op(
√
nT ) for k = 1, . . . ,K + 1;

(iii) tr(Z̃
>
k ε̃) = Op(

√
nT ) for k = 1, . . . ,K + 1;

(iv) ‖θ̂ − θ0‖2 = Op(1) as n→∞, with T ≥ Tmin fixed or T →∞;

(v) ‖F>0 ε̃>H̃k‖2 = Op(
√
nT ) for k = 1, . . . ,K + 1;

(vi) ‖H̃kε̃
>Λ̃0‖2 = Op(n

√
T ) for k = 1, . . . ,K + 1;

(vii) ‖ε̃GF 0‖2 = Op(T ).

Lemma E.3. Under Assumptions MD*, ED*, CS*, AE*, and AD*,

(i) (nT )−
1
2 tr(MF 0 ε̃

>M Λ̃0
ε̃P F 0G) = (nT )−

1
2 tr(Σ̃E(P F 0GMF 0 ⊗M Λ̃0

)) +Op(n−
1
2 );

(ii) (nT )−
1
2 tr(ε̃GP F 0 ε̃

>) = (nT )−
1
2 tr(Σ̃E(GP F 0 ⊗ ITK)) +Op(n−

1
2 );

(iii) (nT )−
1
2 tr(ε̃Gε̃>P Λ̃0

) = Op(n−
1
2 );

(iv) (nT )−
1
2 tr(ε̃GP F 0 ε̃

>P Λ̃0
) = Op((nT )−

1
2 );
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(v) (nT )−1tr(H̃kMF 0(ε̃G)>M Λ̃0
) = Op((nT )−

1
2 ) for k = 1, . . . ,K + 1;

(vi) (nT )−1tr(ε̃GMF 0(ε̃G)>M Λ̃0
) = (nT )−1tr(Σ̃E(GG

> ⊗ ITK)) +Op(n−1);

(vii) (nT )−
1
2 tr(ε̃>M Λ̃0

H̃kBε̃) = ψ
(1)
k +Op(n−

1
4 ) for k = 1, . . . ,K + 1;

(viii) (nT )−
1
2 tr(MF 0 ε̃

>ε̃BH̃k) = ψ
(2)
k +Op(n−

1
2 ) for k = 1, . . . ,K + 1,

where B := F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 .

Lemma E.4. Under Assumptions MD*, ED*, CS*, AE*, and AD*,

(i) b
(1)
+ = −ψ(1) + Op(n

− 1
4 );

(ii) b
(2)
+ = Op(n

− 1
4 );

(iii) b
(3)
+ = −ψ(2) − ξ(1) + Op(n

− 1
4 ).

Lemma E.5. Under Assumptions MD*, ED*, CS*, AE*, and AD*,

(i) c̄+ = c+ − ξ(2) + Op(n
− 1

2 );

(ii) D̄+ = D+ + Op((nT )−
1
2 ).

Lemma E.6. Under Assumptions MD*, ED*, CS*, AE*, and AD*, c+
d−→ N (0,V+) as n → ∞, with

T ≥ Tmin fixed or T →∞.

E.3. Proof of Theorem 2.

First, using Lemma E.2, one can establish an expansion analogous to that obtained in Proposition 2

which reads

Q(θ) = Q(θ0)− 2√
nT

(θ − θ0)>d+ + (θ − θ0)>D̄+(θ − θ0) + r(θ), (E.1)

where d+ := c̄+ + b
(1)
+ + b

(2)
+ + b

(3)
+ , and the elements of these vectors and matrices are given by

D̄+ :=
1

nT
Z̃>(MF 0 ⊗M Λ̃0

)Z̃

c̄+ :=
1√
nT

Z̃>(MF 0 ⊗M Λ̃0
)vec(ε̃)

b
(1)
+,k := − 1√

nT
tr
(
MF 0 ε̃

>M Λ̃0
Z̃kF 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

b
(2)
+,k := − 1√

nT
tr
(
MF 0Z̃

>
kM Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

b
(3)
+,k := − 1√

nT
tr
(
MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 Z̃k

)
,

for θ such that ‖θ − θ0‖2 = Op(1), where r(θ) is of order Op((nT )−1(1 +
√
nT‖θ − θ0‖2)2), and Z̃ :=

(vec(Z̃1), . . . , vec(Z̃K+1)). Notice by Assumption CS*(ii), the matrix D̄+ is invertible and ‖D̄−1
+ ‖2 ≤ c

w.p.a.1. Define a+ := (nT )−
1
2 D̄
−1
+ d+. The stochastic order of this quantity is examined. First, it is

assumed in the statement of the theorem that ‖c+‖2 = Op(1). By Lemmas E.4(i), E.4(ii), and E.4(iii),

b
(1)
+ , b

(3)
+ = Op

(√
T

n

)
,
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and b
(2)
+ = Op(n−

1
4 ). Hence, ‖a+‖2 = Op((nT )−

1
2 ) = Op(1). Now, using (E.1) and Lemma E.2(iv),

Q(θ̂) = Q(θ0) + (θ̂ − θ0 − a+)>D̄+(θ̂ − θ0 − a+)− a>+D̄+a+ + r(θ̂)

Q(θ0 + a+) = Q(θ0)− a>+D̄+a+ + r(θ0 + a+). (E.2)

Since Q(θ̂) ≤ Q(θ0 + a+),

(θ̂ − θ0 − a+)D̄+(θ̂ − θ0 − a+) ≤ r(θ0 + a+)− r(θ̂). (E.3)

Given ‖a+‖2 = Op(1) one obtains

(θ̂−θ0 − a+)D̄+(θ̂ − θ0 − a+)

≤ Op
(

1

nT

)(
Op((1 +

√
nT‖a+‖2)2) +Op((1 +

√
nT‖θ̂ − θ0‖2)2)

)
. (E.4)

Multiplying (E.4) by nT , using ‖θ̂−θ0−a+‖22µmin(D̄+) ≤ (θ̂−θ0−a+)D̄+(θ̂−θ0−a+), Assumption

CS*(ii), and the inequality
√

(x+ y) ≤
√
x+
√
y yields

√
nT‖θ̂ − θ0 − a+‖2 ≤ Op(1 +

√
nT‖a+‖2) + Op(1 +

√
nT‖θ0 − θ̂‖2) = Op(1),

and, in turn,

√
nT (θ̂ − θ0) = D̄

−1
+ d+ + Op (1) .

The final result follows after applying Lemmas E.4, E.5, and E.6, as Assumption AD*(ii).

E.4. Proofs of Lemmas E.1 - E.6

Proof of Lemma E.1. First, write

Y = α0Y −1 +X · β0 + Λ0F
>
0 + ε

= α0YW + α0y0π
>
T +X · β0 + Λ0F

>
0 + ε.

Thus,

Y = (α0y0π
>
T +X · β0 + Λ0F

>
0 + ε)(IT − α0W )−1,

where IT − α0W is invertible under Assumption MD*(i). Using this,

Y −1 = YW + y0π
>
T

= (X · β0 + Λ0F
>
0 + ε)G+ y0π

>
T (IT + α0G)

= (X · β0 + Λ0F
>
0 + ε)G+ y0g

>

= H1 + Λ0F
>
0 G+ εG.
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Proof of Lemma E.1(ii). Since

‖g(α)‖2 ≤ (1 + |α| × ‖G(α)‖2)‖πT ‖2,

where |α| ≤ c under Assumption MD*(i) and ‖πT ‖2 = 1, it suffices to show that ‖G(α)‖2 ≤ c uniformly

over T . Recall G(α) = (IT − αW )−1W , with W being a T × T shift matrix of all zeros, except those

elements directly above the main diagonal, which equal to 1. Since ‖W ‖2 = 1, it remains only to

consider (IT − αW )−1. By Fact 9.13.21 in Bernstein (2009),

‖(IT − αW )−1‖1 = ‖(IT − αW )−1‖∞ ≤
1

1− |α| ,

using Assumption MD*(i). All results then follow from the inequality ‖A‖2 ≤
√
‖A‖1‖A‖∞.

Proof of Lemma E.2(i). The lemma is obtained by combining two results. The first is that

‖ε̃‖2 = Op(T
3
4 ), (E.5)

and the second is that

‖ε̃‖2 = Op
(√

max{n, T}
)
. (E.6)

Taken together one obtains the result. For (E.5), this follows identically to expression (C.2) in the proof

of Lemma B.2(i). For (E.6), under Assumption ED*, the elements of ε are independent conditional on

EnT . Using the result in Latala (2005),

E [‖ε‖2|EnT ] .

 max
1≤i≤n

(
T∑
t=1

E[ε2
it|EnT ]

) 1
2

+ max
1≤t≤T

(
n∑
i=1

E[ε2
it|EnT ]

) 1
2

+

(
n∑
i=1

T∑
t=1

E[ε4
it|EnT ]

) 1
4

 ,

from which it then follows that ‖ε‖2 = Op(
√

max{n, T}). The result is then obtained using ‖ε̃‖2 ≤ ‖ε‖2

since ‖QX‖2 = 1.

Proof of Lemma E.2(ii). For k = 1,

‖Z1‖F ≤ ‖H1‖F + ‖Λ0F
>
0 G‖F + ‖εG‖F

≤ ‖H1‖F + ‖Λ0‖F ‖F 0‖F ‖G‖2 + ‖ε‖F ‖G‖2, (E.7)

using Lemma E.1. Under Assumption AD*(i), similar to the proof of Lemma B.1(i), it can be established

that ‖H1‖F = Op(
√
nT ). ‖Λ0‖F ‖F 0‖F = Op(

√
nT ) by Lemma B.1(ii), and ‖G‖2 = O(1) by Lemma

E.1(ii). Finally, it is straightforward to show ‖ε‖F = Op(
√
nT ) under Assumption ED*. This gives

‖Z1‖F = Op(
√
nT ), from which follows ‖Z̃1‖F ≤ ‖QX‖2‖Z1‖F = ‖Z1‖F = Op(

√
nT ) and ‖Z̃1‖2 ≤

‖QX‖2‖Z1‖2 = ‖Z1‖2 ≤ ‖Z1‖F = Op(
√
nT ). The results for k = 2, . . . ,K + 1 follow by Lemma B.1(i).
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Proof of Lemma E.2(iii). For k = 1, using Lemma E.1,

tr(Z̃
>
1 ε̃) = tr(H>1 PXε) + tr((Λ0F

>
0 G)>PXε) + tr((εG)>PXε).

Consider each of these terms, in turn. First,

E
[
tr(H>1 PXε)

2
]

= E

( T∑
t=1

n∑
i=1

(PXH1)itεit

)2


= E

[
T∑

t1=1

n∑
i1=1

T∑
t2=1

n∑
i2=1

(PXH1)i1t1(PXH1)i2t2εi1t1εi2t2

]

. E
[
‖PXH1‖2F

]
= O(nT ),

using ‖PXH1‖F ≤ ‖H1‖F , as well as Assumptions ED* and AD*(i). Next,

E
[
tr((Λ0F

>
0 G)>PXε)

2
]

= E

( T∑
t=1

n∑
i=1

(PXΛ0F
>
0 G)itεit

)2


= E

[
T∑

t1=1

n∑
i1=1

T∑
t2=1

n∑
i2=1

(PXΛ0F
>
0 G)i1t1(PXΛ0F

>
0 G)i2t2εi1t1εi2t2

]

. E
[
‖PXΛ0F

>
0 G‖2F

]
= O(nT ),

using ‖PXΛ0F
>
0 G‖F ≤ ‖Λ0F

>
0 ‖F ‖G‖2 ≤ ‖Λ0‖F ‖F 0‖F ‖G‖2, Lemma E.1(ii), and Assumptions MD*(ii)

and ED*. Finally,

E[tr((εG)>PXε)
2] = E[vec(ε)>(G⊗ PX)vec(ε)vec(ε)>(G⊗ PX)vec(ε)]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)(G⊗ PX)2
(it)(it) + tr(ΣE(G⊗ PX))2

+ tr(ΣE(G⊗ PX)ΣE(G⊗ PX)) + tr(ΣE(G
> ⊗ PX)ΣE(G⊗ PX))

]

= O(nT ),

using

n∑
i=1

T∑
t=1

(G⊗ PX)2
(it)(it) = tr(G⊗ PX)2 = tr(ΣE(G⊗ PX)ΣE(G⊗ PX)) = 0

and

|tr(ΣE(G> ⊗ PX)ΣE(G⊗ PX))| ≤ nT‖ΣE‖22‖G‖22 = O(nT ),

which follows by Lemma E.1(ii) and Assumption ED*. By Markov’s inequality, one then obtains

tr(Z̃
>
1 ε̃) = Op(

√
nT ). The results for k = 2, . . . ,K + 1 follow similarly.
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Proof of Lemma E.2(iv). The proof is analogous to that of Proposition 1, using Lemmas E.2(i),

B.1(ii), E.2(ii), E.2(iii), and Assumption CS*(ii).

Proof of Lemma E.2(v). The proof is analogous to that of Lemma C.1(i), using Assumptions MD*(ii),

ED*, and AD*(i).

Proof of Lemma E.2(vi). The proof is analogous to that of Lemma C.1(v), using Assumptions

MD*(ii), ED*, and AD*(i).

Proof of Lemma E.2(vii).

E
[
‖ε̃GF 0‖2F

]
= E

[
‖PXεGF 0‖2F

]
= E

 n∑
i1=1

R∑
r=1

(
n∑

i2=1

T∑
t=1

(PX)i1i2εi2t(GF 0)tr

)2


= E

[
n∑

i1=1

R∑
r=1

n∑
i2=1

T∑
t1=1

n∑
i3=1

T∑
t2=1

(PX)i1i2εi2t1(GF 0)t1r(PX)i1i3εi3t2(GF 0)t2r

]

. T‖G‖22E
[
‖F 0‖2F

]
= O(T 2),

which follows using Lemma E.1(ii) and Assumptions MD*(ii) and ED*.

Proof of Lemma E.3(i). First,

E
[
tr(MF 0 ε̃

>M Λ̃0
ε̃P F 0G)|EnT

]
= E

[
vec(ε)>(MF 0G

>P F 0 ⊗QXM Λ̃0
Q>X)vec(ε)|EnT

]
= tr(ΣE(MF 0G

>P F 0 ⊗QXM Λ̃0
Q>X))

=: tr(ΣEA),

and

E
[
tr(MF 0 ε̃

>M Λ̃0
ε̃P F 0G)2|EnT

]
= E

[
(vec(ε)>(MF 0G

>P F 0 ⊗QXM Λ̃0
Q>X)vec(ε))2|EnT

]
=

n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA)

+ tr(ΣEAΣEA
>) + tr(ΣEA)2,

which follows using Assumption ED*. Now,

E
[(

tr(MF 0 ε̃
>M Λ̃0

ε̃P F 0G)− tr(ΣE(MF 0G
>P F 0 ⊗QXM Λ̃0

Q>X))
)2
]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA) + tr(ΣEAΣEA

>)

]

= O(T ),
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since ∣∣∣∣∣E
[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it)

]∣∣∣∣∣ . T‖G‖22 = O(T )

|E[tr(ΣEAΣEA)]| . T‖G‖22 = O(T )

|E[tr(ΣEAΣEA
>)]| . T‖G‖22 = O(T ),

which follows using Lemma E.1(ii) and Assumption ED*.

Proof of Lemma E.3(ii). First,

E
[
tr(ε̃GP F 0 ε̃

>)|EnT
]

= E
[
vec(ε)>(GP F 0 ⊗ PX)vec(ε)|EnT

]
= tr(ΣE(GP F 0 ⊗ PX))

=: tr(ΣEA),

and

E
[
tr(ε̃GP F 0 ε̃

>)2|EnT
]

= E
[
(vec(ε)>(GP F 0 ⊗ PX)vec(ε))2|EnT

]
=

n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA)

+ tr(ΣEAΣEA
>) + tr(ΣEA)2,

which follows using Assumption ED*. Now,

E
[(

tr(ε̃GP F 0 ε̃
>)− tr(ΣE(GP F 0 ⊗ PX))

)2
]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA) + tr(ΣEAΣEA

>)

]

= O(T ),

since ∣∣∣∣∣E
[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it)

]∣∣∣∣∣ . T‖G‖22 = O(T )

|E[tr(ΣEAΣEA)]| . T‖G‖22 = O(T )

|E[tr(ΣEAΣEA
>)]| . T‖G‖22 = O(T ),

which follows using Lemma E.1(ii) and Assumption ED*.
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Proof of Lemma E.3(iii). Under Assumption ED*,

E
[
tr(ε̃Gε̃>P Λ̃0

)2
]

= E
[
E
[
(vec(ε)>(G⊗QXP Λ̃0

Q>X)vec(ε))2|EnT
]]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA

>)

]

= O(T ),

which follows because tr(ΣEA) = tr(ΣEAΣEA) = 0 and∣∣∣∣∣E
[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it)

]∣∣∣∣∣ . T‖G‖22 = O(T )

|E[tr(ΣEAΣEA
>)]| . T‖G‖22 = O(T ),

by Lemma E.1(ii) and Assumption ED*.

Proof of Lemma E.3(iv). First,

E
[
tr(ε̃GP F 0 ε̃

>P Λ̃0
)|EnT

]
= E

[
vec(ε)>(GP F 0 ⊗QXP Λ̃0

Q>X)vec(ε)|EnT
]

= tr(ΣE(GP F 0 ⊗QXP Λ̃0
Q>X))

=: tr(ΣEA),

and

E
[
tr(ε̃GP F 0 ε̃

>P Λ̃0
)2|EnT

]
= E

[
(vec(ε)>(GP F 0 ⊗QXP Λ̃0

Q>X)vec(ε))2|EnT
]

=

n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA)

+ tr(ΣEAΣEA
>) + tr(ΣEA)2,

which follows using Assumption ED*. Thus

E
[(

tr(ε̃GP F 0 ε̃
>P Λ̃0

)− tr(ΣEA)
)2
]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA) + tr(ΣEAΣEA

>)

]

= O(1),

since ∣∣∣∣∣E
[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it)

]∣∣∣∣∣ . ‖G‖22 = O(1)

|E[tr(ΣEAΣEA)]| . ‖G‖22 = O(1)

|E[tr(ΣEAΣEA
>)]| . ‖G‖22 = O(1),
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by Lemma E.1(ii) and Assumption ED*. Finally, the result follows from

|tr(ΣEA)| . ‖ΣE‖2‖G‖2 = O(1),

using Lemma E.1(ii) and Assumption ED*.

Proof of Lemma E.3(v). Let

tr(H̃kMF 0(ε̃G)>M Λ̃0
) = tr(εGMF 0H̃

>
kM Λ̃0

Q>X) =: tr(εA).

Now,

E[tr(εA)2] = E

[
n∑

i1=1

T∑
t1=1

n∑
i2=1

T∑
t2=1

εi1t1εi2t2At1i1At2i2

]

. E
[
‖A‖2F

]
. ‖G‖22E

[
‖Hk‖2F

]
= O(nT ),

using Lemma E.1(ii) and Assumptions ED* and AD*(i).

Proof of Lemma E.3(vi). First, using Assumption ED*,

E
[
tr(ε̃GMF 0(ε̃G)>M Λ̃0

)|EnT
]

= E
[
vec(ε)>(GMF 0G

> ⊗QXM Λ̃0
Q>X)vec(ε)|EnT

]
= tr(ΣE(GMF 0G

> ⊗QXM Λ̃0
Q>X))

=: tr(ΣEA),

and

E
[
tr(ε̃GMF 0(ε̃G)>M Λ̃0

)2|EnT
]

= E
[
(vec(ε)>(GMF 0G

> ⊗QXM Λ̃0
Q>X)vec(ε))2|EnT

]
=

n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA)

+ tr(ΣEAΣEA
>) + tr(ΣEA)2.

Thus,

E
[(

tr(ε̃GMF 0(ε̃G)>M Λ̃0
)− tr(ΣEA)

)2
]

= E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it) + tr(ΣEAΣEA) + tr(ΣEAΣEA

>)

]

= O(T 2),
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using ∣∣∣∣∣E
[
n∑
i=1

T∑
t=1

(ξ4
E,it − 3σ4

E,it)A
2
(it)(it)

]∣∣∣∣∣ . T 2‖G‖42

|E[tr(ΣEAΣEA)]| . T 2‖G‖42

|E[tr(ΣEAΣEA
>)]| . T 2‖G‖42,

by Lemma E.1(ii) and Assumption ED*. Hence,

1

nT
tr(ε̃GMF 0(ε̃G)>M Λ̃0

) =
1

nT
tr(ΣEA) +Op

(
1

n

)
.

Finally, notice that

1

nT
tr(ΣEA) =

1

nT
tr(ΣE(GG

> ⊗ PX))− 1

nT
tr(ΣE(GP F 0G

> ⊗ PX))

− 1

nT
tr(ΣE(GG

> ⊗QXP Λ̃0
Q>X))

+
1

nT
tr(ΣE(GP F 0G

> ⊗QXP Λ̃0
Q>X))

=
1

nT
tr(Σ̃E(GG

> ⊗ ITK)) +O
(

1

n

)
,

using

|tr(ΣE(GP F 0G
> ⊗QXQ

>
X))| . T‖G‖22 = O(T )

|tr(ΣE(GG> ⊗QXP Λ̃0
Q>X))| . T‖G‖22 = O(T )

|tr(ΣE(GP F 0G
> ⊗QXP Λ̃0

Q>X))| . ‖G‖22 = O(1),

by Lemma E.1(ii).

Proof of Lemma E.3(vii). Analogous to the proof of Lemma C.2(i).

Proof of Lemma E.3(viii). Analogous to the proof of Lemma C.2(ii).
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Proof of Lemma E.4(i). Using Lemma E.1,

b
(1)
+ = − 1√

nT


tr
(
MF 0 ε̃

>M Λ̃0
Z̃1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0 ε̃

>M Λ̃0
Z̃K+1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)


= − 1√
nT


tr
(
MF 0 ε̃

>M Λ̃0
H̃1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0 ε̃

>M Λ̃0
H̃K+1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)


− 1√
nT



tr
(
MF 0 ε̃

>M Λ̃0
ε̃GF 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

0

...

0


.

For the first term on the right in the above, similar to the proof of Lemma B.3(i),

− 1√
nT


tr
(
MF 0 ε̃

>M Λ̃0
H̃1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0 ε̃

>M Λ̃0
H̃K+1F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)
 = −ψ(1) + Op(n

− 1
4 ),

using Lemmas B.1(ii), C.1(ii), C.1(iii), E.2(v), and E.3(vii), as well as Assumption AE*. For the second

term, consider the nonzero element.

1√
nT

∣∣∣tr(MF 0 ε̃
>M Λ̃0

ε̃GF 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)∣∣∣

.
1√
nT

1

nT
‖ε̃‖2‖ε̃GF 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖Λ̃>0 ε̃‖2

= Op
(
n−

1
4

)
,

using Lemmas C.1(ii), E.2(i), and E.2(vii), as well as Assumption AE*. Thus,

b
(1)
+ = −ψ(1) + Op(n

− 1
4 ).

Proof of Lemma E.4(ii). Using Lemma E.1,
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b
(2)
+ = − 1√

nT


tr
(
MF 0Z̃

>
1 M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0Z̃

>
K+1M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)


= − 1√
nT


tr
(
MF 0H̃

>
1 M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0H̃

>
K+1M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)


− 1√
nT



tr
(
MF 0(ε̃G)>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

0

...

0


.

For the first term on the right in the above, similar to the proof of Lemma B.3(ii),

− 1√
nT


tr
(
MF 0H̃

>
1 M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)

...

tr
(
MF 0H̃

>
K+1M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃
)
 = Op(n

− 1
2 ),

using Lemmas B.1(ii), C.1(ii), C.1(iv), C.1(vi), and E.2(v), as well as Assumption AE*. For the nonzero

element of the second term on the right,

1√
nT

∣∣∣tr(MF 0(ε̃G)>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃
)∣∣∣

.
1√
nT

1

nT
‖ε̃‖2‖G‖2‖ε̃F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖Λ̃>0 ε̃‖2

= Op
(
n−

1
4

)
,

using Lemmas C.1(ii), C.1(vi), E.2(i), and E.1(ii), as well as Assumption AE*. Hence,

b
(2)
+ = Op

(
n−

1
4

)
.

Proof of Lemma E.4(iii). Using Lemma E.1,
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b
(3)
+ = − 1√

nT


tr(MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 Z̃1)

...

tr(MF 0 ε̃
>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 Z̃K+1)



= − 1√
nT


tr(MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 H̃1)

...

tr(MF 0 ε̃
>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 H̃K+1)



− 1√
nT


tr(MF 0 ε̃

>M Λ̃0
ε̃P F 0G)

0

...

0



− 1√
nT


tr(MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 ε̃G)

0

...

0

 . (E.8)

For the first term on the right in (E.8), similar to the proof of Lemma B.3(iii),

− 1√
nT


tr(MF 0 ε̃

>M Λ̃0
ε̃F 0(F>0 F 0)−1(Λ̃

>
0 Λ̃0)−1Λ̃

>
0 H̃1)

...

tr(MF 0 ε̃
>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 H̃K+1)

 = −ψ(2) + Op

(
1√
n

)
,

using Lemmas B.1(ii), C.1(ii), C.1(iii), E.2(v), and E.3(viii), as well as Assumption AE*. For the second

term in (E.8), using Lemma E.3(i),

− 1√
nT

tr(MF 0 ε̃
>M Λ̃0

ε̃P F 0G) = − 1√
nT

tr(Σ̃E(P F 0GMF 0 ⊗M Λ̃0
)) +Op

(
1√
n

)
= − 1√

nT
tr(Σ̃E(P F 0GMF 0 ⊗ ITK)) +Op

(
1√
n

)
=: − ξ(1) +Op

(
1√
n

)
,

which follows because

1√
nT
|tr(Σ̃E(P F 0GMF 0 ⊗ P Λ̃0

))| . 1√
nT
‖Σ̃E‖2‖G‖2 = Op

(
1√
nT

)
.

using Lemma E.1(ii) and Assumption ED*. Finally, for the third term in (E.8),

1√
nT

∣∣∣tr(MF 0 ε̃
>M Λ̃0

ε̃F 0(F>0 F 0)−1(Λ̃
>
0 Λ̃0)−1Λ̃

>
0 ε̃G)

∣∣∣
2

.
1√
nT

1

nT
‖ε̃‖2‖ε̃F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖Λ̃>0 ε̃‖2‖G‖2

= Op
(
n−

1
4

)
,
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using Lemmas C.1(ii), C.1(vi), E.2(i), and E.1(ii) and Assumption AE*. Thus,

b
(3)
+ = −ψ(2) − ξ(1) +Op

(
n−

1
4

)
.

Proof of Lemma E.5(i). Using Lemma E.1,

c̄+ =
1√
nT

Z̃>(MF 0 ⊗M Λ̃0
)vec(ε̃)

=
1√
nT

H̃>(MF 0 ⊗M Λ̃0
)vec(ε̃) +

1√
nT


tr(ε̃GMF 0 ε̃

>M Λ̃0
)

0

...

0

 .

Consider the second term in the above.

1√
nT

tr(ε̃GMF 0 ε̃
>M Λ̃0

) =
1√
nT

tr(ε̃Gε̃>)− 1√
nT

tr(ε̃GP F 0 ε̃
>)

− 1√
nT

tr(ε̃Gε̃>P Λ̃0
) +

1√
nT

tr(ε̃GP F 0 ε̃
>P Λ̃0

)

=
1√
nT

tr(ε̃Gε̃>)− 1√
nT

tr(Σ̃E(GP F 0 ⊗ ITK)) +Op
(

1√
n

)
,

using Lemmas E.3(ii), E.3(iii), and E.3(iv). Let

c+ :=
1√
nT

H̃>(MF 0 ⊗M Λ̃0
)vec(ε̃) +

1√
nT

tr(ε̃Gε̃>)πK+1

ξ(2) :=
1√
nT

tr(Σ̃E(GP F 0 ⊗ ITK))πK+1.

Then

c̄+ = c+ − ξ(2) + Op

(
1√
n

)
.

Proof of Lemma E.5(ii). Using Lemma E.1,

D̄+ =: Υ(1) + P 1 + P>1 + P 2,

where

P 1 :=
1

nT


tr(H̃1MF 0(ε̃G)>M Λ̃0

) · · · tr(H̃K+1MF 0(ε̃G)>M Λ̃0
)

0 · · · 0

...
. . .

...

0 · · · 0

 ,
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and

P 2 :=
1

nT


tr(ε̃GMF 0(ε̃G)>M Λ̃0

) · · · 0

...
. . .

...

0 · · · 0

 .

Each of these matrices is now examined. First, by Lemma E.3(v), P 1 = Op((nT )−
1
2 ). For P 2, by

Lemma E.3(vi),

P 2 =
1

nT
tr(Σ̃E(GG

> ⊗ ITK))πK+1π
>
K+1 + Op

(
1

n

)
= Υ(2) + Op

(
1

n

)
.

Hence,

D̄+ = Υ(1) + Υ(2) + Op

(
1√
nT

)
= D+ + Op

(
1√
nT

)
.

Proof of Lemma E.6. Let v denote a nonstochastic (K + 1)× 1 vector such that ‖v‖2 = 1. Then

v>c+ =
1√
nT
v>
(
H̃>(MF 0 ⊗M Λ̃0

)vec(ε̃) + tr(ε̃Gε̃>)πK+1

)
=

1√
nT

n∑
i1=1

T∑
t1=1

(
v>h∗i1t1 + v>

(
πK+1

n∑
i2=1

t1−1∑
t2=1

Gt2t1(PX)i2i1εi2t2

))
εi1t1

=:
1√
nT

n∑
i=1

T∑
t=1

(ait + bit)εit.

Now, let j := n(t− 1) + i for 1 ≤ i ≤ n and 1 ≤ t ≤ T with j = 1, . . . , nT =: m. Define the mapping

t(j) := 1 + b j − 1

n
c, i(j) := j − n(t(j)− 1),

and the shorthand z(j) := zi(j)t(j) for a double-indexed quantity zit. Consider the filtration Fj :=

σ(ε11, ε21, . . . , εn1, . . . , ε1,t(j)−1, . . . , εn,t(j)−1, ε1t(j), . . . , εi(j)t(j)) ∨ EnT for j ≥ 1 and F0 := EnT . Set

ω(j) := (a(j) + b(j))ε(j). Then

v>c+ =
1√
m

m∑
j=1

ω(j),

with E[ω(j)|Fj−1] = 0, from which it follows that {(ω(j),Fj) : 1 ≤ j ≤ m} forms a martingale difference

array. Next, for δ > 0 small, E[|ω(j)|2+δ] . (E[a4
(j)])

2+δ
4 + (E[b4(j)])

2+δ
4 using Assumption ED*. Hence,

E[|ω(j)|2+δ] ≤ cω follows if it can be shown that E[a4
it] ≤ ca and E[b4it] ≤ cb. For the first of these,

E[a4
it] ≤ E

(K+1∑
k=1

vkh
∗
kit

)4
 . ‖v‖41 ≤ c, (E.9)
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using Assumption AD*(i) and ‖v‖2 = 1. Next, let Sit be an n× T matrix of all zeros, except element

it, which equals to 1, and define sit := vec(Sit). Then

E[b4i1t1 ] = E

(v>πK+1

(
n∑

i2=1

t1−1∑
t2=1

Gt2t1(PX)i2i1εi2t2

))4


= E
[
(v1vec(ε)>(G⊗ PX)si1t1)4

]
= v4

1E
[
vec(ε)>(G⊗ PX)si1t1s

>
i1t1(G> ⊗ PX)vec(ε)

× vec(ε)>(G⊗ PX)si1t1s
>
i1t1(G> ⊗ PX)vec(ε)

]
=: v4

1E
[
vec(ε)>Csi1t1s

>
i1t1C

>vec(ε)vec(ε)>Csi1t1s
>
i1t1C

>vec(ε)
]

= v4
1E

[
n∑

i2=1

T∑
t2=1

(ξ4
E,i2t2 − 3σ4

E,i2t2)(s>i2t2Csi1t1s
>
i1t1C

>si2t2)2

+ 2tr(ΣECsi1t1s
>
i1t1C

>ΣECsi1t1s
>
i1t1C

>) + tr(ΣECsi1t1s
>
i1t1C

>)2

]
≤ c,

with C := (G⊗ PX), and which follows because

n∑
i2=1

T∑
t2=1

(ξ4
E,i2t2 − 3σ4

E,i2t2)(s>i2t2Csi1t1s
>
i1t1C

>si2t2)2 . ‖G‖42

|tr(ΣECsits>itC>ΣECsits
>
itC
>)| . ‖G‖42

tr(ΣECsits
>
itC
>)2 . ‖G‖42,

since ‖sit‖2 = 1, and using Lemma E.1(ii) and Assumption ED*. Thus, E[b4it] ≤ cb and so E[|ω(j)|2+δ] ≤

cω for δ > 0 small. Next,

1

nT

n∑
i=1

T∑
t=1

(ait + bit)
2ε2
it − v>V +v

=
1

nT

n∑
i=1

T∑
t=1

a2
it(ε

2
it − σ2

E,it) +
1

nT

(
n∑
i=1

T∑
t=1

b2itε
2
it − v2

1tr(Σ̃E(G⊗ ITK)Σ̃E(G
> ⊗ ITK))

)

+
2

nT

n∑
i=1

T∑
t=1

aitbitε
2
it. (E.10)

Consider each of these terms. For the first term in (E.10),

E

( 1

nT

n∑
i=1

T∑
t=1

a2
it(ε

2
it − σ2

E,it)

)2


= E

[
1

n2T 2

n∑
i1=1

T∑
t1=1

n∑
i2=1

T∑
t2=1

a2
i1t1a

2
i2t2(ε2

i1t1 − σ
2
E,i1t1)(ε2

i2t2 − σ
2
E,i2t2)

]

=
1

n2T 2
E

[
n∑
i=1

T∑
t=1

(ξ4
E,it − σ4

E,it)a
4
it

]
= O(1),

115



using (E.9) and Assumptions ED* and AD*(i). Next, for the second term in (E.10),

1

nT

(
n∑
i=1

T∑
t=1

b2itε
2
it − v2

1tr(Σ̃E(G⊗ ITK)Σ̃E(G
> ⊗ ITK))

)

=
v2

1

nT

(
n∑
i=1

T∑
t=1

vec(ε)>(G⊗ PX)sits
>
it(G

> ⊗ PX)vec(ε)ε2
it

− tr(Σ̃E(G⊗ ITK)Σ̃E(G
> ⊗ ITK))

)

=
v2

1

nT

(
n∑
i=1

T∑
t=1

vec(ε)>Csits
>
itC
>vec(ε)ε2

it − tr(ΣECΣEC
>)

)

=
v2

1

nT

(
n∑
i=1

T∑
t=1

(e−it + εitsit)
>Csits

>
itC
>(e−it + εitsit)ε

2
it − tr(ΣECΣEC

>)

)
,

where e−it := vec(ε)− εitsit. Now, notice,

n∑
i=1

T∑
t=1

(e−it + εitsit)
>Csits

>
itC
>(e−it + εitsit)ε

2
it

=

n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it + 2

n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>sitε

3
it

+

n∑
i=1

T∑
t=1

s>itCsits
>
itC
>sitε

4
it

=

n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it,

which follows since the second and third term in the second display above are exactly zero as s>itC
>sit

corresponds to a diagonal element of C. Continuing,

E

( n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it − tr(ΣECΣEC

>)

)2


= E

( n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it

)2

− tr(ΣECΣEC
>)2

 . (E.11)

Next,

E

( n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it

)2

|EnT


=: E

[(
m∑
j=1

e>(−j)Cs(j)s
>
(j)C

>e(−j)ε
2
(j)

)2

|EnT

]

= E

[
m∑
j=1

e>(−j)Cs(j)s
>
(j)C

>e(−j)e
>
(−j)Cs(j)s

>
(j)C

>e(−j)ε
4
(j)|EnT

]

+ E

 m∑
j1=1

m∑
j2 6=j1

e>(−j1)Cs(j1)s
>
(j1)C

>e(−j1)ε
2
(j1)e

>
(−j2)Cs(j2)s

>
(j2)C

>e(−j2)ε
2
(j2)|EnT


=: p1 + p2.
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Consider each of these terms.

p1 =

m∑
j1=1

m∑
j2=1

ξ4
E,(j1)(ξ

4
E,(j2) − 3σ4

E,(j2))C
4
j2j1 + 3

m∑
j1=1

m∑
j2=1

m∑
j3=1

ξ4
E,(j1)σ

2
E,(j2)σ

2
E,(j3)C

2
j2j1C

2
j3j1

=: p1.1 + p1.2.

Notice

|p1.1| . ‖C‖2max‖C‖2F . T 2‖G‖42 = O(T 2)

|p1.2| . ‖C‖2∞,2‖C‖2F . T 2‖G‖42 = O(T 2),

which follows because

‖C‖max ≤ ‖G‖max‖PX‖max ≤ ‖G‖2 ≤ c,

and

‖C‖2∞,2 ≤ max
v:‖v‖2=1

‖Cv‖22 = ‖C‖22 ≤ ‖G‖22 ≤ c,

using ‖PX‖max ≤ ‖PX‖2 = 1 and ‖G‖max ≤ ‖G‖2 ≤ c by Lemma E.1(ii). Thus, p1 = O(T 2). Next,

p2 = E

[
m∑
j1=1

m∑
j2 6=j1

(e(−j1−j2) + ε(j2)s(j2))
>Cs(j1)s

>
(j1)C

>(e(−j1−j2) + ε(j2)s(j2))ε
2
(j1)

× (e(−j1−j2) + ε(j1)s(j1))
>Cs(j2)s

>
(j2)C

>(e(−j1−j2) + ε(j1)s(j1))ε
2
(j2)|EnT

]

=: p2.1 + . . .+ p2.9. (E.12)

For the first term in (E.12),

p2.1 =

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

σ2
E,j1σ

2
E,j2(ξ4

E,j3 − 3σ4
E,j3)C2

j3j1C
2
j3j2

+ 2

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

m∑
j4 6=j1,j2

σ2
E,j1σ

2
E,j2σ

2
E,j3σ

2
E,j4Cj3j1Cj3j2Cj4j1Cj4j2

+

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

m∑
j4 6=j1,j2

σ2
E,j1σ

2
E,j2σ

2
E,j3σ

2
E,j4C

2
j3j1C

2
j4j2

=: p2.1.1 + p2.1.2 + p2.1.3.

Now, first, |p2.1.1| . ‖C‖2,∞‖C‖2F ≤ T 2‖G‖42 = O(T 2). Second,

p2.1.2 = 2

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

m∑
j4 6=j1,j2

σ2
E,j1σ

2
E,j2σ

2
E,j3σ

2
E,j4Cj3j1Cj3j2Cj4j1Cj4j2

= 2tr(ΣECΣEC
>ΣECΣEC

>)− 2

m∑
j1=1

m∑
j2=1

m∑
j3=1

σ4
E,j1σ

2
E,j2σ

2
E,j3C

2
j2j1C

2
j3j1

=: p2.1.2.1 + p2.1.2.2,
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which follows using Cjj = 0. Notice that

|p2.1.2.1| . rank(C)‖ΣE‖42‖C‖42 . T 2‖G‖42 = O(T 2),

|p2.1.2.2| . ‖C‖2,∞‖C‖2F ≤ T 2‖G‖42 = O(T 2),

and thereby p2.1.2 = O(T 2). Third,

p2.1.3 =

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

m∑
j4 6=j1,j2

σ2
E,j1σ

2
E,j2σ

2
E,j3σ

2
E,j4C

2
j3j1C

2
j4j2

= tr(ΣECΣEC
>)2 −

m∑
j1=1

m∑
j2=1

m∑
j3=1

σ4
E,j1σ

2
E,j2σ

2
E,j3C

2
j2j1C

2
j3j1

−
m∑
j1=1

m∑
j2 6=j1

m∑
j3=1

σ2
E,j1σ

4
E,j2σ

2
E,j3C

2
j2j1C

2
j3j2 −

m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

σ4
E,j1σ

2
E,j2σ

2
E,j3C

2
j3j1C

2
j1j2

=: tr(ΣECΣEC
>)2 + p2.1.3.1 + p2.1.3.2 + p2.1.3.3.

Notice

|p2.1.3.1| . ‖C‖2,∞‖C‖2F ≤ T 2‖G‖42 = O(T 2).

Similarly for p2.1.3.2 and p2.1.3.3, whereby p2.1.3 = tr(ΣECΣEC
>)2 + O(T 2) and, in turn, p2.1 =

tr(ΣECΣEC
>)2 +O(T 2). Returning to (E.12), in similar fashion one can analyse terms p2.1 + . . .+p2.9

and establish these to be O(T 2). It therefore follows that

E

( n∑
i=1

T∑
t=1

e>−itCsits
>
itC
>e−itε

2
it − tr(ΣECΣEC

>)

)2
 = O(T 2),

whereby the second term in (E.10) is Op(1). For the third term in (E.10),

2

nT

n∑
i=1

T∑
t=1

aitbitε
2
it =

2v1

nT

n∑
i=1

T∑
t=1

aitvec(ε)>(G⊗ PX)sitε
2
it

=
2v1

m

m∑
j=1

a(j)(e(−j) + s(j)ε(j))
>Cs(j)ε

2
(j)

=
2v1

m

m∑
j=1

a(j)e
>
(−j)Cs(j)ε

2
(j),
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because C has a zero diagonal. Now,

E

[(
2v1

m

m∑
j=1

a(j)e
>
(−j)Cs(j)ε

2
(j)

)2]

=
4v2

1

m2
E

[
m∑
j1=1

m∑
j2=1

a(j1)a(j2)e
>
(−j1)Cs(j1)e

>
(−j2)Cs(j2)ε

2
(j1)ε

2
(j2)

]

=
4v2

1

m2
E

[
m∑
j=1

a2
(j)e

>
(−j)Cs(j)s

>
(j)C

>e(−j)ε
4
(j)

]

+
4v2

1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)e
>
(−j1)Cs(j1)e

>
(−j2)Cs(j2)ε

2
(j1)ε

2
(j2)


=: q1 + q2.

Consider each of these terms in turn.

q1 =
4v2

1

m2
E

 m∑
j1=1

m∑
j2 6=j1

ξ4
E,(j1)σ

2
E,(j2)a

2
(j1)C

2
j2j1


.

1

m2
E
[(

max
1≤j1≤m

a2
(j1)

)
‖C‖2F

]
.
T 2

m2
E
[

max
1≤j1≤m

a2
(j1)

]
.
T 2

m2

(
E
[

max
1≤j1≤m

a4
(j1)

]) 1
2

.
T 2

m2

(
E

[
m∑
j1=1

a4
(j1)

]) 1
2

= O(1),

using Assumptions ED* and AD*(i). Next,

q2 =
4v2

1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)(e(−j1−j2) + s(j2)ε(j2))
>Cs(j1)s

>
(j2)C

>(e(−j1−j2) + s(j1)ε(j1))ε
2
(j1)ε

2
(j2)


=

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)e
>
(−j1−j2)Cs(j1)s

>
(j2)C

>e(−j1−j2)ε
2
(j1)ε

2
(j2)


+

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)Cj1j2e
>
(−j1−j2)Cs(j1)ε

3
(j1)ε

2
(j2)


+

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)Cj2j1s
>
(j2)C

>e(−j1−j2)ε
2
(j1)ε

3
(j2)


+

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)Cj2j1Cj1j2ε
3
(j1)ε

3
(j2)


=

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)e
>
(−j1−j2)Cs(j1)s

>
(j2)C

>e(−j1−j2)ε
2
(j1)ε

2
(j2)

 ,
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since E[e(−j1−j2)ε
2
(j1)ε

3
(j2)|EnT ] = 0 and Cj2j1Cj1j2 = 0, and where e(−j1−j2) := vec(ε) − ε(j1)s(j1) −

ε(j2)s(j2). Thus,

q2 =
4v2

1

m2
E

 m∑
j1=1

m∑
j2 6=j1

a(j1)a(j2)e
>
(−j1−j2)Cs(j1)s

>
(j2)C

>e(−j1−j2)ε
2
(j1)ε

2
(j2)


=

4v2
1

m2
E

 m∑
j1=1

m∑
j2 6=j1

m∑
j3 6=j1,j2

σ2
E,(j1)σ

2
E,(j2)σ

2
E,(j3)a(j1)a(j2)Cj3j1Cj3j2


=

4v2
1

m2
E

[
m∑
j1=1

m∑
j2=1

m∑
j3=1

σ2
E,(j1)σ

2
E,(j2)σ

2
E,(j3)a(j1)a(j2)Cj3j1Cj3j2

]

− 4v2
1

m2
E

[
m∑
j1=1

m∑
j2=1

σ4
E,(j1)σ

2
E,(j2)a

2
(j1)C

2
j2j1

]

=: q2.1 + q2.2.

For the first term,

q2.1 =
4v2

1

m2
E[a>ΣEC

>ΣECΣEa]

≤ 4v2
1

m2
E
[
‖a‖22‖ΣEC>ΣECΣE‖2

]
.

4v2
1

m2
E
[
‖a‖22

]
= O(1).

using Assumptions ED* and AD*(i). Next,

|q2.2| =
4v2

1

m2
E

[
m∑
j1=1

m∑
j2=1

σ4
E,(j1)σ

2
E,(j2)a

2
(j1)C

2
j2j1

]
= O(1),

similar to q1. Thus, q2 = O(1), whereby the third term in (E.10) is Op(1), and overall

1

nT

n∑
i=1

T∑
t=1

(ait + bit)
2ε2
it − v>V +v = Op(1),

Hence, with v>V +v > 0 w.p.a.1 by Assumption AD*(ii), the result follows by the Cramér-Wold device

and Corollary 5.26 in White (1984).

Appendix F. Higher Order Terms

This appendix studies the order four and order five terms detailed in the proof of Proposition 2.

F.1. Order Four

Define

E
(4) :=

1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

ek1ek2ek3ek4Q
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4). (F.1)
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The summation in (F.1) can be decomposed into 16 terms by separating the index 0 and the remaining

indices which are greater than 0. This gives

E
(4) =

1

nT
e0e0e0e0Q

(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0)

+
1

nT

K∑
k1=1

ek1e0e0e0Q
(4)(Λ̃0,F 0, X̃k1 , X̃0, X̃0, X̃0)

+
1

nT

K∑
k1=1

e0ek1e0e0Q
(4)(Λ̃0,F 0, X̃0, X̃k1 , X̃0, X̃0)

+
1

nT

K∑
k1=1

e0e0ek1e0Q
(4)(Λ̃0,F 0, X̃0, X̃0, X̃k1 , X̃0)

+
1

nT

K∑
k1=1

e0e0e0ek1Q
(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃k1)

+ 10 similar terms

+
1

nT

K∑
k1=1

K∑
k2=1

K∑
k3=1

K∑
k4=1

ek1ek2ek3ek4Q
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4)

=: E
(4)
1 + . . .+ E

(4)
16 . (F.2)

For terms E
(4)
6 , . . . ,E

(4)
16 , the bound obtained in equation S.58 in Moon and Weidner (2015) can be applied

to demonstrate that

E
(4)
6 + . . .+ E

(4)
16 = Op

(
‖β − β0‖

4
2

)
+Op

(
‖β − β0‖

3
2
‖ε̃‖2√
nT

)
+Op

(
‖β − β0‖

2
2

(
‖ε̃‖2√
nT

)2
)
.

What remains are terms E
(4)
2 ,E

(4)
3 ,E

(4)
4 and E

(4)
5 . To evaluate these it is necessary to obtain an explicit

expression for

Q̃
(4)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4) =

4∑
p=1

(−1)p+1
∑

v1+...+vp=4
m1+...+mp+1=p−1

1≤vj≤2
mj≥0

tr(S(m1)T (v1)
k1...

S(m2) . . .T (vp)

...k4
S(mp+1)).

For p = 1 there are zero terms, for p = 2 there are 3 terms, for p = 3 there are 30 terms, and for p = 4

there are 35 terms. However, using S(0)S(1) = S(1)S(0) = S(0)S(2) = S(2)S(0) = S(0)T (1)
k1
S(0) = 0 and

the invariance of the matrix trace to cyclical permutations the number of terms can be reduced to 1, 6

and 4 for p equal to 2, 3 and 4, respectively. Going further, several of these terms are equivalent up to
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a reordering of the indices k1, k2, k3, k4. Therefore the remaining terms are (up to a constant)

tr(T (2)
k1,k2

S(1)T (2)
k3,k4

S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(2)T (1)

k4
S(0))

tr(T (2)
k1,k2

S(1)T (1)
k3
S(1)T (1)

k4
S(0))

tr(T (1)
k1
S(1)T (2)

k2,k3
S(1)T (1)

k4
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (2)

k3,k4
S(0))

tr(T (1)
k1
S(2)T (1)

k2
S(0)T (1)

k3
S(1)T (1)

k4
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (1)

k3
S(1)T (1)

k4
S(0)),

which are denoted p1(k1, k2, k3, k4), . . . , p7(k1, k2, k3, k4). Consider the first term.

|p1(k1, k2, k3, k4)| . 1

nT 2
‖X̃>k1

X̃k2F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖F>0 X̃
>
k3
X̃k4‖2.

This gives,

|p1(k1, 0, 0, 0)| ≤ 1

nT 2

∥∥∥X̃k1

∥∥∥
2
‖ε̃F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

∥∥∥F>0 ε̃>∥∥∥
2
‖ε̃‖2 = Op

(
T
‖ε̃‖2√
nT

)
,

|p1(0, k2, 0, 0)| ≤ 1

nT 2
‖ε̃>X̃k2‖2‖F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖F>0 ε̃>‖2‖ε̃‖2 = Op
(
T
‖ε̃‖2√
nT

)
,

|p1(0, 0, k3, 0)| ≤ 1

nT 2
‖ε̃‖2‖ε̃F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖F 0‖2‖X̃
>
k3
ε̃‖2 = Op

(
T
‖ε̃‖2√
nT

)
,

|p1(0, 0, 0, k4)| ≤ 1

nT 2
‖ε̃‖2‖ε̃F 0‖2

∥∥∥∥∥
(

1

T
F>0 F 0

)−1
∥∥∥∥∥

2

2

∥∥∥∥∥
(

1

n
Λ̃
>
0 Λ̃0

)−1
∥∥∥∥∥

2

‖F>0 ε̃>‖2‖X̃k4‖2 = Op
(
T
‖ε̃‖2√
nT

)
,

using Lemmas B.1(i), B.1(ii), C.1(vi), C.1(vii), and C.1(viii), as well as Assumption AE. Applying

Lemma B.2(i) then yields the result |p1(k1, k2, k3, k4)| = Op(
√
nT ). Repeatedly using Lemmas B.2(i)

and C.1, as well as Assumption AE, the remaining terms p2(k1, k2, k3, k4), . . . , p7(k1, k2, k3, k4) can be

shown to share the same order. With this result, it follows that

E
(4)
2 ,E

(4)
3 ,E

(4)
4 ,E

(4)
5 = Op

(
‖β − β0‖2√

nT

)
,

and thereby

E
(4) =

1

nT
e0e0e0e0Q

(4)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0) +Op
(
‖β − β0‖

4
2

)
+Op

(
‖β − β0‖

3
2
‖ε̃‖2√
nT

)
+ Op

(
‖β − β0‖

2
2
‖ε̃‖22
nT

)
+ Op

(
‖β − β0‖2√

nT

)
.

122



F.2. Order Five

As in the previous part write

E
(5) :=

1

nT

K∑
k1=0

K∑
k2=0

K∑
k3=0

K∑
k4=0

K∑
k5=0

ek1ek2ek3ek4ek5Q
(5)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4 , X̃k5).

This summation can be decomposed into 32 terms by, again, separating out the index 0 and the remaining

indices which are greater than 0. This gives

E
(5) =

1

nT
e0e0e0e0e0Q

(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃0)

+
1

nT

K∑
k1=1

ek1e0e0e0e0Q
(5)(Λ̃0,F 0, X̃k1 , X̃0, X̃0, X̃0, X̃0)

+
1

nT

K∑
k1=1

e0ek1e0e0e0Q
(5)(Λ̃0,F 0, X̃0, X̃k1 , X̃0, X̃0, X̃0)

+
1

nT

K∑
k1=1

e0e0ek1e0e0Q
(5)(Λ̃0,F 0, X̃0, X̃0, X̃k1 , X̃0, X̃0)

+
1

nT

K∑
k1=1

e0e0e0ek1e0Q
(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃k1 , X̃0)

+
1

nT

K∑
k1=1

e0e0e0e0ek1Q
(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃k1)

+ 26 similar terms

=: E
(5)
1 + E

(5)
2 + . . .+ E

(5)
32 . (F.3)

For terms E
(5)
7 , . . . ,E

(5)
32 , the bound obtained in equation S.58 in Moon and Weidner (2015) can be applied

to demonstrate that

E
(5)
7 + . . .+ E

(5)
32 = Op

(
‖β − β0‖

5
2

)
+Op

(
‖β − β0‖

4
2
‖ε̃‖2√
nT

)
+ Op

(
‖β − β0‖

3
2

(
‖ε̃‖2√
nT

)2
)

+Op

(
‖β − β0‖

2
2

(
‖ε̃‖2√
nT

)3
)
.

What remains are terms E
(5)
2 ,E

(5)
3 ,E

(5)
4 , E

(5)
5 and E

(5)
6 . As previously it is necessary to make explicit

Q̃
(5)(Λ̃0,F 0, X̃k1 , X̃k2 , X̃k3 , X̃k4 , X̃k5) =

5∑
p=1

(−1)p+1
∑

v1+...+vp=5
m1+...+mp+1=p−1

1≤vj≤2
mj≥0

tr(S(m1)T (v1)
k1...

S(m2) . . .T (vp)

...k5
S(mp+1)).

For p = 1 and p = 2 there are zero terms, for p = 3 there are 30 terms, for p = 4 there are 140 terms,

and for p = 5 there are 126 terms. As before number of terms can be reduced to 9, 22 and 10 for p

equal to 3, 4 and 5, respectively. Moreover, since many of these terms are equivalent up to a reordering
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of their indices those that remain are (up to a constant)

tr(T (2)
k1,k2

S(0)T (2)
k3,k4

S(2)T (1)
k5
S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(2)T (2)

k4,k5
S(0))

tr(T (2)
k1,k2

S(1)T (2)
k3,k4

S(1)T (1)
k5
S(0))

tr(T (2)
k1,k2

S(1)T (1)
k3
S(1)T (2)

k4,k5
S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(1)T (2)

k4,k5
S(1))

tr(T (2)
k1,k2

S(2)T (1)
k3
S(0)T (1)

k4
S(1)T (1)

k5
S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(2)T (1)

k4
S(1)T (1)

k5
S(0))

tr(T (2)
k1,k2

S(1)T (1)
k3
S(0)T (1)

k4
S(2)T (1)

k5
S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(1)T (1)

k4
S(2)T (1)

k5
S(0))

tr(T (2)
k1,k2

S(0)T (1)
k3
S(1)T (1)

k4
S(0)T (1)

k5
S(2))

tr(T (2)
k1,k2

S(1)T (1)
k3
S(1)T (1)

k4
S(1)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (2)

k2,k3
S(0)T (1)

k4
S(2)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (2)

k2,k3
S(1)T (1)

k4
S(1)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (2)

k3,k4
S(1)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (1)

k3
S(1)T (2)

k4,k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(0)T (1)

k3
S(1)T (1)

k4
S(2)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (1)

k3
S(0)T (1)

k4
S(2)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(0)T (1)

k3
S(2)T (1)

k4
S(1)T (1)

k5
S(0))

tr(T (1)
k1
S(1)T (1)

k2
S(1)T (1)

k3
S(1)T (1)

k4
S(1)T (1)

k5
S(0)).

Applying Lemmas B.2(i) and C.1, as well as Assumption AE, it can be established that

E
(5)
2 ,E

(5)
3 ,E

(5)
4 ,E

(5)
5 ,E

(5)
6 = Op

(
‖β − β0‖2√

nT

)
,

and thereby

E
(5) =

1

nT
e0e0e0e0e0Q

(5)(Λ̃0,F 0, X̃0, X̃0, X̃0, X̃0, X̃0) +Op
(
‖β − β0‖

5
2

)
+Op

(
‖β − β0‖

4
2
‖ε̃‖2√
nT

)
+ Op

(
‖β − β0‖

3
2

(
‖ε̃‖2√
nT

)2
)

+Op

(
‖β − β0‖

2
2

(
‖ε̃‖2√
nT

)3
)

+ Op

(
‖β − β0‖2√

nT

)
.
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Appendix G. Additional Monte Carlo Material

Assume, for simplicity, that εit ∼ N (0, σ2
ε) and X1, . . . ,XK are fixed. Then the largest singular value

of ε̃ = Q>Xε is the same as that of a min{n, TK} × T matrix with independent N (0, σ2
ε) entries.44

Therefore,

‖ε̃‖2√
T

p−→

(
1 +

√
min

{
1

γ
,K

})
σε,

as n, T →∞ with T/n→ γ ∈ [0,∞), with the convention that 1/γ =∞ when γ = 0 (see, e.g., Theorem

5.11 in Bai et al. (2010)). Hence,

%n =

(
1 +

√
min{n, TK}

T

)
σε√
n

supplies a penalty of the order required by Proposition 10. Based on this heuristic, the following choice

of %n is considered as a means to tailor the choice of penalty parameter to the data. First, the model is

estimated with Re = 5 > 2 = R0 to obtain an initial estimate β̆. Using this, Λ̆ and F̆ are constructed as

Λ̆ :=
√
n (u1, . . . ,uRe) and F̆ := (s1v1, . . . , sRevRe)/

√
n, respectively, where Y −X · β̆ =:

∑T
t=1 stutv

>
t

is a singular value decomposition with singular values sT ≤ . . . ≤ s1. Finally, with

σ̆2
ε =

1

nT

∥∥∥Y −X · β̆ − Λ̆F̆
>
∥∥∥2

F
,

the penalty parameter is set as

%̆n =

(
1 +

√
min{n, TK}

T

)
σ̆ε√
n
.

Tables G.1 and G.2 below display counterparts to Tables 3 and 6 with %n = %̆n.

Table G.1: Percentage of Estimated R equal to R0, %n = %̆n

n \T 9 12 15

100 77.44 84.08 88.55

250 90.23 95.09 97.70

500 96.12 98.72 99.44

44Recall X = USV >, where the matrices of singular vectors U and V are n × rank(X) and TK ×
rank(X), respectively, and the diagonal matrix of singular values S is rank(X)×rank(X). Since V >V =
Irank(X), ‖ε̃‖2 = ‖V U>ε‖2 = ‖U>ε‖2, and U>ε is a min{n, TK}×T matrix with independent N (0, σ2

ε)
entries.
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Table G.2: Percentage of Estimated R equal to R0, %n = %̆n

n \T 10 25 50

100 87.03 98.88 99.94

250 95.38 99.99 100.00

500 98.20 100.00 100.00

Comparing Tables G.1 and G.2 to Tables 3 and 6, the data-driven choice of %n results in a small

improvement in test performance.
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