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Abstract

This paper develops a general method of inference for fixed effects models which

is (i) automatic, (ii) computationally inexpensive, and (iii) highly model agnostic.

Specifically, we show how to combine a collection of subsample estimators into a

self-normalised jackknife t-statistic, from which hypothesis tests, confidence inter-

vals, and p-values are readily obtained.

Keywords: Fixed effects, Jackknife bias correction, Jackknife t-statistic.

JEL classification: C12, C18, C23.

†Address: University of Exeter Business School, Rennes Drive, Exeter, Devon, EX4 4PU, United
Kingdom. Email: a.higgins@exeter.ac.uk.
‡First Version: February 25, 2026.

1

ar
X

iv
:2

60
2.

21
90

3v
1 

 [
ec

on
.E

M
] 

 2
5 

Fe
b 

20
26

https://arxiv.org/abs/2602.21903v1


1 Introduction

Panel models with fixed effects are ubiquitous in empirical research. Such models al-

low researchers to account for unobserved heterogeneity by introducing unit specific

parameters. For example, individual fixed effects may absorb time-invariant differences

across individuals such as ability, risk preferences, or persistent productivity, while time

fixed effects may capture aggregate shocks and common trends, such as business cy-

cle fluctuations and policy changes that affect all units. Over time, the fixed effects

models researchers wish to estimate have become increasingly complex, including more

elaborate fixed effects specifications, such as time-varying group effects and interactive

effects, models which feature lagged outcomes and other predetermined regressors, non-

linear and nonstandard models such as binary outcome models and quantile regression,

and extensions to panels with three or more dimensions. While it is frequently possi-

ble to adapt existing estimation methods to encompass such models, statistical inference

has become increasingly challenging, as such estimators typically exhibit highly complex

statistical properties.

This notwithstanding, it is often reasonable to expect that such estimators, once

suitably centred and scaled, are asymptotically normal with a number of leading order

bias terms. Indeed, the accumulated work of several decades has given us a good sense

of the likely structure of such results, even when explicit formulae are unavailable. For

example, in the context of a generic panel model with one-way fixed effects, we typically

expect a standard estimator φ̂ of a (scalar) common parameter φ to be asymptotically

distributed as

√
NT (φ̂− φ)

d−→ N (µ, σ2), (1.1)

as both dimensions of the panel N,T → ∞ and N/T → γ2 ∈ (0,∞). Similarly, for a

generic panel model with two-way fixed effects, we typically expect a standard estimator

to be asymptotically distributed as

√
NT (φ̂− φ)

d−→ N (µ1 + µ2, σ
2), (1.2)

under the same asymptotic regime, where we distinguish µ1 and µ2 by their origin

in either cross-sectional or time fixed effects. This paper develops a method of infer-
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ence designed for such situations where, rather than working with model and estimator

specific expressions, our method rests upon two high-level assumptions. First, we as-

sume the existence of an estimator of a parameter of interest which, once centred and

scaled, is asymptotically normally distributed with a number of unknown bias terms

and an unknown variance. Second, we assume the existence of a collection of subsample

estimators whose joint distribution (along with the full sample estimator) can be char-

acterised through a bias matrix and a covariance matrix, both of which are implied by

a known subsampling design. Under these conditions we derive a jackknife t-statistic

which provides a general method of inference for fixed effects models which is automatic,

computationally inexpensive, and highly model agnostic.

To illustrate the simplicity of our statistics, at a most basic level, we expect for a

generic panel model with one-way (cross-sectional) fixed effects that

J :=
4φ̂(0) − φ̂(1) − φ̂(2) − 2φ

|φ̂(1) − φ̂(2)|
d−→ t1, (1.3)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where J denotes our jackknife t-statistic, φ̂(0)

denotes an estimator obtained using the full sample, φ̂(1) and φ̂(2) denote subsample

estimators obtained by partitioning the data into the first 1, . . . , T/2 time periods, and

the last T/2+1, . . . , T time periods, respectively, and t1 denotes the t-distribution with

one degree of freedom.1 Corresponding to (1.3), a (1− α) two-sided confidence interval

for φ is obtained as

[
2φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) ± t1,1−α/2

1

2
|φ̂(1) − φ̂(2)|

]
,

where t1,1−α/2 denotes the (1 − α/2) quantile of the t-distribution with one degree of

freedom. In parallel, for a generic panel model with two-way (cross-sectional and time)

fixed effects we expect that

J :=
6φ̂(0) − φ̂(1) − φ̂(2) − φ̂(3) − φ̂(4) − 2φ∣∣φ̂(2) − φ̂(1)

∣∣ d−→ t1, (1.4)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where φ̂(0), φ̂(1), and φ̂(2) are as described

previously, and φ̂(3), φ̂(4) denote subsample estimators obtained by partitioning the

1We presume that T is even. The case of time fixed effects is symmetric and we instead partition
the cross-section.
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data into the first 1, . . . , N/2 cross-sectional units, and the last N/2 + 1, . . . , N cross-

sectional units, respectively.2 Corresponding to (1.4), a (1 − α) two-sided confidence

interval for φ is obtained as

[
3φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

2
φ̂(3) − 1

2
φ̂(4) ± t1,1−α/2

1

2

∣∣∣φ̂(2) − φ̂(1)
∣∣∣] .

1.1 Related literature

The incidental parameter problem (IPP), first articulated by Neyman and Scott (1948),

arises in models where the number of parameters grows with sample size. For panel

models with fixed effects this growth is inherent, since the number of fixed effects in-

creases with N and/or T .3 The central consequence of the IPP is that estimators of

low-dimensional objects of interest, such as slope coefficients and average partial effects,

can exhibit nonnegligible bias. Under large N , fixed T asymptotics, this bias can be so

severe that it results in inconsistency. Under large N , large T asymptotics, standard

estimators are typically consistent, but their limiting distributions are not centred at

zero, referred to as asymptotic bias. As a result, conventional methods of inference built

upon known, zero-centred limiting distributions are no longer valid; in particular stan-

dard Wald, likelihood ratio, and Lagrange multiplier tests, as well as confidence intervals

and p-values, will generally be incorrect unless the bias is explicitly accounted for; see,

e.g., Fernández-Val and Weidner (2018). This has motivated a large literature which

seeks to understand the consequences of the IPP in specific settings and to develop valid

methods of inference.

The most standard route to valid inference is to eliminate asymptotic bias so that

conventional large sample approximations apply and, in particular, to do so by analytic

means. Classically, this is achieved by characterising (i.e., deriving a formula for) the

bias, and using this to construct a “bias-corrected” estimator.4 The main limitation of

such approaches is, however, that the appropriate modifications needed to bias-correct,

construct a debiased estimator, or otherwise eliminate asymptotic bias are model and

estimator specific, meaning that these need to be derived on a case by case basis. For

2We presume that both N and T are even.
3For ease of exposition we focus initially on two-dimensional panels. See Section 3.1 for discussion

of multi-dimensional panels.
4More broadly, related analytic strategies modify the objective function or score; see, e.g., Arellano

and Hahn (2016), Jochmans and Otsu (2019), and Bonhomme et al. (2024).
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sufficiently standard problems it is possible to appeal to quite broad results which have

been obtained for one-way (Hahn and Newey, 2004; Hahn and Kuersteiner, 2011), two-

way (Fernández-Val and Weidner, 2016), and three-way fixed effects models (Czarnowske

and Stammann, 2025). However, the resulting expressions are very cumbersome, and

require a researcher to adapt these to their specific setting, usually by computing layers

of derivatives and/or application of the delta method.5 Moreover, their implementation

is often dependent on tuning parameters to which their performance can be highly

sensitive. Beyond these concerns, as fixed effects models have become more complex,

results have become increasingly challenging to derive, and, for that matter, increasingly

tedious, leading to an absence of results in empirically relevant cases. As a consequence,

recent years have seen the widespread adoption of automatic methods of inference for

fixed effects models.

The jackknife provides one such approach. Hahn and Newey (2004) proposed leave-

one-out jackknife bias corrections for static panel models with one-way fixed effects.

This has been extended to models with two-way fixed effects in Hughes (2026). While

such constructions may exhibit favourable higher-order properties (see, e.g. Hahn et al.

(2024)), such schemes are not appropriate when data exhibit dependence, which is com-

mon in panel data, and, moreover, command a computational cost comparable with the

bootstrap due to their large number of auxiliary estimations. As an alternative, Dhaene

and Jochmans (2015) propose a philosophically distinct approach called the split-panel

jackknife. Their method is particularly attractive because it is both computationally

inexpensive (requiring as little as two auxiliary estimations) and highly model-agnostic;

in particular, it accommodates dependence. The split-panel jackknife has been extended

to two-way fixed effects models in Fernández-Val and Weidner (2016) and has become

the default method of bias correction in many applications. However, jackknife bias

correction, by whichever means, does not deliver a complete method of inference on its

own: a bias-corrected estimator must be paired with a separate (typically analytic) vari-

ance estimator in order to conduct inference. In this sense, existing jackknife approaches

provide only a semi -automatic method of inference.

The bootstrap can provide an alternative fully-automatic method of inference for

fixed effects models. In particular, if it is possible to devise a bootstrap scheme which

5For example, when the parameter of interest is a function of both the fixed effects and common
parameters.
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correctly replicates the asymptotic distribution of an estimator, including any bias, then

inference can be based on the bootstrap distribution without the need to make further

adjustments; see, e.g, Gonçalves and Kaffo (2015) and Higgins and Jochmans (2024).

However, the task of designing such a scheme is nontrivial. For example, Gonçalves

and Kaffo (2015) show that common bootstrap schemes match the asymptotic variance

of the least squares estimator, while failing to replicate its asymptotic bias, in the

context of a dynamic panel model with individual fixed effects. Although in this case

valid bootstrap schemes can be constructed (see further results in Gonçalves and Kaffo

(2015) and Higgins and Jochmans (2025)), more generally it must be verified that any

proposed scheme does indeed yield valid inference for a given application. Moreover, the

bootstrap incurs a computational cost which, although sometimes overstated, cannot be

dismissed in the context of fixed effects models due to the large sample sizes and the

corresponding large number of parameters.

In this paper we return to the jackknife and develop a complete method of inference

underpinned by the “small number of large subsamples” philosophy of the split-panel

jackknife. To achieve our purpose, we first construct a minimum-variance unbiased

jackknife (MVUJ) estimator of a parameter of interest, obtained as an unbiased linear

combination of the full sample and subsample estimators that minimises asymptotic

variance. We then use this to construct a self-normalised jackknife t-statistic, which

provides a straightforward means to conduct inference, even when the statistical prop-

erties of an estimator are highly complex. Beyond our simplest constructions, we develop

jackknife tq-statistics with q > 1 which yield sharper inference, at the expense of ad-

ditional complexity, and show how our framework extends naturally to accommodate

multi-dimensional models and higher-order bias. Overall we provide a general framework

for the systematic development of jackknife bias-corrected estimators and of jackknife

t-statistics.

2 Jackknife Inference

Suppose we observe a panel data set with entries indexed by i = 1, . . . , N and t =

1, . . . , T , and wish to perform inference on a scalar parameter φ in the presence of a large

number of fixed effects, which are present in one or more dimensions of the panel. The

parameter of interest φ might be, for example, an individual slope coefficient, a linear
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combination of the form φ := a⊤β, where β is a vector of primitive model parameters,

or a more complicated function of primitive parameters (including fixed effects), such

as an average partial effect. We make the following assumption.

Assumption AD. There exists an estimator of φ, denoted by φ̂(0), such that

rNT (φ̂
(0) − φ) = zNT +

R∑
r=1

µr,NT + Op(1), (2.1)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where µ1,NT , . . . , µR,NT are nonstochastic, but

possibly N and T dependent, and

zNT
d−→ N (0, σ2).

Assumption AD assumes the existence of an estimator φ̂(0) that is asymptotically

normal, and which may feature one or more bias terms.6 Expansions of the form (2.1)

have been established for a large range of models, estimators, and parameters of interest.

Examples include least squares (LS) and generalized method of moments (GMM) esti-

mators of linear dynamic panel models with individual fixed effects (Nickell, 1981; Hahn

and Kuersteiner, 2002; Alvarez and Arellano, 2003), extremum estimators of nonlinear

models with individual fixed effects such as logit and probit models (Hahn and Newey,

2004; Fernández-Val, 2009; Hahn and Kuersteiner, 2011), nonlinear models with indi-

vidual and time fixed effects (Fernández-Val and Weidner, 2016), and LS and maximum

likelihood (ML) estimators of linear and nonlinear models with interactive fixed effects

(Bai, 2009; Moon and Weidner, 2017; Chen et al., 2021), amongst many others. When

φ is a common parameter, or a smooth function thereof, one typically has rNT =
√
NT .

When φ is a function of both common parameters and fixed effects, it is possible that

the rate may be slower; see Fernández-Val and Weidner (2018) for further discussion.

Remark 1. Many standard estimators are asymptotically linear, meaning that the first

term in the representation (2.1) is a normalised sum of the form

zNT =
1

aNT

∑
(i,t)∈S

νit,

where aNT denotes an appropriate normalising sequence and S denotes a set of indices.

6Note that we do not assume µr,NT to be bounded nor convergent.

7



For example, when the object of interest is a common parameter one typically has

zNT =
1√
NT

∑
(i,t)∈S0

νit,

with S0 := {1, . . . , N}×{1, . . . , T}. Asymptotic normality of zNT typically then follows

through a central limit theorem.

Remark 2. Though many results of the form (2.1) have been established, there are

many more cases of interest where we might expect that such results could, in principle,

be obtained. For example, a distributional result may have been established with only

strictly exogenous regressors, however, one might reasonably suspect that a similar result

also holds when lagged outcomes appear as regressors, with existing theory suggesting

the likely structure (in terms of bias) even if it does not deliver the exact expressions.

We now introduce some examples to illustrate Assumption AD that we shall return

to throughout the remainder of the paper.

Example 1 (One-way Effects). Consider a dynamic regression model where outcomes are

generated according to

yit = λi + φyi,t−1 + εit, i = 1, . . . , N, t = 1, . . . , T,

where εit ∼ iid N (0, 1), εit is independent of λi, and |φ| < 1. Let φ̂(0) be the LS estimator of φ.

As N,T → ∞ and N/T → γ2 ∈ (0,∞),

√
NT

(
φ̂(0) − φ

)
=

(1− φ2)√
NT

∑
(i,t)∈S0

yi,t−1εit −
√

N

T
(1 + φ) + Op(1), (2.2)

where S0 := {1, . . . , N} × {1, . . . , T} and

(1− φ2)√
NT

∑
(i,t)∈S0

yi,t−1εit
d−→ N

(
0, 1− φ2

)
.

Hence, Assumption AD holds with

zNT =
(1− φ2)√

NT

∑
(i,t)∈S0

yi,t−1εit,

rNT =
√
NT , R = 1, µNT = −

√
N
T (1 + φ), and σ2 = 1− φ2.
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Example 2 (Two-way Effects). Consider a panel probit model where outcomes are generated

according to

yit = 1 {λi + γt + φdit ≥ εit} , i = 1, . . . , N, t = 1, . . . , T,

where εit ∼ iid N (0, 1), λi ∼ iid, γt ∼ iid, and dit ∼ iid are mutually independent. Let φ̂(0) be

the ML estimator of φ. Define

ϖit := λi + γt + φdit, Hit :=
ϕ(ϖit)

Φ(ϖit)(1− Φ(ϖit))
, and ωit := ϕ(ϖit)Hit,

where Φ(·) and ϕ(·) denote the CDF and PDF of the standard normal distribution, respectively.

Let d̃it denote the residual from the projection of dit on the space spanned by the individual

and time effects weighted by ωit, and define

σ2 := lim
N,T→∞

E

[
1

NT

N∑
i=1

T∑
t=1

ωitd̃
2
it

]−1

.7

Using Theorem 4.1 in Fernández-Val and Weidner (2016) (see also Theorem C.1 for the under-

lying expansion), as N,T → ∞ with N/T → γ2 ∈ (0,∞),

√
NT

(
φ̂(0) − φ

)
=

σ2

√
NT

∑
(i,t)∈S0

d̃itHit(yit − Φ(ϖit)) +

√
N

T
σ2b1 +

√
T

N
σ2b2 + Op(1), (2.3)

where S0 := {1, . . . , N} × {1, . . . , T},

σ2

√
NT

∑
(i,t)∈S0

d̃itHit(yit − Φ(ϖit))
d−→ N (0, σ2),

b1 := E

[
1

2N

N∑
i=1

∑T
t=1 ωitd̃

2
it∑T

t=1 ωit

]
φ, and b2 := E

[
1

2T

T∑
t=1

∑N
i=1 ωitd̃

2
it∑N

i=1 ωit

]
φ.

Hence, Assumption AD holds with

zNT =
σ2

√
NT

∑
(i,t)∈S0

d̃itHit(yit − Φ(ϖit)),

rNT =
√
NT , R = 2, µ1,NT =

√
N
T σ2b1, µ2,NT =

√
T
N σ2b2, and σ2 as defined above.

7That is, let (a∗, g∗) := argmina,g
1

NT

∑N
i=1

∑T
t=1 E[ωit(dit − ai − gt)

2] (under a suitable normali-

sation for ai + gt). Then d̃it := dit − a∗
i − g∗t ; see Fernández-Val and Weidner (2016).
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We now introduce our second assumption which concerns the existence and joint

asymptotic distribution of subsample estimators.

Assumption JK. Let m ≥ R + 2 be a fixed integer. There exist m − 1 estimators

φ̂(1), . . . , φ̂(m−1) obtained from subsamples of the data such that

rNT (φ̂− φιm) = zNT +AµNT + Op(1), (2.4)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where

zNT
d−→ N

(
0m, σ2C

)
,

φ̂ := (φ̂(0), . . . , φ̂(m−1))⊤, A and C are known matrices of dimension m×R and m×m,

respectively, rank(A) = R, ιm /∈ col(A), null((A, ιm)⊤) ̸⊆ null(C), C ⪰ 0m×m, and

µNT := (µ1,NT , . . . , µR,NT )
⊤.

Assumption JK assumes the existence of subsample estimators φ̂(1), . . . , φ̂(m−1) that

exhibit different linear combinations of the same bias terms µ1,NT , . . . , µR,NT . These

different linear combinations are represented in the matrix A. The matrix C encodes

the dependence structure amongst the subsamples. Both A and C are treated as known

because they are determined by a known, deterministic subsampling scheme, but oth-

erwise Assumption JK is deliberately agnostic about underlying model and estimation

approach.

To provide some motivation behind Assumption JK, consider a generic two-way fixed

effects model. Suppose an estimator admits an expansion of the form

√
NT

(
φ̂(0) − φ

)
=

1√
NT

∑
(i,t)∈S0

νit −
√

N

T
b1 −

√
T

N
b2 + Op(1),

where b1 and b2 are nonstochastic, and νit is mean zero. Consider a subsample which

takes T1 time-series observations and N1 cross-sectional observations, and let φ̂(1) de-

note the corresponding estimator computed on this subsample. One typically obtains a
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corresponding expansion

√
N1T1

(
φ̂(1) − φ

)
=

1√
N1T1

∑
(i,t)∈S1

νit −
√

N1

T1
b1 −

√
T1

N1
b2 + Op(1),

asN1, T1 → ∞ andN1/T1 → γ21 ∈ (0,∞), where S1 := {1, . . . , N1}×{1, . . . , T1}.8Assume,

for simplicity, that νit are identically and independently distributed with E[νit] = 0,

V[νit] = σ2 ∈ (0,∞), and E
[
|νit|2+δ

]
< ∞ for some δ > 0. Moreover, assume

N1/N → γN ∈ (0, 1] and T1/T → γT ∈ (0, 1] as N,T → ∞. Under these conditions,

1√
NT

1 0

0 NT
N1T1


∑(i,t)∈S0

νit∑
(i,t)∈S1

νit

 d−→ N


0

0

 , σ2

1 1

1 (γNγT )
−1


 .

Define rNT :=
√
NT ,

φ̂ :=

φ̂(0)

φ̂(1)

 , and µNT := −


√

N
T b1√
T
N b2

 .

We then obtain

rNT

(
φ̂− φι2

)
= zNT +AµNT + Op(1),

where

zNT :=
1√
NT

1 0

0 NT
N1T1


∑(i,t)∈S0

νit∑
(i,t)∈S1

νit

 , A :=

 1 1

T
T1

N
N1

 ,

and

zNT
d−→ N

(
02, σ

2C
)
, with C =

1 1

1 (γNγT )
−1

 .

Remark 3. In the illustration above there are two distinct bias terms and therefore

m ≥ 2 is required for rank(A) = R. However, when m = 2 the additional requirement

7For data which exhibit time-series dependence, consecutive observations may be needed in order to
preserve the bias.
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ιm /∈ col(A) cannot hold: if rank(A) = 2 and m = 2, then col(A) = R2 and necessarily

ι2 ∈ col(A). Therefore a further subsample estimator is required to satisfy Assumption

JK in this example, i.e., m ≥ 3.

Remark 4. In the illustration above the assumption that νit are identically and inde-

pendently distributed is adopted for convenience; Assumption JK neither requires that

the data be identically nor independently distributed.

Remark 5. By taking m to be fixed in Assumption JK we rule out delete-one / leave-

one-out jackknife schemes, and more generally designs with m → ∞. We focus here

on fixed m schemes due to their computational simplicity and ability to accommodate

dependence, leaving a unified treatment to future work.

We now return to our examples to provide further illustration of Assumption JK.

Example 1 (One-way Effects). From (2.2) we have

rNT (φ̂
(0) − φ) =

1√
NT

∑
(i,t)∈S0

νit + µNT + Op(1),

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where rNT =
√
NT , νit := (1 − φ2)yi,t−1εit, and

µNT = −
√

N
T (1 + φ). Assume that T = 2T2 where T2 is an integer. Define subsamples

S1 := {1, . . . , N} × {1, . . . , T2},

S2 := {1, . . . , N} × {T2 + 1, . . . , T}.

Let φ̂(j) be the LS estimator using subsample Sj for j = 1, 2. One then obtains

√
NT2

(
φ̂(1) − φ

)
=

1√
NT2

∑
(i,t)∈S1

νit +
√
2µNT + Op(1),

and

√
NT2

(
φ̂(2) − φ

)
=

1√
NT2

∑
(i,t)∈S2

νit +
√
2µNT + Op(1),

12



as N,T → ∞ and N/T → γ2. Let φ̂ := (φ̂(0), φ̂(1), φ̂(2))⊤. Using the above,

rNT

(
φ̂− φι3

)
=

1√
NT


1 0 0

0 2 0

0 0 2



∑

(i,t)∈S0
νit∑

(i,t)∈S1
νit∑

(i,t)∈S2
νit

+ µNT


1

2

2

+ Op(1).

Equivalently,

rNT

(
φ̂− φι3

)
= zNT +AµNT + Op(1),

where

zNT :=
1√
NT


1 0 0

0 2 0

0 0 2



∑

(i,t)∈S0
νit∑

(i,t)∈S1
νit∑

(i,t)∈S2
νit

 , zNT
d−→ N (03, σ

2C),

µNT := µNT ,

C :=


1 1 1

1 2 0

1 0 2

 , and A :=


1

2

2

 .9

Finally, we verify the remaining conditions of Assumption JK. First, rank(A) = 1, and ι3 /∈

col(A) because ι3 is not a scalar multiple of A. Next, it is easily verified that C is positive

semidefinite with eigenvalues 0, 2, and 3. Let D := (A, ι3). Solving u⊤A = 0 and u⊤ι3 = 0

yields null(D⊤) = span
(
(0, 1,−1)⊤

)
. For u1 := (0, 1,−1)⊤ we have u⊤

1 Cu1 = 4 > 0, so

null(D⊤) ̸⊆ null(C).

Example 2 (Two-way Effects). From (2.3),

rNT

(
φ̂(0) − φ

)
=

1√
NT

∑
(i,t)∈S0

νit + µ1,NT + µ2,NT + Op(1),

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where rNT =
√
NT , νit := σ2d̃itHit(yit − Φ(ϖit)), and

µ1,NT , µ2,NT are defined in Example 2. Next, assume that N = 2N2 and T = 2T2 where N2

9With a slight abuse of notation as regards µNT .
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and T2 are integers. Define subsamples

S1 := {1, . . . , N} × {1, . . . , T2},

S2 := {1, . . . , N} × {T2 + 1, . . . , T},

S3 := {1, . . . , N2} × {1, . . . , T},

S4 := {N2 + 1, . . . , N} × {1, . . . , T}.

Let φ̂(j) be the ML estimator using subsample Sj for j = 1, 2, 3, 4. One then obtains

√
NT2

(
φ̂(1) − φ

)
=

1√
NT2

∑
(i,t)∈S1

νit +
√
2µ1,NT +

1√
2
µ2,NT + Op(1),

√
NT2

(
φ̂(2) − φ

)
=

1√
NT2

∑
(i,t)∈S2

νit +
√
2µ1,NT +

1√
2
µ2,NT + Op(1),

√
N2T

(
φ̂(3) − φ

)
=

1√
N2T

∑
(i,t)∈S3

νit +
1√
2
µ1,NT +

√
2µ2,NT + Op(1),

and

√
N2T

(
φ̂(4) − φ

)
=

1√
N2T

∑
(i,t)∈S4

νit +
1√
2
µ1,NT +

√
2µ2,NT + Op(1),

as N,T → ∞ and N/T → γ2. Now define φ̂ := (φ̂(0), φ̂(1), φ̂(2), φ̂(3), φ̂(4))⊤. Using the above

rNT

(
φ̂− φι5

)
= zNT +AµNT + Op(1),

where

zNT :=
1√
NT



1 0 0 0 0

0 2 0 0 0

0 0 2 0 0

0 0 0 2 0

0 0 0 0 2





∑
(i,t)∈S0

νit∑
(i,t)∈S1

νit∑
(i,t)∈S2

νit∑
(i,t)∈S3

νit∑
(i,t)∈S4

νit


, zNT

d−→ N
(
05, σ

2C
)
,
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µNT := (µ1,NT , µ2,NT )
⊤,

A :=



1 1

2 1

2 1

1 2

1 2


, and C :=



1 1 1 1 1

1 2 0 1 1

1 0 2 1 1

1 1 1 2 0

1 1 1 0 2


.

Finally, we verify the remaining conditions of Assumption JK. First, rank(A) = 2.

Moreover, ι5 /∈ col(A): if ι5 ∈ col(A) then there would exist (a, b)⊤ ∈ R2 such that

(a+ b, 2a+ b, 2a+ b, a+ 2b, a+ 2b)⊤ = (1, 1, 1, 1, 1)⊤,

which implies a+ b = 1 and 2a+ b = 1, hence a = 0 and b = 1, but then a+2b = 2 ̸= 1,

a contradiction. Next, it is easily verified that C is positive semidefinite with (distinct)

eigenvalues 0, 2, and 5. Let D := (A, ι5). Solving u⊤A = 0⊤2 and u⊤ι5 = 0 yields

null
(
D⊤) = span

(
(0,−1, 1, 0, 0)⊤, (0, 0, 0,−1, 1)⊤

)
.

For u1 := (0,−1, 1, 0, 0)⊤ and u2 := (0, 0, 0,−1, 1)⊤ we have u⊤
1 Cu1 = u⊤

2 Cu2 = 4 > 0,

so null(D⊤) ̸⊆ null(C).

2.1 Minimum Variance Unbiased Jackknife Estimator

We now discuss how to combine a set of subsample estimators and the full sample esti-

mator to produce a minimum variance unbiased jackknife (MVUJ) estimator. Consider

a vector v ∈ Rm such that

v⊤A = 0⊤R, (2.5)

v⊤ιm = 1. (2.6)
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Then under Assumption JK,

rNT

(
v⊤φ̂− φ

) d−→ N
(
0, σ2v⊤Cv

)
,

that is, v⊤φ̂ is asymptotically unbiased. In general, the restrictions (2.5) - (2.6) do not

identify a unique v. Indeed, define

D :=

(
A ιm

)
and d :=

0R

1

 ,

so that (2.5) and (2.6) can be restated asD⊤v = d. Since rank(A) = R and ιm /∈ col(A),

we have rank(D) = R+ 1, and hence the feasible set

V =
{
v ∈ Rm : D⊤v = d

}
,

is nonempty whenever m ≥ R + 1, and has infinitely many elements when m ≥ R + 2.

One can obtain an asymptotically unbiased jackknife estimator by solving the linear

system D⊤v = d without reference to C. For example, the minimum Euclidean-norm

solution is given by

v† := D
(
D⊤D

)−1
d.10

Yet, since C is known, we can go further and construct an unbiased estimator with

minimal asymptotic variance. In particular, an MVUJ weights vector is obtained by

solving

v∗ ∈ argmin
v∈V

v⊤Cv. (2.7)

Theorem 2.1. Under Assumptions AD and JK the programme (2.7) admits at least

one solution v∗ ∈ V.
10Since rank(D) = R + 1 (because rank(A) = R and ιm /∈ col(A)), D has full column rank, hence

D⊤D is invertible.
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Proof. We first show that V is nonempty. Since rank(A) = R, we have dim(null(A⊤)) =

m − R > 0. The condition ιm /∈ col(A) implies there exists w ∈ null(A⊤) such that

w⊤ιm ̸= 0. Setting v0 := w
w⊤ιm

yields v0 ∈ V. Next, since V forms a nonempty

polyhedron, and v⊤Cv ≥ 0 because C ⪰ 0m×m, it follows by the Frank–Wolfe Theorem

that v⊤Cv attains its infimum on V (see, e.g., Cottle et al. (2009) Theorem 2.8.1).

Hence, (2.7) admits at least one minimiser.

Using a solution to (2.7), we define an MVUJ estimator as

φ̃ := v∗⊤φ̂.

When C is positive definite, the programme (2.7) has a unique solution which is given

by

v∗ = C−1D
(
D⊤C−1D

)−1
d. (2.8)

If C is not positive definite, the minimiser of (2.7) need not be unique. In this case, one

may compute an MVUJ weights vector by solving the system

2C D

D⊤ 0R+1×R+1


v

π

 =

0m

d

 ,

where π ∈ RR+1 is a vector of Lagrange multipliers. Any solution (v,π) to this system

is feasible and attains the minimum of (2.7).11 We now return to our examples.

Example 1 (One-way Effects). Recall

A =


1

2

2

 and C =


1 1 1

1 2 0

1 0 2

 .

11A necessary condition for v to be a solution to (2.7) is that there exists a vector of Lagrange

multipliers π such that
(

2C D
D⊤ 0R+1×R+1

)(
v
π

)
=

(
0m
d

)
; see, e.g., Nocedal and Wright (2006) Lemma 16.1

and Theorem 16.2. When C ≻ 0, this system has a unique solution (v∗,π∗). Eliminating π∗ yields
(2.8).
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An MVUJ weights vector solves

min
v∈R3

v⊤Cv subject to v⊤A = 0, v⊤ι3 = 1.

Let

D :=

(
A ι3

)
and d :=

0

1

 .

The Karush–Kuhn–Tucker (KKT) system is

2C D

D⊤ 02×2


v

π

 =

03

d

 ,

where π ∈ R2 is a vector of Lagrange multipliers. Although C is singular, the left-hand matrix

is nonsingular and hence the solution in v is unique. A direct calculation yields

v∗ =

(
2, −1

2
, −1

2

)⊤

.

Therefore the MVUJ estimator is

φ̃ = v∗⊤φ̂ = 2φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2).

Moreover,

rNT

(
φ̃− φ

) d−→ N
(
0, σ2

)
.

Example 2 (Two-way Effects). Recall

A =



1 1

2 1

2 1

1 2

1 2


and C =



1 1 1 1 1

1 2 0 1 1

1 0 2 1 1

1 1 1 2 0

1 1 1 0 2


.
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An MVUJ weights vector solves

min
v∈R5

v⊤Cv subject to v⊤A = 0⊤
2 , v⊤ι5 = 1.

Let

D :=

(
A ι5

)
and d :=

02

1

 .

The KKT system is

2C D

D⊤ 03×3


v

π

 =

05

d

 ,

where π ∈ R3 is a vector of Lagrange multipliers. Although C is singular, the left-hand matrix

is nonsingular and hence the solution in v is unique. A direct calculation yields

v∗ =

(
3, −1

2
, −1

2
, −1

2
, −1

2

)⊤

.

Therefore the MVUJ estimator is

φ̃ = v∗⊤φ̂ = 3 φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

2
φ̂(3) − 1

2
φ̂(4).

Moreover,

rNT

(
φ̃− φ

) d−→ N
(
0, σ2

)
.

2.2 Jackknife t-Statistic

We now construct a self-normalised jackknife t-statistic that delivers inference without

knowledge of σ2 (nor indeed µNT ). Consider a vector u∗ such that

u∗⊤A = 0⊤R, (2.9)

u∗⊤ιm = 0, (2.10)

u∗⊤Cu∗ = v∗⊤Cv∗, (2.11)
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where A and C are as in Assumption JK. We establish the existence of such a vector

in the following result.

Theorem 2.2. Under Assumptions AD and JK, there exists at least one vector u∗

satisfying (2.9) - (2.11). Moreover, u∗⊤Cv∗ = 0.

Proof. Let D := (A, ιm). Since v∗ solves (2.7), the KKT conditions imply there exists

π ∈ RR+1 such that 2Cv∗ + Dπ = 0m, and hence Cv∗ ∈ col(D). Therefore, for

any u ∈ Rm satisfying u⊤D = 0⊤R+1, we have u⊤Cv∗ = 0. Next, by Assumption

JK, null(D⊤) ̸⊆ null(C), so there exists u0 ∈ null
(
D⊤) such that u⊤

0 Cu0 > 0. If

v∗⊤Cv∗ = 0, set u∗ := 0m. Otherwise, define

u∗ :=

(
v∗⊤Cv∗

u⊤
0 Cu0

) 1
2

u0.

Then u∗⊤D = 0⊤R+1, which is (2.9) - (2.10). Moreover, u∗⊤Cu∗ = v∗⊤Cv∗, so (2.11)

holds, and we have already established u∗⊤Cv∗ = 0.

Now that we have established the existence of vectors v∗ and u∗ which satisfy (2.5),

(2.6), and (2.9) - (2.11), we use these to obtain the following result.

Theorem 2.3. Assume V ∩ null(C) = ∅. Under Assumptions AD and JK,

J :=
φ̃− φ

σ̃

d−→ t1, (2.12)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where

σ̃2 :=
(
u∗⊤φ̂

)2
, and σ̃ :=

√
σ̃2.

Proof. By Assumption JK and the continuous mapping theorem,

rNTv
∗⊤(φ̂− φιm

)
rNTu

∗⊤(φ̂− φιm
)
 d−→ N

02, σ
2

v∗⊤Cv∗ v∗⊤Cu∗

u∗⊤Cv∗ u∗⊤Cu∗


 .

By Theorem 2.2, u∗⊤Cv∗ = 0 and u∗⊤Cu∗ = v∗⊤Cv∗. Therefore the limiting co-

variance matrix equals σ2v∗⊤Cv∗I2 ≻ 02×2 which follows since V ∩ null(C) = ∅.

In particular, the two components are asymptotically independent and identically dis-

tributed. Since v∗⊤ιm = 1 we have v∗⊤(φ̂ − φιm
)
= v∗⊤φ̂ − φ, and since u∗⊤ιm = 0,
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we have u∗⊤(φ̂− φιm
)
= u∗⊤φ̂. Hence

rNT

(
v∗⊤φ̂− φ

)
rNT |u∗⊤φ̂|

=
φ̃− φ

σ̃

d−→ t1.

We refer to J as the jackknife t-statistic, and to σ̃2 and σ̃ as the jackknife variance

and jackknife standard error, respectively. The jackknife t-statistic provides a straight-

forward way to conduct inference on φ. In particular, by constructing φ̂ and then

calculating u∗ and v∗ we can readily obtain hypothesis tests, p-values, and confidence

intervals, as discussed below.

Hypothesis tests. To test

H0 : φ = φ0 against H1 : φ ̸= φ0,

we form the jackknife t-statistic

J :=
φ̃− φ0

σ̃
. (2.13)

A level-α two-sided jackknife t-test rejects H0 whenever |J | > t1,1−α/2, where t1,1−α/2

is the (1 − α/2) quantile of a t-distribution with 1 degree of freedom. One-sided tests

are obtained similarly.

p-values. For the two-sided test of H0 : φ = φ0 against H1 : φ ̸= φ0, the p-value

associated with the test statistic (2.13) is

p := 2 (1− F (|J |)) ,

where F (·) denotes the CDF of a t-distribution with 1 degree of freedom. For one-sided

alternatives H1 : φ > φ0 and H1 : φ < φ0, the corresponding p-values are

p+ := 1− F (J ) for H1 : φ > φ0,

p− := F (J ) for H1 : φ < φ0.
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Confidence intervals. A (1− α) confidence interval for φ is given by

[
φ̃ ± t1,1−α/2 σ̃

]
,

where t1,1−α/2 is the (1−α/2) quantile of a t-distribution with 1 degree of freedom. One-

sided confidence intervals can be obtained similarly. We now return to our examples to

illustrate our method of inference.

Example 1 (One-way Effects). Recall

φ̂ =


φ̂(0)

φ̂(1)

φ̂(2)

 , A =


1

2

2

 , and C =


1 1 1

1 2 0

1 0 2

 . (2.14)

The MVUJ weights vector is

v∗ =

(
2, −1

2
, −1

2

)⊤
,

so that

φ̃ = v∗⊤φ̂ = 2φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2).

We now construct u∗ satisfying (2.9) - (2.11). First note that Cv∗ = ι3, so the condition

u∗⊤Cv∗ = 0 becomes u∗⊤ι3 = 0, which coincides with (2.10). Moreover, since A is a

scalar multiple of (1, 2, 2)⊤, the restriction (2.9) is equivalent to

u1 + 2u2 + 2u3 = 0.

Imposing u1 + u2 + u3 = 0 and u1 + 2u2 + 2u3 = 0 yields u2 = −u3 and u1 = 0. A

convenient choice is

u∗ :=

(
0,

1

2
, −1

2

)⊤
.
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For this choice,

u∗⊤A = 0, u∗⊤ι3 = 0, u∗⊤Cv∗ = 0, and u∗⊤Cu∗ = v∗⊤Cv∗ = 1,

so (2.9) - (2.11) hold. The jackknife standard error is

σ̃ =
∣∣∣u∗⊤φ̂

∣∣∣ = 1

2

∣∣∣φ̂(1) − φ̂(2)
∣∣∣ .

and hence the jackknife t-statistic is given by

J =
φ̃− φ

σ̃
=

4φ̂(0) − φ̂(1) − φ̂(2) − 2φ∣∣φ̂(1) − φ̂(2)
∣∣ d−→ t1.

A corresponding (1− α) two-sided confidence interval is obtained as

[
2φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) ± t1,1−α/2

1

2

∣∣∣φ̂(1) − φ̂(2)
∣∣∣] .

Example 2 (Two-way Effects). Recall

φ̂ =



φ̂(0)

φ̂(1)

φ̂(2)

φ̂(3)

φ̂(4)


, A =



1 1

2 1

2 1

1 2

1 2


, and C =



1 1 1 1 1

1 2 0 1 1

1 0 2 1 1

1 1 1 2 0

1 1 1 0 2


.

The MVUJ weights vector is

v∗ =

(
3, −1

2
, −1

2
, −1

2
, −1

2

)⊤

,

so that

φ̃ = v∗⊤φ̂ = 3φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

2
φ̂(3) − 1

2
φ̂(4).

We now construct u∗ satisfying (2.9) - (2.11). First note that Cv∗ = ι5, so the condition

u∗⊤Cv∗ = 0 becomes u∗⊤ι5 = 0, which coincides with (2.10). Moreover, since A has columns
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proportional to (1, 2, 2, 1, 1)⊤ and (1, 1, 1, 2, 2)⊤, the restriction (2.9) is equivalent to

u1 + 2u2 + 2u3 + u4 + u5 = 0,

u1 + u2 + u3 + 2u4 + 2u5 = 0.

Imposing u1 + u2 + u3 + u4 + u5 = 0 and the two restrictions above yields u1 = 0, u2 = −u3,

and u4 = −u5. A convenient choice is

u∗ :=

(
0, −1

2
,
1

2
, 0, 0

)⊤

.

For this choice,

u∗⊤A = 0⊤
2 , u∗⊤ι5 = 0, u∗⊤Cv∗ = 0, and u∗⊤Cu∗ = v∗⊤Cv∗ = 1.

Thus (2.9) - (2.11) hold. The jackknife standard error is

σ̃ =
∣∣u∗⊤φ̂

∣∣ = 1

2

∣∣∣φ̂(2) − φ̂(1)
∣∣∣ .

and hence the jackknife t-statistic is given by

J :=
6φ̂(0) − φ̂(1) − φ̂(2) − φ̂(3) − φ̂(4) − 2φ∣∣φ̂(2) − φ̂(1)

∣∣ d−→ t1.

A corresponding (1− α) two-sided confidence interval is obtained as

[
3φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

2
φ̂(3) − 1

2
φ̂(4) ± t1,1−α/2

1

2

∣∣∣φ̂(2) − φ̂(1)
∣∣∣] .

2.3 Jackknife tq-Statistic

Section 2.2 describes the simplest construction, in which we find only a single variance

weights vector u∗ and obtain a jackknife t-statistic with one degree of freedom. How-

ever, in many settings it is possible to find multiple variance weights vectors u∗
1, . . . ,u

∗
q

satisfying (2.9) - (2.11) through the generation of further subsamples. These can be

utilised to construct a self-normalised statistic which is tq-distributed with q > 1. This

has the advantage that the critical values tq,1−α/2 are smaller than t1,1−α/2 and therefore

produce shorter confidence intervals, for example. We now formalise this. Suppose there
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exist q vectors u∗
1, . . . ,u

∗
q such that, writing

U∗ :=
(
u∗
1, . . . ,u

∗
q

)
,

the following conditions hold:

U∗⊤A = 0q×R, (2.15)

U∗⊤ιm = 0q, (2.16)

U∗⊤CU∗ = v∗⊤Cv∗Iq. (2.17)

These conditions are natural extensions of (2.9) - (2.11). Using v∗ and U∗ we obtain

the following result.

Theorem 2.4. Assume V ∩ null(C) = ∅. Let v∗ solve (2.7), and let u∗
1, . . . ,u

∗
q be

such that with U∗ := (u∗
1, . . . ,u

∗
q) conditions (2.15) - (2.17) hold. Under Assumptions

AD and JK,

Jq :=
φ̃− φ

σ̃q

d−→ tq, (2.18)

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where

σ̃2
q :=

1

q

q∑
l=1

(
u∗⊤
l φ̂

)2
, and σ̃q :=

√
σ̃2
q .

Proof. Let D := (A, ιm). Since v∗ solves (2.7), the KKT conditions imply there exists

π ∈ RR+1 such that 2Cv∗+Dπ = 0m, and hence Cv∗ ∈ col(D). For each l, conditions

(2.15) - (2.16) imply u∗⊤
l D = 0⊤R+1, so u∗⊤

l Cv∗ = 0. By Assumption JK and the

continuous mapping theorem,

 rNT

(
φ̃− φ

)
rNTU

∗⊤(φ̂− φιm
)
 d−→ N

0q+1, σ
2

v∗⊤Cv∗ v∗⊤CU∗

U∗⊤Cv∗ U∗⊤CU∗


 .

By the previous paragraph, U∗⊤Cv∗ = 0q×1, and by (2.17) we have U∗⊤CU∗ =

v∗⊤Cv∗Iq. Therefore the limiting covariance matrix equals σ2v∗⊤Cv∗Iq+1. Since

V ∩ null(C) = ∅, we have v∗⊤Cv∗ > 0 and hence σ2v∗⊤Cv∗ ∈ (0,∞). Moreover,

(2.16) implies U∗⊤(φ̂ − φιm) = U∗⊤φ̂, so the last q components above are exactly
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rNTu
∗⊤
l φ̂. It follows that

1

σ2v∗⊤Cv∗

q∑
l=1

(
rNTu

∗⊤
l φ̂

)2 d−→ χ2
q ,

and hence

σ̃2
q

σ2v∗⊤Cv∗/r2NT

=
1

q

q∑
l=1

(
rNTu

∗⊤
l φ̂√

σ2v∗⊤Cv∗

)2
d−→ 1

q
χ2
q .

Therefore,

rNT

(
φ̃− φ

)
rNT σ̃q

=
φ̃− φ

σ̃q

d−→ tq,

which yields (2.18).

We now return to our examples to illustrate the construction of a jackknife tq-statistic

with q > 1.

Example 1 (One-way Effects). In our previous one-way fixed effects example we consid-

ered m = 3 estimators: the full sample estimator and two subsample estimators. In that design,

A =


1

2

2

 ,

so m − rank((A, ι3)) = 1, and hence there is (up to scale) at most one admissible u∗ and the

resulting jackknife t-statistic is necessarily t1-based. To illustrate the case q > 1, we consider

a subsampling scheme that partitions the time dimension into nonoverlapping thirds. To be

specific, assume T = 3T3 where T3 is an integer. Consider subsamples

S1 := {1, . . . , N} × {1, . . . , T3},

S2 := {1, . . . , N} × {T3 + 1, . . . , 2T3},

S3 := {1, . . . , N} × {2T3 + 1, . . . , T}.

Let φ̂(j) be the LS estimator using subsample Sj for j = 1, 2, 3. Collecting these with the full-
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sample estimator φ̂(0) gives

φ̂ =
(
φ̂(0), φ̂(1), φ̂(2), φ̂(3)

)⊤
.

As previously we obtain,

√
NT

(
φ̂− φι4

)
= zNT +AµNT + Op(1),

with zNT
d−→ N (04, σ

2C),

A =



1

3

3

3


, and C =



1 1 1 1

1 3 0 0

1 0 3 0

1 0 0 3


.

Moreover, m − rank((A, ι4)) = 2, so there is (up to scale) at most two admissible variance

weights vectors. There is a unique MVUJ estimator associated with this design which is given

by

φ̃ =
3

2
φ̂(0) − 1

6
φ̂(1) − 1

6
φ̂(2) − 1

6
φ̂(3).

Notice that Cv∗ = ι4 and so the restriction u⊤Cv∗ = 0 coincides with u⊤ι4 = 0. Thus, we

may take two linearly independent variance weights vectors and then normalise them to satisfy

(2.17). For instance, define

u∗
1 :=

(
0, − 1√

6
,

1√
6
, 0

)⊤

and u∗
2 :=

(
0, −

√
1

18
, −
√

1

18
,

√
2

9

)⊤

.

Then writing U∗ := (u∗
1,u

∗
2),

U∗⊤A = 0⊤
2 , U∗⊤ι4 = 02, and U∗⊤CU∗ = v∗⊤Cv∗I2.

The corresponding jackknife standard error is

σ̃2
2 =

1

2

(
u∗⊤
1 φ̂

)2
+

1

2

(
u∗⊤
2 φ̂

)2
,

and the jackknife t2-statistic is

J2 :=
φ̃− φ

σ̃2

d−→ t2.
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Example 2 (Two-way Effects). Recall

A =



1 1

2 1

2 1

1 2

1 2


,

and hence m − rank((A, ι5)) = 2, so there is (up to scale) at most two admissible variance

weights vectors. It was previously established that there is a unique MVUJ estimator associated

with this design which is given by

φ̃ = 3φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

2
φ̂(3) − 1

2
φ̂(4).

Notice that Cv∗ = ι5 and so the restriction u⊤Cv∗ = 0 coincides with u⊤ι5 = 0. Thus, we

may take two linearly independent variance weights vectors and then normalise them to satisfy

(2.17). For instance, define

u∗
1 :=

(
0, −1

2
,
1

2
, 0, 0

)⊤

and u∗
2 :=

(
0, 0, 0, −1

2
,
1

2

)⊤

.

Then writing U∗ := (u∗
1,u

∗
2),

U∗⊤A = 02×2, U∗⊤ι5 = 02, and U∗⊤CU∗ = v∗⊤Cv∗I2.

The corresponding jackknife standard error is

σ̃2
2 =

1

2

(
u∗⊤
1 φ̂

)2
+

1

2

(
u∗⊤
2 φ̂

)2
,

and the jackknife t2 statistic is given by

J2 :=
φ̃− φ

σ̃2

d−→ t2.
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3 Further Matter

3.1 Multi-dimensional Fixed Effects

We have focused thus far on two-dimensional panels since these remain the most com-

monly encountered in practice. However, panels with three or more dimensions are

increasingly available, for example exporter-importer-year data and employer-employee-

year data. Our framework extends naturally to multi-dimensional panels and provides

a systematic way to construct unbiased jackknife estimators and jackknife t-statistics.

Consider a multi-dimensional panel with dimension sizes N1, . . . , NK and let N :=

N1 × . . .×NK . We generalise Assumptions AD and JK.

Assumption AD*. There exists an estimator of φ, denoted by φ̂(0), such that

rN
(
φ̂(0) − φ

)
= zN +

R∑
r=1

µr,N + Op(1), (3.1)

as Nmin → ∞ along some sequence {(N1, . . . , NK)}, where µ1,N , . . . , µR,N are non-

stochastic, but possibly N1, . . . NK dependent, and

zN
d−→ N (0, σ2).

Results of the form (3.1) have been established for Poisson models with three-way

fixed effects in Weidner and Zylkin (2021), and for a broader class of nonlinear models

with three-way fixed effects in Czarnowske and Stammann (2025). Moreover, there are

other three-way models, and K-way models more generally, for which results of the form

AD* could reasonably be supposed to hold.

Assumption JK*. Let m ≥ R + 2 be a fixed integer. There exist m − 1 estimators

φ̂(1), . . . , φ̂(m−1) obtained from subsamples of data such that

rN
(
φ̂− φιm

)
= zN +AµN + Op(1),

as Nmin → ∞ along some sequence {(N1, . . . , NK)}, where

zN
d−→ N

(
0m, σ2C

)
,
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φ̂ := (φ̂(0), . . . , φ̂(m−1))⊤, A and C are known matrices of dimension m×R and m×m,

respectively, rank(A) = R, ιm /∈ col(A), null((A, ιm)⊤) ̸⊆ null(C), C ⪰ 0m×m, and

µN := (µ1,N , . . . , µR,N )⊤.

The leading order bias of estimators of fixed effects models often scales in a pre-

dictable way with sample size, such that the matrix A can be determined from knowl-

edge only of the order of the bias. For example, in the context of a two-way fixed effects

model, we usually expect the (leading) order bias of an estimator to be of the form√
N1

N2
b1 +

√
N2

N1
b2.

Heuristically, the rate can be understood as being determined by the relative order of

the standard error and the dimension of the fixed effects. For example, with fixed effects

λ(1) and λ(2), where dim(λ(1)) = N1 and dim(λ(2)) = N2, and with the order of the

standard error as
√
N ,

√
N1

N2
+

√
N2

N1
=

dim
(
λ(1)

)
+ dim

(
λ(2)

)
√
N

.

As another example, consider K = 3. With fixed effects λ(1), λ(2), and λ(3), where

dim
(
λ(1)

)
= N1, dim

(
λ(2)

)
= N2, and dim

(
λ(3)

)
= N3, and with the order of the

standard error as
√
N ,

dim
(
λ(1)

)
+ dim

(
λ(2)

)
+ dim

(
λ(3)

)
√
N

=
dim

(
λ(1)

)
√
N

+
dim

(
λ(2)

)
√
N

+
dim

(
λ(3)

)
√
N

=

√
N1

N2N3
+

√
N2

N1N3
+

√
N3

N1N2
.

Or indeed, the fixed effects may be present in multiple dimensions simultaneously, for

example, λ(1,2), λ(2,3), and λ(1,3), where dim(λ(1,2)) = N1N2, dim(λ(2,3)) = N2N3, and

dim(λ(1,3)) = N1N3, and with the order of the standard error as
√
N ,

dim
(
λ(1,2)

)
+ dim

(
λ(2,3)

)
+ dim

(
λ(1,3)

)
√
N

=
dim

(
λ(1,2)

)
√
N

+
dim

(
λ(2,3)

)
√
N

+
dim

(
λ(1,3)

)
√
N

=

√
N1N2

N3
+

√
N2N3

N1
+

√
N1N3

N2
.

Applying this same heuristic we are able to determine the (likely) structure of the matrix
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A in multi-dimensional fixed effects models.

Remark 6. It can indeed be that the bias terms diverge under certain asymptotic se-

quences. Nonetheless, this is not ruled out by Assumption JK* (nor indeed Assumption

JK).

The following example illustrates the construction of an MVUJ estimator and jack-

knife t-statistic in a three-way fixed effects model.

Example 3 (Three-way Effects). Consider the following three-way fixed effects model

yi1i2i3 = λi1i2 + γi2i3 + δi3i1 + εi1i2i3 , ik = 1, . . . , Nk, k = 1, 2, 3,

where εi1i2i3 ∼ iid N (0, φ) and εi1i2i3 , λi1i2 , γi2i3 , and δi3i1 are mutually independent. Write

N := N1N2N3 and let φ̂(0) be the ML estimator of φ. As Nmin → ∞ with N1 ∝ N2 ∝ N3,

√
N
(
φ̂(0) − φ

)
=

1√
N

N1∑
i1=1

N2∑
i2=1

N3∑
i3=1

νi1i2i3 + µ1,N + µ2,N + µ3,N + Op(1),

with

µ1,N := −φ
N1N2√

N
, µ2,N := −φ

N2N3√
N

, µ3,N := −φ
N3N1√

N
,

and

1√
N

N1∑
i1=1

N2∑
i2=1

N3∑
i3=1

νi1i2i3
d−→ N (0, 2φ2),

where νi1i2i3 := ε2i1i2i3 − φ. Thus Assumption AD* holds with rN =
√
N , R = 3, and µN :=

(µ1,N , µ2,N , µ3,N )⊤. Assume N1 = 2N1,2, N2 = 2N2,2, and N3 = 2N3,2 where N1,2, N2,2, and

N3,2 are integers. Define subsamples

S1 = {1, . . . , N1,2} × {1, . . . , N2} × {1, . . . , N3},

S2 = {N1,2 + 1, . . . , N1} × {1, . . . , N2} × {1, . . . , N3},

S3 = {1, . . . , N1} × {1, . . . , N2,2} × {1, . . . , N3},

S4 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {1, . . . , N3},

S5 = {1, . . . , N1} × {1, . . . , N2} × {1, . . . , N3,2},

S6 = {1, . . . , N1} × {1, . . . , N2} × {N3,2 + 1, . . . , N3}.
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Let φ̂(j) be the ML estimator computed on subsample Sj for j = 1, . . . , 6 and define

φ̂ :=
(
φ̂(0), φ̂(1), φ̂(2), φ̂(3), φ̂(4), φ̂(5), φ̂(6)

)⊤
.

Then Assumption JK* is satisfied with m = 7,

A =



1 1 1

1 2 1

1 2 1

1 1 2

1 1 2

2 1 1

2 1 1



and C =



1 1 1 1 1 1 1

1 2 0 1 1 1 1

1 0 2 1 1 1 1

1 1 1 2 0 1 1

1 1 1 0 2 1 1

1 1 1 1 1 2 0

1 1 1 1 1 0 2



.

In this design the MVUJ weights vector is unique and given by

v∗ =

(
4, −1

2
, −1

2
, −1

2
, −1

2
, −1

2
, −1

2

)⊤

,

such that φ̃ := v∗⊤φ̂. Moreover, m− rank((A, ι7)) = 3, so it is possible to construct up to q = 3

variance weights vectors. A convenient choice is

u∗
1 =

(
0, −1

2
,
1

2
, 0, 0, 0, 0

)⊤

, u∗
2 =

(
0, 0, 0, −1

2
,
1

2
, 0, 0

)⊤

,

and u∗
3 =

(
0, 0, 0, 0, 0, −1

2
,
1

2

)⊤

.

Consequently, for q ∈ {1, 2, 3} one may take U∗ := (u∗
1, . . . ,u

∗
q) and form

Jq :=
φ̃− φ

σ̃q

d−→ tq with σ̃2
q :=

1

q

q∑
l=1

(
u∗⊤
l φ̂

)2
.

3.2 Higher-order Bias Corrections

In this section we discuss how higher order bias can be embedded in our framework,

thereby allowing us to construct higher-order MVUJ estimators. To fix ideas, suppose

an estimator φ̂(0) of a parameter of interest in a two-way fixed effects model admits an
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ℓ-th order expansion

√
NT

(
φ̂(0) − φ

)
= zNT −

√
N

T

ℓ∑
l=1

b
(T )
l

T (l−1)/2
−
√

T

N

ℓ∑
l=1

b
(N)
l

N (l−1)/2
+ Op(1),

as N,T → ∞ and N/T → γ2 ∈ (0,∞), where zNT
d−→ N (0, σ2). Assume T = (ℓ+1)Tℓ+1

where Tℓ+1 is an integer. Partition the time-dimension into ℓ+1 disjoint blocks of equal

length with

Il := {(l − 1)Tℓ+1 + 1, . . . , lTℓ+1}, l = 1, . . . , ℓ+ 1.

For j = 1, . . . , ℓ define subsamples

Sj := {1, . . . , N} ×
( j⋃

l=1

Il

)
, |Sj | = κjNT, κj :=

j

ℓ+ 1
.

Analogously, assume N = (ℓ + 1)Nℓ+1 where Nℓ+1 is an integer, and partition the

cross-section into ℓ+ 1 disjoint blocks of equal length with

Jl := {(l − 1)Nℓ+1 + 1, . . . , lNℓ+1}, l = 1, . . . , ℓ+ 1.

For j = ℓ+ 1, . . . , 2ℓ define the subsamples

Sj :=
( j−ℓ⋃

l=1

Jl

)
× {1, . . . , T}, |Sj | = κj−ℓNT, κj−ℓ :=

j − ℓ

ℓ+ 1
.

Figure 1 below illustrates the subsampling scheme with ℓ = 2.
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Figure 1: Subsamples for ℓ = 2.

N

T

S1

κ1 = 1/3

N

T

S2

κ2 = 2/3

N

T

S3

κ1 = 1/3

N

T

S4

κ2 = 2/3

Let φ̂(j) be the estimator computed on subsample Sj for j = 1, . . . ,m where m := 2ℓ.

Suppose each subsample estimator admits the expansion

√
NT

(
φ̂(j) − φ

)
= zj,NT −

√
N

T

ℓ∑
l=1

κ
−l/2
j

b
(T )
l

T (l−1)/2
−
√

T

N

ℓ∑
l=1

b
(N)
l

N (l−1)/2
+ Op(1),

for j = 1, . . . , ℓ, and

√
NT

(
φ̂(j) − φ

)
= zj,NT −

√
N

T

ℓ∑
l=1

b
(T )
l

T (l−1)/2
−
√

T

N

ℓ∑
l=1

κ
−l/2
j−ℓ

b
(N)
l

N (l−1)/2
+ Op(1),

for j = ℓ + 1, . . . ,m. Now, define φ̂ := (φ̂(0), φ̂(1), . . . , φ̂(m))⊤, rNT :=
√
NT , R := 2ℓ,

and

µNT :=
(
µ1,NT , . . . , µℓ,NT , µℓ+1,NT , . . . , µR,NT

)⊤
,

with

µr,NT := −
√

N

T

b
(T )
r

T (r−1)/2
, r = 1, . . . , ℓ,

µℓ+r,NT := −
√

T

N

b
(N)
r

N (r−1)/2
, r = 1, . . . , ℓ.
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Then

rNT

(
φ̂− φιm+1

)
= zNT +AµNT + Op(1),

with

zNT :=



z0,NT

z1,NT

...

zm,NT


, A :=


ι⊤ℓ ι⊤ℓ

A(1) ιℓι
⊤
ℓ

ιℓι
⊤
ℓ A(2)

 ,

and

A(1) :=



κ
−1/2
1 κ−1

1 · · · κ
−ℓ/2
1

κ
−1/2
2 κ−1

2 · · · κ
−ℓ/2
2

...

κ
−1/2
ℓ κ−1

ℓ · · · κ
−ℓ/2
ℓ


, A(2) :=



κ
−1/2
1 κ−1

1 · · · κ
−ℓ/2
1

κ
−1/2
2 κ−1

2 · · · κ
−ℓ/2
2

...

κ
−1/2
ℓ κ−1

ℓ · · · κ
−ℓ/2
ℓ


,

where κj =
j

ℓ+1 . Finally, if, for example,

zNT =
1√
NT

∑
(i,t)∈S0

νit,

with νit ∼ iid(0, σ2) and, for j = 1, . . . , ℓ,

zj,NT =
κ−1
j√
NT

∑
(i,t)∈Sj

νit, zℓ+j,NT =
κ−1
j√
NT

∑
(i,t)∈Sℓ+j

νit,

then zNT
d−→ N (0, σ2C) with

C =


1 ι⊤ℓ ι⊤ℓ

ιℓ C(1) ιℓι
⊤
ℓ

ιℓ ιℓι
⊤
ℓ C(2)

 , C
(1)
j1,j2

=
1

max
(
κj1 , κj2

) , and C
(2)
j1,j2

=
1

max
(
κj1 , κj2

) .

for j1, j2 = 1, . . . , ℓ. With A and C determined, one may construct an ℓ-th order
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corrected MVUJ estimator and the corresponding ℓ-th order jackknife t-statistic as pre-

viously.

Remark 7. In multi-dimensional panel models, estimators may frequently exhibit bi-

ases of different orders, some of which may diverge. For example, Czarnowske and

Stammann (2025) derive an asymptotic expansion for M -estimators of three-way fixed

effects models. For “interacted” fixed effects specifications (as in Example 3) they obtain

an expansion of the form

√
N(φ̂(0) − φ) = zN +

√
N1N2

N3
µ1,N +

√
N2N3

N1
µ2,N

+

√
N3N1

N2
µ3,N +

√
N1N2

N3
µ4,N + Op(1),

as Nmin → ∞, N1/N3 → γ213 and N2/N3 → γ223, with

zN
d−→ N (0, σ2).

In particular, the first three bias terms diverge, while the fourth is O(1) under the

stated asymptotic regime. Nonetheless, by finding a set of subsamples which satisfies

Assumption JK*, we can proceed to construct an MVUJ estimator and a jackknife t-

statistic. For instance, assume N1 = 2N1,2, N2 = 2N2,2, and N3 = 2N3,2 = 3N3,3 where

N1,2, N2,2, N3,2, and N3,3 are integers. Define subsamples

S1 = {1, . . . , N1,2} × {1, . . . , N2} × {1, . . . , N3},

S2 = {N1,2 + 1, . . . , N1} × {1, . . . , N2} × {1, . . . , N3},

S3 = {1, . . . , N1} × {1, . . . , N2,2} × {1, . . . , N3},

S4 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {1, . . . , N3},

S5 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {1, . . . , N3,2},

S6 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {N3,2 + 1, . . . , N3},

S7 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {1, . . . , N3,3},

S8 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {N3,3 + 1, . . . , 2N3,3},

S9 = {1, . . . , N1} × {N2,2 + 1, . . . , N2} × {2N3,3 + 1, . . . , N3}.
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Then

A⊤ =



1 1 1 1 1 2 2 3 3 3

1 2 2 1 1 1 1 1 1 1

1 1 1 2 2 1 1 1 1 1

1 1 1 1 1 2
3
2 2

3
2 3

3
2 3

3
2 3

3
2


.

Since rank(A) = R and ιm /∈ col(A), an asymptotically unbiased jackknife estimator can

readily be obtained, as discussed in Section 2.1. Upon obtaining the associated matrixC,

an MVUJ estimator and jackknife t-statistic can further be obtained.12 This illustrates

the more general point that our framework can be used to obtain jackknife bias-corrected

estimators and jackknife t-statistics in settings where the biases of the estimator are of

markedly different orders, of which the higher-order corrections discussed in this section

are a particular case.

We now illustrate the construction of a higher-order MVUJ estimator and associated

jackknife t-statistic.

Example 4 (Higher Order Bias Corrections). Consider the following two-way fixed effects

model

yit = λi + γt + εit, i = 1, . . . , N, t = 1, . . . , T,

where εit ∼ iid N (0, φ), and εit, λi and γt are mutually independent. Let φ̂(0) be the ML

estimator of φ. One can decompose

√
NT

(
φ̂(0) − φ

)
=

1√
NT

N∑
i=1

T∑
t=1

νit + µ1,NT + µ2,NT + µ3,NT + ηNT ,

where νit = ε2it − φ,

µ1,NT = −φ

√
N

T
, µ2,NT = −φ

√
T

N
, and µ3,NT = φ

1√
NT

.

12In the interests of space we do not present such constructions here.
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As N,T → ∞ and N/T → γ2 ∈ (0,∞),

zNT :=
1√
NT

N∑
i=1

T∑
t=1

νit
d−→ N (0, 2φ2),

and the remainder term ηNT , which is mean zero by construction, is Op(1). Thus Assumption

AD holds with rNT =
√
NT and R = 3. Now, assume N = 3N3 and T = 3T3 where N3 and T3

are integers, and define

Il := {(l − 1)T3 + 1, . . . , lT3} and Jl := {(l − 1)N3 + 1, . . . , lN3}, l = 1, 2, 3.

Define subsamples

S1 := {1, . . . , N} × I1,

S2 := {1, . . . , N} × (I1 ∪ I2),

S3 := J1 × {1, . . . , T},

S4 := J1 × I1.

Let φ̂(j) be the ML estimator computed on subsample Sj for j = 1, . . . , 4, and define

φ̂ :=
(
φ̂(0), φ̂(1), φ̂(2), φ̂(3), φ̂(4)

)⊤
.

Then Assumption JK is satisfied with m = 5, R = 3,

A =



1 1 1

3 1 3

3
2 1 3

2

1 3 3

3 3 9


, and C =



1 1 1 1 1

1 3 3
2 1 3

1 3
2

3
2 1 3

2

1 1 1 3 3

1 3 3
2 3 9


.

Moreover, C ≻ 0m×m so the MVUJ weights vector is unique. Solving (2.7) yields

v∗ =

(
9

4
, −3

4
, 0, −3

4
,
1

4

)⊤

.

Thus the MVUJ estimator is φ̃ := v∗⊤φ̂. Next, m− rank((A, ι5)) = 1 so the design supports at

most q = 1 variance weights vector. Let

u0 :=

(
−3

4
, −1

4
, 1, 0, 0

)⊤

,
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with which we may construct

u∗ :=

(
v∗⊤Cv∗

u⊤
0 Cu0

) 1
2

u0.

Thus the jackknife t-statistic is

J :=
φ̃− φ

σ̃

d−→ t1,

with σ̃ :=
∣∣u∗⊤φ̂

∣∣.

4 Numerical Examples

In this section we showcase both the performance and the versatility of our method

of inference through two numerical examples. The first considers inference on a slope

coefficient in a linear regression model with predetermined regressors and individual

fixed effects. The second considers inference on a slope coefficient in a panel probit

model with interactive fixed effects.

4.1 Linear Regression with Individual Effects

In our first example the data are generated according to

yit = φxit + λi + εit, i = 1, . . . , N, t = 1, . . . , T,

xi1 = 0,

xit = 1{yi,t−1 > 0}, t ≥ 2,

where φ = 0.5, λi ∼ iid N (0, 1), and εit ∼ iid N (0, 1). We study the LS estimator of φ,

denoted by φ̂(0). Assume T = 2T2, N = 2N2, and N = 5N5 where T2, N2 and N5 are
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integers. Consider the following subsamples

S1 := {1, . . . , N} × {1, . . . , T2},

S2 := {1, . . . , N} × {T2 + 1, . . . , T},

S3 := {1, . . . , N2} × {1, . . . , T},

S4 := {N2 + 1, . . . , N} × {1, . . . , T},

S4+g := {(g − 1)N5 + 1, . . . , gN5} × {1, . . . , T}, g = 1, . . . , 5.

Let φ̂(j) denote the LS estimator computed on subsample Sj . We compare three different

constructions. The first, JK(a), utilises subsamples S1 and S2, alongside S0. With

φ̂(a) := (φ̂(0), φ̂(1), φ̂(2)), the MVUJ estimator is

φ̃(a) := 2φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2).

There is one admissible variance weights vector

u∗ =

(
0,

1

2
, −1

2

)⊤
,

yielding the jackknife t-statistic

J(a) :=
φ̃(a) − φ

σ̃(a)

d−→ t1 with σ̃(a) = |u∗⊤φ̂(a)|.

The second, JK(b), uses additional cross-sectional partitions. In particular φ̂(b) :=

(φ̂(0), φ̂(1), φ̂(2), φ̂(3), φ̂(4))⊤. The MVUJ estimator is not unique, so we use a convenient

construction

φ̃(b) :=
2

3
φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) +

2

3
φ̂(3) +

2

3
φ̂(4).

Two admissible variance weights vectors are

u∗
1 =

(
0,

1

2
,−1

2
, 0, 0

)⊤
and u∗

2 =

(
0, 0, 0,

1

2
,−1

2

)⊤
,
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yielding

J(b) :=
φ̃(b) − φ

σ̃(b)

d−→ t2 with σ̃(b) :=

√
1

2
(u∗⊤

1 φ̂(b))
2 +

1

2
(u∗⊤

2 φ̂(b))
2

Finally, JK(c) uses additional cross-sectional partitions. In particular,

φ̂(c) := (φ̂(0), φ̂(1), φ̂(2), φ̂(5), φ̂(6), φ̂(7), φ̂(8), φ̂(9))⊤,

where φ̂(4+g) is the LS estimator on the g-th cross-sectional fifth. The MVUJ estimator

is not unique so we again use a convenient construction

φ̃(c) := φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) +

1

5

5∑
g=1

φ̂(4+g).

Five admissible variance weights vectors are

u∗
1 =

(
0,

1

2
, −1

2
, 0, 0, 0, 0, 0

)⊤
,

u∗
2 =

(
0, 0, 0,

1√
10

, − 1√
10

, 0, 0, 0

)⊤
,

u∗
3 =

(
0, 0, 0,

1√
30

,
1√
30

, − 2√
30

, 0, 0

)⊤
,

u∗
4 =

(
0, 0, 0,

1√
60

,
1√
60

,
1√
60

, − 3√
60

, 0

)⊤
,

u∗
5 =

(
0, 0, 0,

1

10
,
1

10
,
1

10
,
1

10
, − 4

10

)⊤
.

yielding

J(c) :=
φ̃(c) − φ

σ̃(c)

d−→ t5 with σ̃(c) :=

√√√√1

5

5∑
l=1

(
u∗⊤
l φ̂(c)

)2
.

Table 1 below reports empirical coverage probabilities and average length of a 95%

two-sided confidence interval for φ constructed by inverting the different jackknife t-

statistics outlined above. We also report empirical bias and standard error of different

estimators. We compare our jackknife confidence intervals with two alternative construc-

tions. The first utilises the bias correction provided by Hahn and Kuersteiner (2011)

which is based on an analytical characterisation. The second uses the moving block
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bootstrap scheme described in Higgins and Jochmans (2025).
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Table 1: Linear Regression with Individual Effects

LS JK HK HJ

N T JK(a) JK(b) JK(c)
h = 1 h = 2 h = 5 ℓ = 1 ℓ = 2 ℓ = 5

t1 t2 t5

100 10

Bias -0.1701 0.0150 0.0147 0.0150 -0.0445 -0.0955 -0.1737 -0.1696 -0.0496 -0.0170

Std. Err. 0.0793 0.0956 0.0957 0.0958 0.0797 0.0842 0.0819 0.0794 0.0890 0.1016

Coverage 0.4124 0.9538 0.9455 0.9286 0.9031 0.7469 0.3961 0.7094 0.9913 0.9103

Length 0.3045 2.1164 0.7039 0.4162 0.3045 0.3045 0.3045 0.4075 0.5114 0.3443

250 20

Bias -0.0910 0.0034 0.0033 0.0032 -0.0190 -0.0235 -0.0431 -0.0908 -0.0275 -0.0142

Std. Err. 0.0365 0.0401 0.0401 0.0401 0.0364 0.0377 0.0377 0.0365 0.0391 0.0416

Coverage 0.2862 0.9513 0.9442 0.9375 0.9158 0.8865 0.7590 0.4496 0.9902 0.9914

Length 0.1403 0.8438 0.2962 0.1826 0.1403 0.1403 0.1403 0.1654 0.2110 0.2446

1000 80

Bias -0.0245 0.0002 0.0002 0.0002 -0.0043 -0.0015 -0.0027 -0.0245 -0.0093 -0.0055

Std. Err. 0.0091 0.0093 0.0093 0.0093 0.0091 0.0092 0.0092 0.0091 0.0092 0.0094

Coverage 0.2322 0.9539 0.9512 0.9470 0.9205 0.9453 0.9371 0.2547 0.9029 0.9713

Length 0.0355 0.1877 0.0696 0.0446 0.0355 0.0355 0.0355 0.0367 0.0398 0.0434

Notes: LS denotes the uncorrected LS estimator, JK(a) - JK(c) denote the jackknife estimators described in the
main text, HK denotes the analytical bias correction of Hahn and Kuersteiner (2011) with bandwidth parameter h,
and HJ denotes the moving block bootstrap of Higgins and Jochmans (2025) with block length ℓ. Reported are
empirical bias and empirical standard error of the estimators, and empirical coverage and length of a 95%
two-sided confidence interval.
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Overall jackknife bias correction (all schemes) outperforms both analytical bias cor-

rection and bootstrap bias correction in terms of bias reduction, with the latter two

being quite sensitive to the choice of tuning parameters (bandwidth, block size), espe-

cially in small samples. On the other hand, a small inflation of the standard error is

observed for the jackknife bias-corrected estimator when compared to the uncorrected

LS estimator. This, however, quickly diminishes as sample size increases. In terms of

coverage, those confidence intervals obtained by inverting a jackknife t-statistic outper-

form their analytical and bootstrap counterparts, both in their nominal coverage, and

in their reliability, with bootstrap confidence intervals exhibiting particular sensitivity

to block length. The observed length of each jackknife confidence interval is as ex-

pected, with the use of additional variance weights vectors producing shorter confidence

intervals. This is illustrative of the trade-off between the most simple constructions,

which produce wider confidence intervals, and those which are more complex, but yield

shorter confidence intervals. Nonetheless, it should be emphasised that even the most

complex construction (JK(c)), which produces a length comparable to other methods,

is still computationally trivial in comparison to the bootstrap, does not require the use

of cumbersome analytic formulae, and does not utilise any tuning parameters.

4.2 Probit Model with Interactive Effects

In our second experiment we consider a panel probit model with interactive fixed effects

and either exogenous or predetermined covariates. The data are generated according to

yit = 1 {φxit + λiγt + εit ≥ 0} , i = 1, . . . , N, t = 1, . . . , T,

where φ = 1, and λi ∼ iid N (0, 1), γt ∼ iid N
(
0, 1
)
, and εit ∼ iid N (0, 1) are mutually

independent. We consider two designs for xit

xit = 1 {ηit > 0} or xit = 1 {yi,t−1 > 0}+ 1 {ηit > 0} ,

xi1 = 1 {ηi1 > 0} ,

where ηit ∼ iid N (0, 1) and is independent of λi, γt, and εit. We compare two different

sets of subsamples detailed in the following. Our first jackknife estimator is based on
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the subsamples

S1 := {1, . . . , N} × {1, . . . , T2} ,

S2 := {1, . . . , N} × {T2 + 1, . . . , T} ,

S3 := {1, . . . , N2} × {1, . . . , T} ,

S4 := {N2 + 1, . . . , N} × {1, . . . , T} ,

where we assume N = 2N2 and T = 2T2 where N2 and T2 are integers. Let φ̂(a) :=

(φ̂(0), φ̂(1), φ̂(2), φ̂(3), φ̂(4))⊤. We construct an MVUJ estimator

φ̃(a) := 3φ̂(0) − 1

2

(
φ̂(1) + φ̂(2) + φ̂(3) + φ̂(4)

)
.

Two admissible variance weights vectors are

u∗
1 =

(
0,

1

2
, −1

2
, 0, 0

)⊤
and u∗

2 =

(
0, 0, 0,

1

2
, −1

2

)⊤
,

with which we construct two jackknife t-statistics

J(a) =
φ̃(a) − φ

σ̃(a)

d−→ t1 with σ̃(a) = |u∗⊤
1 φ̂(a)|,

and

J(b) =
φ̃(a) − φ

σ̃(b)

d−→ t2 with σ̃(b) =

√
1

2
(u∗⊤

1 φ̂(a))
2 +

1

2
(u∗⊤

2 φ̂(a))
2,

Our second set of subsamples utilise S1, S2, and

S4+g := {(g − 1)N5 + 1, . . . , gN5} × {1, . . . , T} , g = 1, . . . , 5.

where we assume N = 5N5 where N5 is an integer. Let

φ̂(c) :=
(
φ̂(0), φ̂(1), φ̂(2), φ̂(5), φ̂(6), φ̂(7), φ̂(8), φ̂(9)

)⊤
,
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where φ̂(4+g) is computed on the g-th cross-sectional fifth S4+g. We construct an MVUJ

estimator

φ̃(c) :=
9

4
φ̂(0) − 1

2
φ̂(1) − 1

2
φ̂(2) − 1

20

5∑
g=1

φ̂(4+g),

together with the jackknife standard error

σ̃(c) :=

√√√√1

5

5∑
l=1

(u∗⊤
l φ̂(c))

2,

where

u∗
1 :=

(
0,

1

2
, −1

2
, 0, 0, 0, 0, 0

)⊤
,

u∗
2 :=

(
0, 0, 0,

1√
10

, − 1√
10

, 0, 0, 0

)⊤
,

u∗
3 :=

(
0, 0, 0,

1√
30

,
1√
30

, − 2√
30

, 0, 0

)⊤
,

u∗
4 :=

(
0, 0, 0,

1√
60

,
1√
60

,
1√
60

, − 3√
60

, 0

)⊤
,

u∗
5 :=

(
0, 0, 0,

1

10
,
1

10
,
1

10
,
1

10
, − 4

10

)⊤
.

This yields a jackknife t-statistic

J(c) :=
φ̃(c) − φ

σ̃(c)

d−→ t5.

Table 2 below reports empirical coverage probabilities and length of a 95% two-sided

confidence interval for φ constructed by inverting J(a), J(b), and J(c). We also report

empirical bias and standard error of the bias-corrected estimates.
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Table 2: Probit Model with Interactive Effects

Exog. Pred.

N T MLE JK(a) JK(b) JK(c) MLE JK(a) JK(b) JK(c)

t1 t2 t5 t1 t2 t5

100 10

Bias 0.1197 -0.0326 -0.0326 -0.0344 0.1002 -0.0556 -0.0556 -0.0573

Std. Err. 0.0973 0.1012 0.1012 0.0992 0.1446 0.1884 0.1884 0.1680

Coverage – 0.9483 0.9585 0.9639 – 0.9192 0.9304 0.9173

Length – 1.9973 0.8602 0.5807 – 1.8011 0.8617 0.5922

250 20

Bias 0.0554 -0.0028 -0.0028 -0.0023 0.0612 -0.0023 -0.0023 -0.0026

Std. Err. 0.0372 0.0370 0.0370 0.0369 0.0328 0.0435 0.0435 0.0386

Coverage – 0.9517 0.9568 0.9617 – 0.9470 0.9575 0.9573

Length – 0.7664 0.3055 0.1949 – 0.6068 0.2606 0.1619

1000 80

Bias 0.0139 -0.0004 -0.0004 -0.0003 0.0155 -0.0003 -0.0003 -0.0003

Std. Err. 0.0085 0.0084 0.0084 0.0084 0.0063 0.0062 0.0062 0.0062

Coverage – 0.9465 0.9495 0.9535 – 0.9468 0.9517 0.9492

Length – 0.1717 0.0657 0.0421 – 0.1273 0.0490 0.0312

Notes: Exog. and Pred. denote the exogenous and predetermined regressor, respectively, MLE is
the uncorrected ML estimator, and JK(a) - JK(c) are the jackknife estimators described in the
main text. Reported are empirical bias and empirical standard error of the estimators, and
empirical coverage and length of a 95% two-sided confidence interval.
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Both jackknife bias-corrected estimators achieve substantial bias reduction. When

the covariate is exogenous there is very little inflation of the standard error when com-

pared to the uncorrected ML estimator. When the covariate is predetermined, inflation

of the standard error is observed. This occurs due to moderate dependence between

partitions of the data in finite samples which diminishes as sample size (in particu-

lar the time-dimension) increases. Overall coverage is consistently close to its nominal

value, particularly in the design where the covariate is exogenous. As expected, the use

of additional variance weights vectors to produce tq-statistics with q > 1 significantly

reduces the length of confidence intervals.

5 Conclusion

This paper develops a straightforward and computationally inexpensive route to valid

inference for fixed effects models. More broadly, this paper provides a general framework

for the systematic development of jackknife bias-corrected estimators and jackknife t-

statistics, that accommodates a wide range of models and estimation approaches, multi-

dimensional panels, and higher-order bias corrections. Thus far, we have largely pro-

ceeded from the point at which a suitable collection of subsamples is obtained. Ongoing

work develops general principles for constructing such subsamples, including optimality,

as well as guidance on how to proceed with simultaneous inference (multiple restric-

tions). Results in this regard will appear in subsequent revisions.
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