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B Identification

Further to the discussion at the start of Section 3| a few additional remarks are provided
regarding identification. The term “identification” is used to refer to the condition that
the distribution of the data is unique at the true parameter values. A related identification
concept usually encountered when studying extremum estimators requires that the limit of

the objective function is uniquely maximised at the true parameter values. This may be



referred to as extremum based identification (Lewbel, 2019). In combination with uniform
convergence of the sample objective function, extremum based identification is used to
establish the consistency of an extremum estimator in an archetypical manner; e.g., Newey
and McFadden (1994), Theorem 2.1. The basic intuition behind this approach is that
“the limit of the mazximum 0 should be the mazimum of the limit”, with the latter being
unique (Newey and McFadden, (1994, p. 2120). In models with an increasing number of
parameters this intuition becomes difficult to apply because the distribution of the data may
change with each observation, and therefore there is typically no fixed population objective
function towards which a sequence of sample objective functions can be said to converge.
Nonetheless, the loss of intuition does neither preclude consistency nor identification. In the
present case consistency is established in Proposition[I} while Assumption [[D]below sets out
conditions that, in addition to Assumptions[Iland [2] can be used to establish identification.

Assumption ID.

ID.1 R> R°.

ID.2 E[Z'(M po @ M A)Z] is positive definite for all A € R**E.
ID.3 11 (E[Z'Z]) < ¢ < 0.

Notice that Assumption is the same as Assumption and Assumptions and
are counterparts to Assumptions [4.2 and and thus share analogous intuition.

Proposition ID (Identification). Under Assumptions and |ID, the parameters 0°, o3
and the product A°F are identified.

The proof of Proposition [[D] follows a similar construction to Theorem 2.1 in [Moon and
Weidner| (2015)) and establishes that for each (n,T") such that Assumption [ID|is satisfied,
the expected quasi-likelihood is uniquely maximised at the true parametersﬂ This in turn
implies that for each of these (n, T) the distribution of the data is unique at (6°, o3, AOFOI)
and thereby establishes identification. Moreover, the true number of factors R? can be
recovered from the rank of the matrix A°F%. One may ask if, for the present model, it is
possible to follow the [Bramoullé et al.| (2009)) approach and derive identification conditions
in terms of the network structure (see also Kwok, 2019, for the case of multiple weights
matrices). The answer seems to be negative, because the error factor structure makes it

impossible to derive a reduced form free of fixed effects as in |Bramoullé et al.| (2009).

!Since rank(M go ® Ma) < (T — R%)(n — R) this obviously requires (T — R°)(n — R) > P.



C Assumption and Equations (|13) and ([14)

C.1 Assumption 4.2

Assumption [f.2] can be related to analogous conditions appearing elsewhere in the literature

by means of the relationship

- 1
inf pp (H1(AF)) = min ur<a'Z a-Z’)
ACRnXR FeRTXRO Pl 1( ) QERPZIC!HQ:lr:R;%OJ,-l nT< ) )
< inf Hi(A, FY)), C.1
< Jnf pp (Ha(A F7)) (C.1)

where a - Z == Z;::l apZs,. To establish (C.1)), first note that
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where the last line follows from Lemma A.1 in Moon and Weidner| (2017). The inequality in
follows since inf s cgnxr pp(H1(A, F2)) can be no less than if one could also minimise
over the space of true factors. The first line of shows that Assumptionis equivalent
to Assumption NC in Moon and Weidner| (2015), which avoids mention of the unobservable
population factors F°. Assumption A in Bai (2009) is equivalent to the requirement that
inf g cgnxr p(Hi(A, FO)) > 0. It is clear from that this is a weaker requirement than
Assumption the need for a stronger condition arises since the consistency result in the
present paper assumes that the number of factors is not understated, rather than known as
in Bai (2009).

C.2 Equations and

Here equations and are derived. The intuition behind these is that Assumptions
and provide lower and upper bounds on variation in the data, respectively, from
which the inequalities and can be derived. It would usually be assumed that
the matrix %Z’Z is positive definite in the limit. However, it is shown next that the p-th

eigenvalue of %Z’ Z can be no less than the p-th eigenvalue of %Z’ (M p®M p)Z whereby



Assumptionimplies and Assumptionimplies . Let M := M p® M 5. Since
the Kronecker product of two symmetric and idempotent matrices is also symmetric and
idempotent, both M and P := I,,x7 — M are symmetric and idempotentﬂ From Weyl’s
inequality, for two m x n symmetric matrices A, B of the same size u;(A) + pn(B) <
wi(A + B) for i = 1,..,n (e.g., [Horn and Johnson| 2012, Corollary 4.3.15). As Z'Z =
Z'MZ + Z'PZ, and all three of these matrices are real and symmetric, then for p =
1,...,P,

nT nT

By Assumption [1.2 pp (-5-2'MZ) > ¢; > 0 w.p.a.l. Also pp (;5:2'PZ) > 0 since P is
idempotent, and therefore niTZ’ P Z must be positive semidefinite. Hence follows from
(C.3)). Similarly, follows from (C.3)) since, by Assumption uﬂ%Z’Z) < ey <00

w.p.a.l.

11y <1Z’MZ> + pp <1Z’PZ> < 1y <1Tz’z> . (C.3)
n

D Proofs of Propositions [1] and

This appendix provides a more detailed proof of Proposition [I] and a proof of Proposition

Bl

Proof of Proposition
Consistency of the QMLE ]

The average concentrated quasi-likelihood is given by

1 1 .

L(6) = sup { log(det(S(p))) — = log (6%(6, A))} . (D.1)
AcRnxR | T 2

The first step involves establishing a lower bound for £(0°). Evaluating (D.1)) at 6° and

substituting in the true data generating process yields

T

£(6°) = %log(det(S)) - %log (Aei]gm {an D (AF) + ) MA(A £ + m}) . (D2)
t=1

Now,

T
. 1 0,0 / 0 g0
OSAelﬂg}fo{rﬂjtZ:;(A fi+e) MA(AS; + &)

If A=A and B = B, then (A® B) = (A ® B') = (A® B); if A = AA, and B = BB then
(A B)(A® B) = A® B.



T
1
<— Z (A"f) + ) Mpo (A + &)
;
Z ZEtPAOEt (D.3)

By Assumption E[+ ST | eles] = 08 and thus, by the law of large numbers, . ST eler =
02+ Op (ﬁ) For the second term in (D.3)),

1 1 1
= ﬁ\tr(elPAos)\ < ﬁROHEH% =Op (> . (D.4)

T
1 /
— P
nT ; 1T A0E min{n, T}

This gives the result that

£(6°) = tox(der(8)) — 3 1ox (o3 + O iz )

= " log(det(S)) — 1 log (o3 + Op (7)) < £(6°). (D.5)

Now, in the second step an upper bound for £(0) is established. Substituting the true data
generating process into (D.1)) yields

T
£(6) = - log(det(S(p) — 3 o (Aeié;;xR {an S (S(0)S7 (X8 + AUF) 4 e1) - X, B)
t=1

X MA(S(p)S™H(X B + A'f) + &) — Xtﬁ)})

IN

T
%log(det(s(p))) - %log ( inf {1 > (S(p)ST'X18° + S(p)S e — XuB)

AeRnx(R+R0) nT =1

x M;(S(p)S™ X8+ S(p)S~"e; — Xtm}), (D.6)

where the last expression is obtained by also minimising with respect to S(p)S_lAO and
F? since the value of the objective function in curly brackets can be no less than if one was
also able to minimise over S(p)S~1A? and F° (e.g, Moon and Weidner, 2015). Lemma
A.1 in Moon and Weidner| (2017) then demonstrates the equivalence between this and
the second expression as it appears in , where the expression is now minimised over

A € RX(BHE) hecause the rank of S(p)S‘lAOFOI — AF’ can be no greater than R + RC.
Applying Lemma to gives

T
£(0) < %log(det(S(p))) - %log < inf {an S (2 )+ S(p)Se,)

AcRnX(R+R9) =1



xM ;(Z,(6° - 6) + S(p)Slst)}> : (D.7)

Expanding the term inside of the log in (D.7)),

1

T
T, {FT 3 (Z:(6° — 0) + S(p)S " er) M4 (Z:(6° — 6) + S(p)S_lst)}

t=1

T T
inf {lT S (Z(6° - 0)) M Z,(6° - 0)} + an S (Z4(6° - 0)S(p)S e

v

AeRnx(R+RO) n
2 & 1 &
~ sup { > (Z,(6° - 0)P AS(p)S_lst} +—=Y (S(p)S~'e)'S(p)S "es

AeRnx(RJrRO) =1

T
1
— sup {T Z(S(p)S_lst)’PAS(p)S_lst}
AeRnx(R+R0) n =1

Consider the probability order of terms k1, ..., ks.

T
, 1
k=  inf {nT ST(6° - 0)Z, M Z(6° 9)}

AeRnx(RJrRO) 1
1
> inf opp <Z’<IT ® MA)Z> 16° =63 >cil|6° - 6]3>0,  (D.9)
AeRnx(RJrRO) nT
where the last inequality holds with probability approaching 1 as n,T — oo by Assumption
To see this, notice
1
inf —Z(I M)z
im0 1P (nT (Ir® Mj) )
1

O‘GR%E\\Fl AeRvgl(RJrRO) nT( ) (Ir i)
1
aGRP:||1aH2:1 AeRnlx<R+Ro> n (¢ ) M j ( )
n
1
T DR <nT(O‘ (o )> (D.10)

r=R+R0+1

where (D.10) is shown to be equivalent to inf , _pnxr pegrxro P (Hi1(A, F)) in (C.2) which
in turn is bounded away from zero with probability approaching 1 by Assumption[4.2] Next,

5 P 9 P 2/ p
=310 - 0z S(p)S ) < — [ 3100 - 6,2 | | D (% S(p)S e

p=1 p=1 p=1

|ko| =

S



P
_ 0 __
=110° — 0||.0p ( nT) , (D.11)

where the last line follows using Lemma [A.2(v)| and Markov’s inequality. For term kg,

P
> (00 - 0,)tx(%,P; S(p)S'e)

p=1

2

k| = =
s i nT

AcRnXx(R+RO)

2(R + R%) & )
L) S 160 — 011s)1%, o115 ()5 el
p=1

(SIS

2R + R") B &
2R I)160 o110l | 311215
p=1

~ [16° - 6107 (,/mnfm> , (D.12)

which follows because || P ||2 = 1, since the maximum eigenvalue of any projection matrix

is 1, [[S(p)S7 |2 < \/HS(leHS(p)Hoo\/HS_lHlHS_lHoo and both S(p) and S are UB

by Assumption llell2 = Op (ﬁ), and Lemma |A.2(iv)l Next,
min{n,

IN

ks = Su((S(p)S1S(p)S ) + O (W;T) (D.13)

by Lemma 9 in |Yu et al.| (2008). For the last term,

1
ksl = sup {Ttr(<s<p>s—1s>’PAs<p>s—ls>},
AER7L><(R+RO) n
and thus
(R+R°) _
|ks| < THPAS(P)S lell3
(R+ R°) 120112 1
< - 7 — - )
< L1505 Blel = O (ot ) (D.14)

using the probability order of ||e||3, and the fact that the matrices S(p), S~ are UB.

Combining all the above gives

L£(0) < %log(det(s(l)))) - %log <C1H00 — 0|3+ 0p (mm{ln,T}>



+ S((S10)5 8015 +0p (1=) + 100~ 01105 ( i;) )
= " log(det(S(p))) —  log (c1]|6 ~ 8°l3 + Op(ana)|16 — 6°1]> + Op(aZr)
0.2
+ Lx((S(p)SYS(p)ST))

n
= L£(6). (D.15)
Now, since 0 is a global maximiser, £(6°) < £(8) and therefore £(8°) < £(8). Using the
expressions for these bounds derived in (D.5)) and (D.15]) gives
1 1
- log(det(S)) — 3 log (0§ + Op (aZy))

1 - 1 ~ -
< Dlog(det(S(5))) — 1 1og (€1]16 — 61 + Op(axr)||f — 0°[12 + Op(ay)
2
o e N

+D((S()ST)'S(B)ST). (D.16)

Multiplying both sides of (D.16]) by —2, exponentiating, and then noticing that, by Lemma
2

A.1] Jgdet((S(ﬁ)S_l)’S(ﬁ)S_l)% < B4r((S(p)S1)S(p)S™1), results in

0> c1]|0 — 6°12 + Op(anr)||0 — 0°|]2 + Op(a2y). (D.17)

Completing the square, 0 > (/c1] 160 —0°||3+Op(anr))?+ Op(a2;), whereby it follows that
16 — 6°l]2 = Op(anr).

Consistency of the PQMLE 6
Since 6 is the maximiser of the penalised quasi-likelihood function, Q(6°) < Q(8). Thus,

Q K
Q(6°) = £(8°) — (’yp > walpll 8> wQ+kﬂ2)
q=1

k=1
< Q(0)
N @ X A
= L(0) - (% qu|ﬁq| + 78 ZwQ+k6k)
q=1 k=1
< £(6), (D.18)

Consider the penalty term. Using Assumption

Q K P
Yo walpl + 98 Y workl Bl < max{vp, 5} > wyl6)]
q=1 k=1 p=1



= max{7,, 73} Z

\HT
o 1
< coymax{y,, v} P |0 |C
T —<
=C2 max{vp,vg}P < 00 ) |02|_<7 (D.19)
where p = argmin;<,<p. g4 |9;r,|. Since the initial estimate @7 satisfies ||@7 — 6°|] =

Op(rnr) = op(1), it follows that \6;5/92 -1 < ﬁue* — 6°|]y = op(1) which implies 6}/
p/Yp 4 P
09 = Op(1). Hence,

'szwq\pql + 78 ZwQ+k|Bk| max{7,,75}0p(P’) = Op(air), (D.20)
q=1

under Assumption 3} Next, using (D.20]), and applying the lower and upper bounds derived

n (D.5) and (D.15) to (D.18) gives

~log(det(S) — 5 log(e3 + Op(ay)) + OplaZy) < - log(det(S(p)))

1 R . 2
— 5 1og (c1116 = %113 + Op ()| |6 — 6°]12 + Op(aZr) + ur((S(3)S1)'S(

>

W

\_/lH
~

After rearranging and simplifying this becomes
log (o8det((S(p)S™')'S(p)S ™) + Op(adr)) + Op(aZs)

~ ~ g N _ N _
> log (118 — 6°113 + Op ()6 — 6°12 + Op(ay) + ZLex((S(5)S™)'S(5)S ™).
(D.22)

Exponentiating, using the fact that by Assumption Op(a?;) = op(1), and Lemma

gives the result
0> c1]/ — 6°/3 + Op(anr)||0 — 6°|2 + Op(apy), (D.23)

whereby completing the square yields ||@ — 8°|]y = Op(ant). O

The proof of Proposition [4] requires the following lemma which is proven at the end of this

Appendix.



Lemma D.1  Under Assumptions (1[4, if @ satisfies ||§—6°||a = Op(anr) then 6%(0, A) =
02 4+ Op(v/Qanr), where A = A(9).

Proof of Proposition Let v° be some ~ which satisfies Assumptions and
From Propositions [I] and [2, with probability approaching 1, the true model is selected, in
which case 40 € T'0. Moreover, since, under 7%, ||§ — 8°|]» = Op(anr), it follows that

62(4Y) = 02 + op(1) using Lemma and Assumption Hence,

IC* (") = 6*(") + 0,Q° + 05 K°
= o? 4+ op(1), (D.24)

as QOQP,K DQB — 0 by Assumption Now, consider some v € I'" that produces an

overfitted model. It is shown that, as n, T — oo,

(71€rlrf IC*(v) > Ic*(70)> — 1. (D.25)

Recalling that IC*(y) == 6%(v) + 0,|S,(7)| + 05/S5(7)], (D-25) is equivalent to

Pr(_inf {6°(7) + 0alS(1)| + 0slSa (I} > 6° () +0,Q° + 05K°) 1. (D.26)

Let v = arginf,cp+ IC*(7). Then (D.26) gives

Pr((v/Qanr) (6% (v*) - + (VQanr) 0, (1S,(v )| — Q%)
+(vVQanr) " 05(1Ss(v )\—KO)>0>%1. (D.27)

An overfitted model does not exclude any relevant variables and therefore it is straightfor-
ward to show, using the same steps as in the proof of Proposition [l that the estimator
under 4T — call this 6" - satisfies Hé+ — 6°|y = Op(apr). Thus, using Lemma
G*(v*) = 6*(7") = Op(VQayr), and so (VQanr)~ ' (6%(v") — (7)) = Op(1). By As-
sumption (VQanr) Y 0p, (VQanr)tos — 00, and since either |S,(vT)| — K® > 0 or
IS5(vT)| — Q% > 0, or both, then holds as n,T — oo. Finally, in the case of an
underfitted model, one of either S,(v) 2 Sr,, or Sg(7y) 7 Stz must be true. Then,

inf IC*(y) > inf 62(y) B 02 > 02, (D.28)
~yel'— ~yel'—

using Assumption [8:3] Hence,

Pr <71€nrf IC*(v) > IC*(7O)> — 1. (D.29)

10



Combined, (D.25)) and (D.29) establish the result. O

Proof of Lemma Consider 62(@, A). Substituting in true DGP yields

L 1 & 9
5*(0,A) = M;(Zt(é’o—@HS( P)STIA ] + S(p)S ey
x Mx(Z,(0°—60)+ S(p)S~'A f) + 8(p)S~1e)). (D.30)
Expanding the above
6,A 1TZ000’MZ 0) 2TZ 0)) M xS(p)S~'A’f}
% )nT;(t(_)) (6" -0 nT;t_ (P)STA'S;
2 d ! d —1 A0 /
+nT;<zt<e —0))MxS(p)S~ et+T;<S< PYSTIAFY) M S(p)S e
1 « 1 &
+— ;S(ﬁ)S—lst)’MAS(ﬁ)s—lst +— ;(s(ﬁ)S_lef(t)),M]\S(PV)S_lAOf?
Now,
il = Z 1Z:(60° - 6)|I3 = Op(apr), (D.32)
T 2
ol = — (ZHZt Hz) 1SD)I211S~H2NIA° £ FO||r = Op(anr),  (D-33)
T 2
sl < (ZHZt HQ) 1S(A)l2l[S ™ [l2llellr = Op(ant), (D.34)
2RO 2 —12 0 0
lal = = [ISB)I21IS™ (121172l [ ET[[2llell2 = Op(ant), (D.35)
using Lemmas [A.2(iii)] [A.2(vi)| and [A.3(i)| and
1 /
ls = ﬁtr((s(ﬁ)s e)MyS(p)S~'e)
1 2
= ?TTtr(((S(ﬁ)S‘1 —1,)e) My (S(p)S™! — I)e) + ﬁtr(((s(ﬁ)s‘l —I,)e)' M xe)
1., 1.,
+ n—Ttr(e s)—n—Ttr(s Pjye)
= Op(Qayy) + Op(V/Qayr) + 0f + Op(azy), (D.36)

11



using Lemmas [A.2(vi)| and |[A.2(viii)| as well as Lemma 9 in |Yu et al.| (2008). Similarly,

]. / /
lg = —Ttr((S(ﬁ)S’lAOFO )M xS(p)S~'A'FY)

n

— itr«(sw)s—l —L)AFY)Y M4 (S(p)S™ — I,)A°F") + iTtr«AOFO’)’M KACFY)

nT n
2 / /
+ n—Ttr(((S(ﬁ)s—l —I,)A°F")YMA°F")
1 7 !
= 0p(Qd2;) + n—Ttr((AOFO )M xA°F") + Op(v/Qanr), (D.37)
using Lemmas [A.2(iii)| and [A.3(1)l Combining (D.31)) — (D.37) gives
v ]_ / /
6%(0,A) =02 + ﬁtr((AOFO Y M xA°F) + Op(\/Qanr). (D.38)

Now, let A* := (A% A) for some A ¢ R™*(R=R%) guch that A*,A*/n has rank R. Then,
using similar steps to (D.32)) — (D.37)), it can be established that

A A * 1 / /
530, A") = o} + ﬁtr((AOFO )M+ A"FY) + Op(v/Qanr)

= 02 + Op(\/Qanr), (D.39)
because M p+A® = 0,,, go. By definition
630, A) < 6%(6,A%), (D.40)
or, equivalently,
5%(0,A) —6%(6,A%) <0. (D.41)
Using and in yields
L (AP Y M4 AYFY) + Op(v/Qanr) <0, (D.42)

nT

whereby, because (A'F?) M KAOFOI is positive semidefinite, %tr((AOFOI)’ M AAOFOI) >
0 and thus

niTtr((AOFO’)'M (ACFY) = Op(y/Qanr). (D.43)

This gives
5%(0,A) = 02 + Op(\/Qanr). (D.44)
O

12



E Proofs of Lemmas [A.1THA.3

This appendix provides proofs of Lemmas

Proof of Lemma Since the trace of a matrix is the sum of its eigenvalues, and
the determinant of a matrix is the product of its eigenvalues, it follows that for any n x n
positive definite matrix B, det(B )% < %tr(B ) by the inequality of arithmetic and geometric
means. This inequality is satisfied with equality if and only if of all of the eigenvalues of B
are the same and, where B is diagonalisable, this then implies B = bl,, for some constant
b. Given B is positive definite, all of its eigenvalues are positive, whereby b must be strictly

positive. O

Proof of Lemma [A.2(i). Recall S(p) =1, — EqQ:l pgWy. Then S(p) + 222:1 pgW, =
I,,, and therefore I,, + 2:1 psGq =S (p). Now,

Q Q
Sp)S~ = (1. =D pWy | [ 1.+ 0)G,
qg=1
Q Q Q
=1I,+ Z PIGS™ = pWy | In+ > G,
qg=1 q=1
Q

=1, +Z<p -
q=1
OJ

Proof of Lemma [A.2(ii)l  There are four types of covariate to consider: X7, Y_q,
W,Y_1 and ZkKZI ﬂOGqX &, for some k and ¢. First for the xk-th exogenous covariate,

E[[|X5]13] <E[I1X5][E] = ZZE )

i=1 t=1
By Assumptionthe fourth moment of 2%, is uniformly bounded, and therefore E[||X%||3] =
O(nT). By Markov’s inequality,

enT €
X < —E[||X%%] <
pr (1122 > ) < LR [IE) <o

for all e > 0 and so ||X}||r = Op(vVnT). Note also that for any variables generated as
WQX;
2

E [((WqXZ)it)Z} =E Z(WQ)ijx:jt Z Z zJ’E [ mtw:j’t}

j=1 j=1j'=1

13



NI

> 1w Zr Dol | E ) (E [507))
< ¢, (E.1)

because the fourth moment of z};, is uniformly bounded, and the weights matrix W is UB
uniformly over ¢. It then follows from Markov’s inequality that ||W, X ||r = Op(vnT).

Next it is shown that the second moment of y;; is uniformly bounded over ¢ and t.

2
n
Ely;] =E Z Z kakjt + Z )‘]Tftr +Ejt
j=1 r=1
2
n
= | [ D (87 Yij (aje + bji + ;1)
j=1
n n
=B [ DD (S8 igr(aj + bje + cje) @y + by + cjur)
=1 =1
=E[ly +...+ ] (E.2)
First,
E[lL]] <E Z Z (S™HilI(S™Nigrllagellagne|
| j=1j'=1
~E Z > 18715 ) Zﬁk%t Zﬂk%t
| J=1j'=1
27\ 3 K 27\ 3
< Z Z (S wH Jiy'| | E kxkjt Z 512’95%]'%
j=1j'=1 k=1
< ¢, (E.3)
under Assumptions [2.3] and 2.4 Under Assumption [I.1] 2.3 [2.4] and [2.6] similar steps
establish that E[l2], ..., E[lg] are also uniformly bounded. Thus using Markov’s inequality

it follows that ||[Y_1|]2 = Op(vnT), and by the same steps as in (E.1)) W,Y_1 = Op(vnT).
Finally consider covariates of the form Zlf:l ,82G,1X k-

Jgeon] o

K K
Z Z (Gq)ij (Z /Blgxk-jt> (Z B,S,a:k/j,t>
k=1

j=1j'=1 k=1
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n n

<20

i=15'=1

n n

<D0

j=14'=1

S C3,

[(Go)iil[(Gg)ijr |E

(o)
(Go)isl|(G zg|< [

2

kmk}jt

k'=1

()
AN

> Bl

k=1

(E.4)

using Assumptions and which gives the result || Zle BG, Xkl = Op(VnT).

Proof of Lemma |A.2(iii)|

A.2(ii)| using Assumption

Proof of Lemma [A.2(iv)l Follows from Lemma
Proof of Lemma [A.2(v). In the proof of Lemma 3 in|Shi and Lee (2017)) it is established

that E [(tr(Z,,S(p)S™'€))?]

the result.

Proof of Lemma

A.2(vi)l

Using Assumption E[|le])3] = E [Zle Yoy 6124

nToj = O(nT). The proof is completed using Markov’s inequality.

Proof of Lemma |A.2(vii)

T
E [Z 11X,8°) 12
t=1

using Assumption [2.4]

Proof of Lemma |A.2(viii)

quWqS_lHQ- Now,

Q

t=1 i=1

K K
(Z 52$kit> <Z 5;2/%%)]
=1 =1

Z kakzt

E

Using Lemma |A.2(i), ||S(p)S~!

Q

S 160 — ool IW, Sl < 15712 S 160 — pall Wl 2

q=1

<187

q=1

Q
2 | D16
qg=1

1
2

15

Q
_Pq2 ZHWQH%
q=1

K
0
> Bhawi

k'=1

[N

- InH2

O

Follows similar steps to the first part of the proof of Lemma

O

O

= O(nT) for each p. Minor modification to that lemma yields

O

< enT,

O

<¥e

1|Pg—

(E.5)

2

)



=|’S_1||2||PO—PH2\/§\/ max |Wr|2> Op(1/Q|16° — 6]]2),

1< 7<Q
using Assumption and because ||p° — p||2 < [|6° — 02 O

Proof of Lemma |A.3(i)]
1 1
ﬁ2|\zt(90— )5 = 72 0)(6° - 0)'Z;)
t=1 t=1
1
= (6° — 0)’ﬁ Z Z'Z,(0° — )
=1

T
1
< 16° - 6l[5m (nT > Z;Zt>
t=1
= |16° - 6]30p(1) = Op(]|6° - 6]13),
where the last step uses Assumption This implies the result. ]

Proof of Lemma |A.3(ii) Recall that 6%(0,A) = ﬁZthl e;Mpe;, where e; =
S(p)y: — XB. Thus, evaluating at 6, and substituting in the true DGP yields

5*0,A) = —=> (S(p)S ' X:B8° + S(p)ST'A'f) + S(p)S'es — X1B) My
x (S(p)STIX 3" + S(p)STIA’FY + S(p)S~ler — X1B).  (E.6)

Using Lemma S(p)S—tx,8° - X8 = Z:(6° — ). Applying this, and expanding
ED) gives

a 1 & 2 « v
2(0,A) = n;(zt(e —0)MxZ,(6°—0) + nT; (Z,(0° —0))MAS(p)S™ A fS
T 9 T
+ S (20~ 6) MAS(D)S e+ > (S(5)S A MAS(5)S e
t=1 t=1
T T
b S S(P)S ) MAS(D)S e+ > (S(0)ST A MAS(5)S A
t=1 t=1
= ll,...,l6. (E?)

16



It is established in the detailed proof of Proposition [I] given in Appendix [D]that Iy, 3, l5 are
op(1). For I,

!

2 A A e
I < = " 11Z0(6° = B)| 2| MAll2]|S(3)S 2| A°) 21 £2 2
t=1

gjﬂﬂwﬂ w% Zwt \@(ZW%)
:éﬁMwaw w{ Zwt HJ
= \/%Op(\/’ﬁ)OP(\/T)OP(anT) = OP(anT)7 (E8)

using Lemmas [A.2(iii)| [A.3(i)} Proposition [l and noting that |[M ||z = 1. Next

2 o
ls < == R°||S(p) S A% 5] M Al | A% [Pl

= %Op(\/ﬁ)Op(\/T)Op(vmax{n,T}) = Op <1 | W) s (EQ)

using similar steps to those for ls. For lg,

T
1 P
lo < —lIS(P)S BIM All2l A3 D 1121111 £7]]2
t=1

T
1 P
—I1S(B)S™HI31| M allo[|A°]3 (Z\If?\lg)
t=1

1 aam
= —[1S(p)STHIIM Al A5 |7

IN

= L 0pm)OR(T) = 0p(1), (E.10)

using Lemma [A.2(iii)| and because ||[M z||2 = 1. Note also that, since the projection matrix
M p is positive semidefinite, the quadratic form lg > 0. Combining all the above results,

and ignoring dominated terms,

2

52(0,A) = Z04r((S(p)S™Y)'S(p)S™) + Op(1) +Op(ant). (E.11)
n &ZO,—/

Now, by Lemma [A.1 a%det((S(ﬁ)S_l)’S([))S_l)% < %3‘51"((5(/3)5_1)’5(;3)5_1) and there-
fore a lower bound on (E.11) can be found where the above inequality is satisfied with

17



equality. This occurs when (S(p)S™1)'S(p)S~! = ¢1I,,, with ¢; > 0. Hence

2 2
0< D4r(erI,) = 102 < 2042((S(p)S1)S(p)S1).
n n

Next, recall that [tr(B)| < rank(B)||B||2. The n x n matrix (S(p)S™1)S(p)S~! can have
rank no larger than n and so

2

%tr((s(ﬁ)s_l)'s(ﬁ)s_l) < apl|(8(p)S™1)'S(p)S |2 < aplISTHBIIS(A)IE = O(1),

since the matrices S~! and S(p) are UB. As a result 0 < %‘%tr((S(ﬁ)S’fl)’S(ﬁ)Sﬂ) =0(1).
It then follows that 62(8, A) = Op(1) and is strictly positive w.p.a.1. This yields the result.
O

F Proofs of Lemmas [A.4-A.6

This appendix provides proofs of Lemmas [A.4HA 6] for which some intermediary results
are required in the form of Lemmas [F.IHF.4l The proofs of these intermediary results
can be found in Section [G] Since Lemmas only concern the correct model, for
notational convenience it is assumed in this section that all of the regressors are relevant,
ie, K =K°Q=@Q"and P = P which means Z4y=Z and Zy) = Z.
Lemma F.1 Under Assumptions

() |IAll2 = v, [|Allr = VRn;

(ii) [[F”€'ll2 = Op(VnT), ||A” el |r = Op(vnT), ||F” eA%|l2 = Op (vnT):

(it) [|(vec(G|A), .., vec(Glyh)) 1o = O(V@n);

(iv) [|(vec(Ghg),...,vec(Gge))|l2 = Op(v/QnT);

(v) ]E[Z;;l 1Z, — 23] = O(Pmax{n,T}), where Z, = Ep[Z,];

(vi) B[, [1€Z,][}3] = O(Pn?T);

(vii) B[S, [|F” €'Zy|}] = O(PnT?), B[S, _, ||A” €%, |[}] = O(Pn?T), B[S, 3y, [1ZpeZy [I3] =
O(P%nT?);

(viil) [|7A” ee’A’ — 05 A” A°||p = Op( ), ||x F" €'eF° — o F* F°||p = Op(J2);
. P </ =/ P = —
(ix) B[, |l7Zpee’A” — 03Z,A°(3] = O(Pn?), E[X,_, ||+ Zpe'eF’ — 03, F°||3] = O(PT?);

(x) nLTtr(s'MAoeMFO) = O'(% +O0p (m)

18



Lemma F.2  Under Assumptions

(i)

v/ min{n,T}

ﬁ”.{’&_AOH*HQ and ﬁ“ﬁ’/—H*_lFO/HQ are Op(/Q|10° —6||2)+O0p <1>, where

H" = ﬁFOlFOAO/AH*1 and F = %Zthl ég[&, with II being a diagonal R X R matrix

containing the largest R eigenvalues of T%T ZZ;I é:é, along its diagonal and é; = S(p)y, —

XtB%

The matrix %AOIA converges in probability to an invertible matrix;

me'AM—IE(J*)+0P@0+0P(ﬂw%fﬁ)+0P<ﬁmmﬁm)

n2T2 Zt 1 Z

min{v/nT,T}

L\ ZiM je-€, AX 0 = (\/ﬁy{?ﬂ;i”?) +Op (ﬁ),

HPA — Ppoll2 and || Ppo —PFH2 are OP(\/QHQO _é||2) +Op <m>,

|1Fl2 = Op(VT);

\/7

(M po®@M 4 )vec(e) =

\/:L—TZ*/(MF(J@MAO)VGC(&)—FOP (1), where Z* = (Zf, ce Z*T/)’

with Z; == Wiy, ..., Way,, X4);

T2/ (M po @ M po)vec(e) = Op(VP);

nT

=K [||Z'Z — Z' (M po @ M p0) Z||2] = o(1).

Lemma F.3 Under Assumptions [1H6

(i)

B, = B+ 0p(Q'9)|0 —6°||5), where By and B} are Q x Q matrices with (q,q')-th element
equal to 2tr(Gy(p)Gy (P)) and 1tr(GyGy ), respectively;

(ii) By = B3+ op(1), where By and B3 are Q x Q matrices with (q,q’)-th element equal to
2
tr((Gqs)’GqIE) and %otr(G, Gy ), respectively;

(iii)

1

where H = L
nT

1 B, 0
NMRZF—H = —Z'(Mpo® Mpo)Z + 2 TexK
nT Oxxg Orxk

+Op (\/QPHGO - 0AH2) +O0p (@) )

ZY(Ppo@MR) 2", B} is defined in part|(ii), and both Z; and Z* are defined

in Lemma

19



iv) 1 ¢ 1 _, )
nT Z Y MA(AYFY + &) = TZ "(Mgo ® M z)vec(e) + H(0 — 6°) + A,
0r(/QP|° — 8lls) + Op [ ——L— ) ) (609,
v/min{n, T}
where A1 is a term of order Op (W%) + Op (%) + Op (%) +
Op %W), H is defined in part and both Z] and Z* are defined in Lemma
(v)

200 A\ — (p0 _ AV 0_ 9 P 0_ 9
#(0.8)= (6 0) (mopw@m 0||2>+OP<W>><0 0)

- b [Q 1
0 / 3 /
— — — 0eM ro +
+2(0 0) << X1>+Op< n >>+ tI’(EM/‘ € F) Ag,

where by is Q x 1 with g-th element %?tr(Gq), K= 5Z'(Mpo @ Muo)Z + B, Bj is
defined in part and Ao has the same order as Ay in part

(vi) —zbs = \/%bz + Op(/Q), where by and b; are Q x 1 vectors with q-th element equal to
tr ((Ge)' M poe M o) and Todtr(G,), respectively.

Lemma F.4 Under Assumptions [1H6

(1) Syt 1211 (B = B)(Gy (D) — Gp) X[} = Op(Q*KnT]|6° - 6]13);

(i) 3y || 251 (B = Br) Gy X k[ = Op(QKnTI0° — 8]3);

(i) Yooy || ey UG, — Gy(p)) X k|2 = Op(Q*nT]|6° - 6]3);

(iv) Yo [ 0y (Br — BOG () X3 = Op(QENT|0 — 6°][3);

(V) Syt [| 4y BYG(P) X k|3 = Op(QnT).

Proof of Lemma Consider the first order condition (A.13))
0Q(6,A) 9L(6,A) 90(0,7,()

_ _ - . F.1
06 00 00 Opx1 (F.1)
Evaluating (A.14)) at 0.A,
—L1tr(G1(p))
A A . T
L6, A : 1 .
L£(6,A) _ : Z (Z;) M (S(p)y, — X,B8) = P1+ P2, (F2)
00 —+tr(Gq(p)) nT —
0K><1



where Z} == (Why,, ..., Woy,, X;) and for brevity 6% = 62(8, A). First, a mean value

expansion of P; around the true parameter vector 8° gives

—tr(Gh) Str(Gi(p)G1(P) - tr(Gi(p)Go(P))
: : : 00xk | .4 .0
'P = - (0_0 )7
R EANTED) La(Go(P)GI(P) - L(Go(p)Go(p))
Oxx1 OrxqQ OxxK
(F.3)

with p = wp® + (1 — w)p for some w € (0,1). Second, substituting the true DGP into Ps

and expanding gives

T
11 . A\ o— 3
P2= 207 th(zt)’MA(sw)s (X B+ AV + &) = XiB)
T

T

_ 11 *\/ * 00 2) 11 *\/ 0 0
—&znT;%)MAZt(G _9)+&2W;(Zt)MA(A fi+e), (F.4)
using Lemma [A.2(1)l Combining (F.2)), (F.3) and (F.4) gives the result
—5tr(Gh) Str(Gi(P)G1(P)) - +tr(Gi(P)Gq(P))
0L(6,A) : B : : 0oxk |
29 —4tr(Go) $(Go(P)G1(P) -+ §tr(Go(P)Go(P))
0K><1 OKXQ OK><K
1SSy Z5 0 - 6) + L S (M (A0 e
G2 T &7 AT 62T &= T AV ST
R 1 1
= Bl - BQ(O - 90) + &2 B3(00 - 9) + §B47 (F5)

Applying Lemmas [F.3(i)| and [F.3(iv)| to By and By, respectively, and collecting terms to-
gether, the first order condition (F.1) becomes

<< B OQXK> + &12(33 —H) + Op(\/QP|[6° - 8]]5) + Op <P>> (6 -06°

Orx@ Okxk min{n, T}
11, 90(0,7,¢)
= Sy (Mpo® My)vec(e) + By + Ay — 00 (F.6)

where I is defined in Lemma [F.3(iii)| and B7 is defined in Lemma [F.3(i)} Note, by Lem-

mas |[F.3(v)| and |F.1(x) % = % +Op <%) + Op (\/@PHHO — 9“2), and also that
O k)

|52 (Mo @ M p0)Z|l2 < 25|23/ M pol|2||M po||l2 = Op(1) using Assumption
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Using these, and applying Lemma to By — H, (F.6) becomes

Orxg Orxk

11

) + Op(VaP|6"— d])

P N
Op| —— 6—-0°
+ P(m))( )

11 */ 89(0777 C)
= ﬁn—TZ (MFO & MA)VGC(&‘) +Bi+ A1 — 0 (F.7)

Now multiply (F.7) by vnT to give

11 4 BY 0ok .
ﬁfTZ/(MFO(X)MAo)Z—l- LT TR L 0p(\/QP|16° — 6)],)
oy n Orxg Orxk

P o
Op | —— | VnT(6 - 0°
or (\/min{n,T}> ( )

11 5. 90(8,7,¢)
= 552 "(M po ® M 5 )vec(e) + vVnT <Bl A -
= = nTZ "(M o @ M jo)vec(e) + VnT <81 + A — —35 +op(1), (F.8)

where the last line follows by applying Lemma Recalling the definition of Z*,
L _L1_Z*(M po ® M po)vec(e) can be expanded to give

5% \/nT
L1 2 (Mo ® M yo)vec(e)
6’2 \/TLiT FO AO vec
tr ((GlAOFO’)/M woeM Fo)
11 11 :
= ——Z'(Mpo ® M jo)vec(e) + — —— :
% /nT S VT | tr ((GQA F ) M yoeM po )
Ok x1
tr ((G1e)' M poe M po)
11 :
2 VnT | tr (Goe) M yoe M zo)

Oxx1

Each element tr((GyA’F”) M yoe M o) is zero since M poF° = Orx . In addition, note
that vnT A1 = op(1) using Assumption Therefore, (F.8) becomes

T—i—B; Ooxk

1 1
Oxxg Orxk

2
op nT

) +0p(\/QP16° — 8]|5)

22



P A
Op| ————| |VnT(6-0°
" P(wmin{n,T})) ( )

tr ((G1e)' M yoe M o)
! Z’(M ® M )ec()+1 L :
= 55— 0 0)Vi —
% \/nT F A 62 VT | tr (Goe) M yoeM o)
O x1
\/%U‘(Gl
: 0
\/%I"(GQ
0K'><1
1
= AiQ\/jZ/(MFO X MAO>VeC(€)
tr ((Gls)/MAosMFo) TtI‘(Gl)
P : a2 _var228:2:9 ),
oo vnT' tr ((GQE)IMAOEMFO) Ttr(Gg) 06
0K><1 0K><1
tr ((GlE)/MAOEMFO) Ttr(Gl)
R | [ e | R
g ) nT tr ((GQE)/MAOEMFO) Ttr(GQ)
0K><1 OK><1

where the second equality follows by adding and subtracting terms. Using Lemmas [F.3(v)]

IF.3(vi) and [F.1(x)| the last term in (F.10]) is op(1). In addition, using Lemmas [F.3(v)| and
again,

tr ((Ghre) M pyoe M go) Ttr(Gh)
R : TS
o VnT | | tr (Gge) M yoe M po) Ttr(Gg)
Oxrx1 O x1
tr ((G1e)' M yoe M o) Ltr(G))
1 1 : ’ :
T RBVAT | |t ((Goe) M peM o) | e MpoeMp) Lir(Go)
Oxx1 Oxx1
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TtI‘(Gl)

S22 L g g[S Q@ f
od \/ﬁ(e %) ( <0K><1> tor ( nT) ) Ttr(Gq)

Oxrx1

Ttr(Gl)

_1 L gy " e o el ) GO0 B
ey ) <K+0P(\/@PHO 0|2>+0P(m>>(9 ? Ttr(Gg)

Orx1

Ttr(Gl)

Ttr(GQ)
0K><1
tr ((Gls)/MAOEMFo) %tr(Gl)

—_

1 .
— ’ —tr(e'M yoe M o) )
08 vnT tr ((GQE)/MAOEMFO) A F l’EI“((;'Q)

Oxrx1 Oxrx1
/

Ter(Gh)\ [ Dtr(Gy)
2 1 : : ~
A : : (6° — 6) + op(1)
o8 VT | Tte(Gg) | | ZRtr(Go)

Orx1 Or 1

+ (op@+op<¢@m|e°—éuz+op<czpm|e°—éu%>

VQP/nT||6° — é||2> ) 0 A
o 0° — 0. F.11
+Or ( vmin{n, T} ( ) ( )

Using (F.11)) in (F.10), and ignoring dominated terms, gives the result,

tI‘(Gl) tI‘(Gl)

11

" | (Go) | | tr(Go)

Oxrx1 Oxrx1

Bi + B Ogxxk _ 2
Oxxg Orxk
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+Op(v/QP|6° — 8]]2) + Op (P> VaT'(6 - 6)

/min{n, T}
! Z'(M po ® M po)vec(g)
— T T === 0 0)V
(2] \/7 F A
tI" ((GlE)IMAOEMFO) %tr(Gl)
1 1 : :
+ 55— ' — tr(e' M yoe M 10) '
a3 VT | | tr ((Goe) M yoe M o) ST Ly(ay)
Oxx1 Oxx1
00(0,~,
_ar228:78) oy
00
tr (( TE),MAOEMFO)
1 1 1 1 :
= & ——=Z' (Mo ®@ M po)vec(e) + —5 —— ’
of v/nT s A o5 VT | tr ((GHe) M poeM o)
Orx1
00(0
- \/nTQ(a’;’C) +op(1), (F.12)
where the last equality follows by recalling the definition G, == — l tr(Gy)I,. For the
second to last term,
a ) )
(Va8 | < VP, 12)0p(1) = 0p(1), (F.13)
2

where the inequality in (F.13) follows the same steps as those used to obtain (D.20)), and
the final line follows under Assumption . Moreover, recalling the definition given in ,
notice that

!/

tr(Gl) tl“(Gl)

11

= D.
0(2) nT

B’{—i—B; Ooxk 2
T n2

tr(Gg) | | tr(Go)

0K><1 0K><1

Oxxg Orxk

(F.14)
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Hence, applying (F.13)) and (F.14) to (F.12) gives the result

0 ) P n 3 pno
<D+OP(\/@PH9 —0|]2) +Op (m)) VnT(6 — 6°)

tl“(( Te)/MAOEMFO)

1 1
= ——Z’(MFO ® M po)vec(e) +

7 =

—I—Op(l).

ow‘ =

\/j tr (( *QE)/MAOEMFO)
Orx1
(F.15)

By Lemma [F.2(viii) M o ® M jo)vec(e) = Op(v/P), and by Lemma [F.3(vi)

1

v 2|
tr (Gie)' M pyoe M go) tr (GY)

, .

. T .
VT . =V |y | TOPWVQ)=0r(V@Q) (F.16
\/7 tr ((G*QE)/MAOEMF()) \/; tr (G*Q) (\/7) \/7) ( )

Oxx1 Oxrx1
because tr(Gy) =0 for ¢ =1,...,Q. Thus,

(D +0p(\/QP||6° - 8|2) + Op <P> ) VnT(6 — 6°)

ow‘ =

Vmin{n, T}

Since || D||a, |[D!||2 = Op(1) and, by Proposition 1} ||@ —8°|5 is at least of order a,z then
16 — 6°|], = Op <\ / Tf;) follows using Assumption and the final result is obtained,

DVAT(6 - 6%) = -1 2/(M po © M yo)vec(e)
o5 vnT
tr ((G7e)' M poe M po)
1 .
+ T%f o (Goe) M e M ) +op(1). (F.18)
Oxx1
L]

Proof of Lemma From the definition of D given in equation of the main
text,
A 11 11

D—-D= (Z Z) (MFO®MAO)Z+§ﬁ

~/ ~
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1 1 5 1 1 2
+A727TZ((PF_PFO)®MA0)Z+ Z(MF®(PA—PA0))Z

62n 62 nT
1 1 Q-0 o
79 ”T Orxxq@ 0O@xq@
Note that, forp=1,...,0Q,
K ) K
Zp —Zp = > _(B) — Br)(Gp(p) — Xk"‘z —B)Gp X+ > BUG, — Gu(p)) X,
k=1 k=1
= (Zp — Zp)(l) + (Zp — Z’p)( ) (Z’p - i’p)(g) (F.20)

and 2, — Zp = 0,7 otherwise, and also that, for p =1,...,Q,

K K K
Zp =Y BGH)Xe=> (B —BIGH) X+ BIGH) X =2, +%,  (F.21)

k=1 k=1 k=1

and Z, = Z, otherwise. As such, using (F-20) and (F-21), terms Ly, ..., Lg in (F.19) can
be expanded. Starting with Ly,

11
> nT R R
tr ((Zp—%p)(l)MFOZ,MA()) cee o tr ((ZP—ZP)( )MFOZPMAO
tr ((Zl —21)( MFOZ MA0> ( 21)( MFOZ 0)
bt
a2nT
tr ((zp—z,p 2 >MFoz, MAO) tr ((zp—z,p 2 )MFoZPMAo)
tl“( MFOZ’ MAO> tl"( MFOZ’PMAO)
11
a2nT
tl"( ZP—ZP € )MFoleAo) tl"( ZP—ZP € )MFOZ’PMA0>
1 1
= 33 T(Ll 1+ Li2+ L13). (F.22)

Using Lemmas|F.4(i)]. .. [F.4(iil)| and the inequalities tr(AB) < ||A||r||B||r and ||AB||r <

|A[l2]| B||F,
P 2 2
|L1allr < (Z(sz F) (Z 1% F)

p=1
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= Op(QVKPnT|6° - |3), (F.23)

l

L1.2F<(i(z’p (22> (ZZ F)

D=

= Op(v/QK PnT||6° — 8||2), (F.24)
/[ p 3
| L1sl|r < (Z (% F) (Z Zp/%)
p'=1
= 0p(QVPnT||6° — 8)5). (F.25)

Thus, ||Li||r = Op(QVEPnT||6° — 6||2). ||Ls||F is of the same order. Term L3 can be

expanded as

w (2 (Pp— P& Myo) (8 (Pp - Pro)Zp M)
r (z§3><pF - PFO)ZS)'MAO) r (z§3><pF PFO)Zﬁi)'MAo)
L tr (Zgl)(Pﬁ PFO)Z(12),MAO) e tr (Zgl)(PF PFO)Zg),MA(’)
pr : :
e (&0 (Pp— P& My) - (%)) (Pp— Pro)%y) M)
(v (87 Pp— P& M) - (57 (Pp - Pro)%y) Myo)
po =
7 tr (ZS?(PF - PFo)zﬁl)/MA()) ot (ZS?(PF - PFo)zS)/MA())
L (252)(PF - PFO)Z?)/MAO) S (ZP(PF - PFO)ZEE)/MAO)
tr (Zg)(Pﬁ - PFO)Z?),MAO) e tr (Zg)(Pﬁ - PFO)Z(F?),MAO>
_ }2 1T(L31+L32+L33+L34) (F.26)

Considering each of the four terms in (F.26)),

(1))2
[L3allp < [|[Pp — Ppoll2 (ZZ F)

p=1
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~ KnT)||6° — 6|3
Op(QYSKnT||6° —6|]3) + Op (Q nT]] ”2> : (F.27)

min{n, T}

[NIE

P
5 (1) (22
ILz2llr <[|Pgp = Ppoll2 (ZZP 2F> (Z [ F)

p=1

_ 1.5 0 A2 Q\/EnTHOO - éHZ
— Op (Q VEnT||0 0”2) +Op ( NCTioN ) , (F.28)

||Ls.3||r has the same order as ||Ls2l||F, and

2
| Lsallp < ||Pp — Polla (sz )F)

p=1

vmin{n, T}
where the above uses Lemmas|F.2(v), [F.4(iv)|land [F.4(v)l Thus||Ls||r = Op(Q'"?KnT)||6°—
6||2) + Op <QK"T> It can be shown that ||L4||F is of the same order. For term

= OP(QI'STLTHHO _ é||2) + OP <Q7’LT> , (F.29)

/min{n,T}
Ls, ||Ls||2 < |og? — 0_2|]| L-Z'(M po ® M 50)Z||2. By combining Lemmas [F.3(v)| and
R Jog? = 672 = &+ Op (srp) + Op (VQPI8° — 812, and, by Assump-
tion |13} || 2/ (M go © M 40) 22 = Op(1). Finally, et @ -0 = 0V .. 0¥
with elements (Q(l))qq’ = %tr(Gq(Gq’ — Gy (P)), ( ) t r((Gq — G4(P))Gy¢ (D)),

() = Ltr(Gy(Gy — G(p)), (W) = Ltr((Gy — q( 0)G(p)), () =
Zt1(Gy(p) — Go)tr(Gy(p)) and (), = Ztr(Gy)tr(Gy(p) — Gy). For the first of

these terms,

Q 3 3
127F < (1S(5)S " ~ L. (Z%%) (Z Gy ( 2)
qg=1

q'=1
= 0p(Q"716° - O]]2). (F.30)
s1ng Lemma and so ||Q HF Op(Q'9)|6° — ||2). Similar steps establish that
HQ HF,...,||Q ° ||2. have the same order, and therefore ||Lg||r = Op(Q"?(|6° — 8]l2).
Combining the above results for ||L1||F, . . . ., || Lg|| F yields HD_l—ﬁ_ng = Op(Q'°P||6°—
6 Op [ ——2L__ ). O
H2) +Op (y/min{n,T}
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Proof of Lemma [A.5(ii)l Notice, firstly, that

Q
E | (1((Gie) P poe) — ofTtr(P 5o Gy))?
=1

= EQ: E [ED [(tr((GZE)’PAos) - J%Ttr(PAoG;))QH . (F.31)
g=1

Next, since Ep [tr((G;';E)’PAoe)] = Ep [VeC(E)/(IT(X)PAOG:;)VGC(E)] = Jthr(PAoG;),
and, using the same steps as in Lemma 3 of [Yu et al.| (2008,

Ep [(tr((GZe)’PAoe)) 2}

= (M = 30T S (PpoG)% + od(te(Ir @ ProGy))?
=1

+ ogtr(I1 @ PaoGL) (I ® PpoGL)) + ogtr((I1 ® PpoGh)(Ir ® PpoGy)), (F.32)

then

S E[(tr(@je) Proc) ~ AT1x(PpoGy)’]

=)
—_

Q
ZE[ (M4~ 308 TZ PG+ obtr(Ir ® ProGl) (It © PGl
=1

+oitr(Ir ® PpoG)(Ir ® PAOG;))] : (F.33)

—_

=)

Now note that E [tr((I7 ® PyoG})(I7 @ PpoGy))| = E[tr(I7 ®@ PpoGi(PyoGY))| =
TE [t(G) PpoGy)] = TE[[(G) PaoGYIR] < TIIGLIE[IPpol2] < TRIGES =
O(T) since G is UB over g. The same also applies to E [tr((Ir ® ProGY)(I1 ® PpoGy) )],
and similarly for the first term E Y7 (PyoGE)Z] as D0 (PaoG)% < |[ProGhll3.

Hence

i

Q
E [Z (tr((Gie) Poe) — 02Ttr(PoGE))? | = O(QT). (F.34)
qg=1

[0 Proof of Lemma Notice, firstly, that

Q
E {Z €)' PpoePpo) — UOROtr(PAoG*))
q=1
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_ EQ: E[Ep [(1((Gje) ProcP o) — 3 R6(PpoGy)°] | (F.35)
q=1

Next, since Ep [tr((Ge)' P poePpo)| = Ep [vec(e)' (P po ® P0G )vec(e)] = ogtr(Ppo ®
PGy = agROtr(PAoG;), and, using the same steps as in Lemma 3 of [Yu et al.| (2008]),

Ep [tr((GZE)/PA()sPFO)z]

nT
(M2 = 308) S (P o @ PpoGr)2 + ol (RO (tx(P o G
=1
+ Uétr((PFo & PAOGZ)(PFO & PAOG:;)) + Ug‘tr((PFo & PAOG:;)(PFO & PAOGZ),>,
(F.36)
then

Q 2

S E [ED [(tr((GZs)’PAosPFo) — 02R%r(P 50GY)) H

q=1

Q nT

q=1 =1

+obtr(Ppo @ ProGE)(Ppo @ PAOG;;)’)} . (F.37)

Now note that E[tr((Pgo ® PyoG})(Pgo ® ProG}))] = Eltr(Ppo ® (G}) PoGy)] =
RE[tr((G})' PpoGy)] = RE[[[(G}) PaoGllF] < RU|IGE[13E[IP pol7] < (RY)?]|Gyll3
O(1) because G is UB over g. Similarly for the remaining terms in (F.37). Hence

Q
E [Z (tr((Ge)' P poeP o) — iR tr(PAoG*)) =0(Q). (F.38)
qg=1
O
Proof of Lemma [A.5(iv). Notice, firstly, that
Q
E Z e)ePpo) — UOROtr(G*))
q=1
Q
-3 E [ED [(tr((G;e)'sPFo) - agROtr(G;))2H . (F.39)
q=1
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Next, since Ep [tr((G;E)’sPFo)] = Ep [vec(e) (Ppo ® (G;)’)vec(s)] = agtr(PFo®(G;)’) =
o3 R%r(G}), and, using the same steps as in Lemma 3 of [Yu et al. (2008),

Ep [(tr((G;s)/PAoe))ﬂ
nT
= (ME=300) > (Ppo® (G3))ii + o0 T2 (tr(P 40 Gy))?
=1
+ ot (Ppo ® (GY))(Ppo @ (G))) + otr((P o © (GL)) (Ppo © (G5))),  (F.40)
then
@ 2
S E [ED [(u((G;s)'PAos) — 02R'x(GY)) H
q=1
nT

= ZE[(Mﬁ =305) ) (Ppo ® (G})); + ogtr(Ppo @ (Gy))(Ppo @ (Gy)'))

q=1 i=1
+ optr((Ppo @ (G))(Pyo @ (Gy)))] (F.A1)

Now note that Eftr((P po®(G}) ) (P po®(G;)))] = Eltr(P po®(G;)' Gy)] = R°tr((G})'Gy) =
R?| |G| 2. < ROn)| |GZ||% = O(n) because G7 is UB over ¢. Similarly for the remaining terms

in (F.41)). Hence
Q
E | (tr(Gre) )eP o) — 02R%tr(GE))? | = O(Qn). (F.42)
q=1
O

Proof of Lemma [A.5(v). Expanding,
tr ((Zl — Zl)/(PAOE + MAOEPFO))

1 1
o8 \/nT _ ’
tr ((Zp — ZP)/(PAOE + MAOEPFO))
tr ((Zl — Zl)lpAOE) tr ((Zal — Zl)/PAOé“PFo) tr ((Zl — Zl>/€PF0)
1 1
—— : - : + :
od /nT - _ -
tr ((zp — ZP)/PAOE) tr ((Zp — Zap)/PAOEPFO) tr ((%p — ZP)IEPFO)
1 1
— L — 1 +13). F.43
First,

P —1 2
1 1 , -
111]|2 = —~ » tr ((nAO AO) A%e(Z, — zp)’A0>
p=1
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(RO)2 0’ A0 o’ ~ ' A0(12
< A A ZHA —Z,)A°|3. (F.44)
p 1
Now notice
Z 1A e(%), — %) A3

IA
(= "i

[HAO’e(zp — %) A°)3]

S
Il
—

2

Il
PQ*U

7“:1 s=1 1 t=1 5=

S
Il
—

RO RO n T n
( >N Am,szt (Zp — Zp) e ),

n n

[ RO RO T n T
Z Z Z Z Z Z Z Z )‘?r)‘;)s)‘?r)‘g) sEp [elt(z’ Zp)jtgi/t'(zp - Zp)j/t/]
7'=1

| ™= 1 s=11i=1 t=1 j=1i=1t'=1

I
Fgw

S
Il
—_

(F.45)

Consider, for example, the case where p = 1. In this case %1 — %1 = W, pat Ahilsfls;‘l
It is straightforward to see that Ep [e(Zp — Zp)jicin (Zp — Zp)jr] # 0 only when t =

t',i =1 and j = j/, hence,

P
Z HAO/E(ZP - Zp)/AOH%
=1

RO RO

P n T n
<Y ES Y S SN Y WAt | — 06, (Rag)
7=1

p=1 r=1 s=1 i=1 t=1 h=1 =1

using Assumptions and Similarly for other p, trivially so in the case where p
corresponds to an exogenous covariate since %, — Z, = 0y,x7. Using this and (F.44) gives
the result that ||l1||3 = Op(PT) whereby \/%Hlng = Op(y/P/n) = op(1). For term Iy,

P
Hl2||% = Ztr ((Z’p - ZID)IPAO"EPFO)2
p=1

P
< (R 1%y — Zpl[3]1 P poePpol[3

p=1
(R)? [ 5 112 02| 702 10’0712 10/0712 002
S a7e ZHZ’ZJ_ZPH2 IAZ[RIIFZ 2 ||| —AT A —FF [|A” eF"||5
nT = n ) T ,
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= Op(Pmax{n,T}), (F.47)

using Lemmas [A.2(ii1)] [F.1(ii)| and [F.1(v)] as well as Assumptions|6.2 and This implies
=Ll = Op (\/m) — op(1). Finally for term I3,

tr ((Zl — Zl)IEPFo) — Ep[tr ((Zl — Zl)IEPFo)]

1 1
Vit~ VT _ ' ]
tr ((Zp — Zp)IEPFo) — Ep[tr ((Zp — Zp)’ePFo)]
) Ep[tr ((Z:l — Zl)/EPFO)]
T .
]Ep[tr ((Z’p — Z:P)/EPFO)]
] ] Ep[tr ((Zl — 21)/8PF0)]
= \/ﬁlg'l + \/ﬁ : . (F.48)

ED[tI‘ ((Z,p — ZP)/EPFO)]

Using the same steps as in the proof of Lemma 5 in Shi and Lee (2017)), it can be shown
that \/%ngl\]% = op(1) and then, finally, by using the explicit expressions for Z, — %,
given in the proof of Lemmas [F.1(v)|

ST e (Jo P o g ) tr (W APS ™Y
Epltr (%1 — Z1)'eP go)] Zz:ll tr(JoP o} )tr(WoA"S™)
1 . _ 1 Or+x1
vnT o -~ /nT I e (JoPpoJ))tr(AM 1S~ [
Epltr (%p — Zp)'ePpo)] STl (Jo P poJ), ) tr (W1 AP 181
S te(JoP poJ) ) tr(WoAR—1871)
(F.49)
which, combined with the previous parts, yields the result. O

Proof of Lemma[A.6 In this proof a central limit theorem is proven for Sc. The steps
are similar to the proof of Lemma 13 in Yu et al.| (2008), with modifications due to the

increasing number of parameters. Let v € R¥ with elements v; and ||v||2 bounded for all
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L. Also, recall the definition of S given in Assumption Then v'Se equals

tr(e’'Gie)
V'S | Z'vec(e) + '
tr(e'Gge)
Or+1
- _ tr(e’'Gie
tr ((MAOZqMFo + (Zl — Zl))&‘,) ( ! )
— ’U/S + /.
_ _ tr(e'G}e
tr ((MAOZPMF0+(ZP—ZP))€/) ( Q )
Or+1

S 1tr(W1AhS lexe!)

o0 —1_x Pevk o\ 2 *
Ox+x1 .
= ’UIS . + + :
’ 0 h—1g—1 * ! . .
tr(M yoZp M po€’) L (A h‘si | )/ tr(e’ OE) — TU%’EI“(GQ)
A F > ohe 1t1"(W1A S~ lere) Okx

> he 1tr(WQAh 'S~ lere)
(F.50)

where the last line follows from applying the expressions for Z, — %, given in the proof of
Lemma [F.1(v), and also noticing Taotr(G*) Todtr(Gy — 2tr(Gy)I,) = 0. Now, define

the matrices

S

I
M=
Mw

Ul(S)lpMAOZpMFO (F.51)
=1 p=1
L P
U= D" wS)A,A" S e, (F.52)
=1 p=1 h=1

o <S>lp% (G, +6) (F.53)

%

Il
M=
Mw

T
I
i~
I
5
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with elements d;;, u;; and b;; respectively, where

W,A forp=1,...,Q withg=p

0 forp=Q+1,...,Q + K*

Ap3: nxn p=0Q Q (F.54)
I, forp=Q+K*+1

W, forp=Q+K*"+2,...,Pwithg=p—0Q — K" -1,

and G, =G, for p=1,...,Q, and Oyx, for p=Q +1,..., P. Using the matrices defined

in (F-51), (F.52) and (F.53), let

T n i—1 T n
=3 | (i1 + di)ei + bl — 03) 2> bigejesa | = D> jirs

t=1 i=1 j=1 t=1 i=1
(F.55)

and the variance of J be denoted 0?7. In what follows the aim is to show that the stan-

dardised sum % 4 N (0,1) for any v. Following [Yu et al.| (2008]), define the o-algebra
Fie = 0o(e11, -+ Eni, 512, ey En2,E1ty - -+, Eit)- A central limit theorem for martingale differ-

ence arrays apphes to -~ e 7 if the following two conditions are met:

m Z ZE (1] = (F.56)

t=1 i=1

n

T

1

g E E]lt|3~1 1] — L (F.57)
J t=1 i=1

Conditions (F.56]) and (F.57) are now demonstrated in turn. Beginning with (F.56)), note
that

i—1
it < i1 + dulleal + |ballel + o8] +2 ) [bijllesel el
7j=1
11 5 e
= |wit—1 + dalleat] + |bial P [basl 15 + 05| + 2 [bij |7 bis| 72l
7=1

for any p, g > 0 such that % + % = 1. By Holder’s inequality

1—1
1 1 1 1
i1 + digl|ie| + bl ? [bial 7 |e3; + o5 + 2> [bis|P [bigl 7 ejellest]
j=1
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1 1 1 1
Ut —1 it||Eit i | P |04 9 |E5¢ T O i1 P |0i1] 9 |E1¢||E4t
\ + dit[eit] + [biil 7 i 1 |€3, + o] + 2[bir | ¥ bia [« el

1 1
+ oo+ 2|bii—1| P bii—1|7|i—1¢] €4t
1 1
7 » i—1 q
< Juaror + dal? + D (bl it + [bislle3 — 0519+ 2%€ir D [bijllesel?
=1 =1
Hence
q
7 P
E[ljiel”) <E || |luit—1 + di” + Z |bij
=1
i1
x| Efleidl 1 + balE (|6 — 0317] + 29 [lewel®]) Y |bij B [leel ] | . (F.58)
=1

Let ¢ = 24§ with 0 small. By Assumption €it has finite fourth moments. With ¢ < 4
then E[|e;s — 03]9] < c1, E[lei]9] < 2. Now, for the matrix B

1Bl1 < ZZ o1/ |(S)|

=1 p=1

‘ gp+g)

[ SIS

L P % P
<D Ll [ DIl | | D_l1GI1E
=1 p=1 p=1

L % L P % P
< (zw) >3 mn) (2l
=1 =

2
(Gp+6,)
=1 p=1
< VPv||2|S]|r max (gp+g ) O(VP),
<p<P 1

since ||[v|]2 < ¢, |[S||F < /rank(S)|[S||2 with rank(S) < L, ||S||2 < ¢ by Assumptlon

i 1
and using the fact that G, is UB by Assumptions and Similarly, it can be shown
that ||B|| = O(V/P). Therefore returning to (F.58))

hSES]

E (i) <E | | (uir—a] + [dael)” + D byl O(VP).

j=1
Next, by the ¢, inequality (see, for instance Davidson) 1994} result 9.28), and smce =146,

hSES

7
q_
E || (uie—a] + [die )P + 3" bl | | <277

E[(luit—1] + |diz])7] Z|bm|
j=1

SRS
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< 24 (Bl + ) + O(P )

< 207t (207 (Bllui1 ') + Elldul) + O(P)) .

(F.59)
Now,
L P o)
uit—1] < ZZ lu||(S (Z.ﬁl Ah=1g~ €h+1>
=1 p=1 h=1 it—1
P 00 2 %
< [olloliSlle | 3 (ZApAh—ls—ls;;H)
p=1 h=1 it—1
< HUHQHSHF\/JBargmax (ZA Allg- eh+1> : (F.60)
sp=P | \}—1 i
Hence

Efjui—1]7) < [|v]|$]|S||%P3E

) ] R

(ZA Ah-1g- sh+1>
it

h=1

arg max
1<p<P
Recall that ¢ = 2 + 0. By the same steps as in Lemma 10 in Yu et al.| (2008)), it can

be shown that E[(‘ (Zzozl ApAh_15_1€Z+1)it ‘)4] is O(1), uniformly across i,t, and p.
Therefore E[juy_1]7 = O(P?) = O(PHg). By similar steps,

|dit| < ZZ’WH lp” FOZPMAO)it‘

=1 p=1
1
P 2
< [Joll2lISlIF [ Y (M poZyMgo),)* | (F.62)
p=1
Hence
q
P 2
E[ldal?) < [0l SISIFE | [ D (MpoZMpo),)* | |- (F.63)
p=1

It is straightforward to see that E [ ( Z L (M poZy, MAo) )2 )2] is O(P?) and hence E [|d|] =
O(P?). Returning to (F.58),

Ellial? < (0(P'+) + 0(P%) + 0(PE)) O(V/P)
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— 0P, (F.64)
therefore
T n
> D E[557N = O(nTP?) (F.65)
t=1 i=1
and
1 K& 1 1 1 1 5
E[lj5)] = O(nTPz) = O(P2)
o5 g = o7\ (nT)* o7\ (nT)2
(nT)'*2 (nT)H'?
(F.66)
o2+ -1
Since <(nT)1+g> =0(1),
5
244 P2
2+5 ZZE 152+9)] = 5 | =o(1) (F.67)
t=1 i=1 (nT>2

for 4 sufficiently large under Assumption This verifies (F.56|). Next Condition (F.57)

is established. Note that

is equivalent to

and hence also to

First,

T n T
Z ZE[ji%b‘?i—lt] = Z
t=1 i=1 t=1

+ 2(uir—1 + dit)eh

+ 2b;; (E?t —

n

= S S ERF ] D

2
J t=1 i=1

T n
01?7 (ZZE]MS’, 1t —aj> K

t=1 i=1
) _

2+ (wir—1 + dir)eibii (3

op(1). (F.68)

U~
VRS
M=
=
SM
|
Q

n

Y E

=1

(wit—1 + dig)e — 05)

i—1
Z bijgjt + bii (8215 (2))(uzt 1+ dlt)glt + bn( it
j=1

U(z))ait +2 Zbljajt 51215 Uzt 1 +dzt)

i—1
E bijEjt
j=1
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i—1 i—1 i—
2 2 2
+2 E bijEjt 5itbii(5it — UO) + 45it E bz’jgjt E bijé“jt ‘Fi—lt .
Jj=1 Jj=1 j=

Recall M§ = 0 and that M5 = 08. Moreover, ¢j; is independent of u;—1 and d;; for all
1,7 =1,...,n. Thus,

T n T n
Z Z Elj7|Fi-1) = Z Z OB [(wit—1 + dit)?] + 2E[ust + dit] M5bs;

t=1 i=1 t=1 i=1

+ 4E[uzt 1+ dzt Z szz’f]t + blleE O'g

i1 i—1
+ 4buM§ Z bz‘je’:‘jt =+ 40'(2) Z bz‘je’:‘jt Z bwé‘]t F 69)

i=1 j=1
Next, since E[J] =0,
T n i—1
0% =3 ooB[(uit—1 + dir)’] + 2Buir + dig] M5bis + bM§ — bii0h + dog | > b,
t=1 i=1 ;
(F.70)
Combining (F-69) and (F70),
1 T n 1 T n i—1
LS S BT ) o = DS (Bl + dulod 4 b [ S
J t=1 i=1 T =1 i=1 j=1
i—1 i—1 i—1
+40’§ Zbij&‘jt Zbijgjt —40’3 Zbgj
j=1 j=1 j=1
1 T n i—1
= 0'72 Z Z 4 (E[uit_l + dit]U(Q) + buMg) Z bijéjt
J =1 i=1 j=
i—1 j—1 i—1
+ 803 bijbilftht + 40(2) Z b?j (&‘?t - U%)
j=11=1 j=1
407 1 n
- o o3 (Bl il + ) > b
nT"J t=1 i=1
i—1 j—1
+ 2 bz]bzlgjtflt + Z b”
7j=11=1
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4
— 00 _(Hy + 2Hs + Hz). (F.71)

nT UJ

With aj > 0, it remains only to be shown that Hj, He and Hj are op(1). It is straight-
forward to see that E[H,] = E[H2] = E[H3] = 0. Next,

1 T n—1 n Me 2
E[Hf] =E nT Z Z Z <E[Uit1 +di] + b2223> bijejt
t=1 j=1 \i=j+1 20
2
2 T n—1 n .
g M
t=1 j=1 \i=j+1 0
2
2 T n—1 . n
g M
= (nj(')‘)Q Z (1I22a<Xn {'E[Uzt 1+ dzt bi; 3 } Z ‘b”|
t=1j=1 \ — = S
o3 . 2
= (nT)QT <fg&2§ { ’E[Uzt 1+ dig) + }) Z Z bij| | - (F.72)

i—jt1

Since E[|uis—1[], E[|ditl],bii = O(VP) and Y72} (Z?:jﬂ \bij!>2 < X (T b)) =
O(nP), then E[H}] = O(:£.) = o(1). For E[2H3],

2

2
E[2H2] =E v Z . Z bijbicjien

n i—1j-1 T n ¢=15-1

T
- (n;{)2 Z Z Z Z Z Z bijbitby b E [jeenejrery)

t=1 =1 j=1 =1 t'=1¢=15=11=1
n i—1j-—1

4
= ng% Z ZZ Z bz]bzlbmjbml

i= 1] 1= 1m—j+1

<> 4"0 Z|bw| Z b E [bitbymi]

11]1

4
G° ZZlbm! Z b max{lbul}Z\bmzl

lel

=0 (:;) = o(1) (F.73)

| /\
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as Z?Zl bij| = O(V/P) for i = 1,...,n. Finally,

1 T n i—1 2
E[Hg] =K ﬁz szzj(ff?t—ag)
t=1 i=1 j=1
T n i—1 T n
= ( TR0 2. SR ER - il (R
t=1 =1 j=1t'=1i=15'=1

For j # j ort # 1, Ele t62,t,] =0 and for j = j  and t =t E[e 2tE ] = M3 and hence

n—1 i—1 2
E[H}] = nQT(ME o)) > by
i=1 \i=j+1
1 n—1 i—1 2
4 2
< W(Mi—ffo)lg;%n\bij! Z Z i1
J=1 1=j+1
P2
= = o(1). F.75
(27) =o (F.75)

Given E[H?], E[H2] and E[H2] are o (1), then, by Chebyshev’s inequality, H1, Hy and Hj are
op(1). This verifies Condition (F.57) and it follows that % 4N (0,1). In the remainder

of this proof it is shown that this is equivalent to the expression given in the statement of
the lemma. Recall (F.70)),

n i—1
0% = 3 02E[(uir-1 + die)?] + 2Eluie + dit] Mbii + VE(MG — o) + 4o [ S8,
. j=1
T
= Z 206152 —1—40'0 Zb +0'[)E Uit—1 +dzt) ]
_|_

T n
<Z Z 2MEE w1 + dig]bi; + (M2 — 303)@%‘)
g (F.76)

Rearrange l; to give

T n i—1 T n
=200 ) 0+ 2 [ D05 | | 00D El(ui-1 + dir)?]
t=1 i=1 7j=1 t=1 =1
T n
= 2Togtr(BB) + 05 > > El(uie—1 + dir)?). (F.77)
t=1 1=1

42



For the first term of (F.77)),

L P L P

1 1
2Togtr(BB) = 2Togtr [ > > Y Sy (Gp+G)) 5 (Gy +G)(S)vpor)

I=1 p=11'=1p'=1

= nTogv'SQS'v, (F.78)

using the definition of G, and G7. For the second term of (F.77), recalling that Z, =
MAOZ;DMFO + (z’p - Zp)a

2_

11
= o¢nTv'SE 773’(MF0 @ Mpo)Z || S'v
a9 n

tr (ZpZ,) --- tr(ZBZp)

ﬁl—|

+ ognTv'S Z'(Mpo® M Ao)z} S'v

= oynTv'SE [ Z' (M po ® M Ao)z] S'v 4 o(1), (F.79)

using Lemma [F.2(ix)| Therefore
I = ognTv'SDS'v + o(1). (F.80)

Next consider lo:

T n

T n
la = Z Z 2MZEuir—1 + dit]bii + Z Z(M;* — 300)bZ

t=1 i=1 =1 i=1
=i lo1 + 122 (F.81)
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First, 2.1 equals

Y Y (GHE [(M goZi M po)is] -+ 3o S0y (G)iE (M g0 Zp M o)t
oM3'S : _ h : _
Yt i (G)E [(M poZiM po)ie] -+ 324y 32 (GO [(M g0 Zp M po)it]
Orxp
3]
= MZV'SE [® + &'] S'v, (F.82)

since E [u;;—1] = 0. Second,

= 0
lho = (M2 —303)v'S @E) Sy, (F.83)
OxxQ Oxrxk

and thus combining (F.82)) and (F.83),

ly = nTogv'SVS'v. (F.84)
Bringing together these results,
0% =nTogv'S(D + V)S'v, (F.85)
and therefore,
1 1 'S
J_ = v . (F.86)
o7 V/nT o5 \/u'SD + V)S'v
Since it has been established that % LN N(0,1), then, by the Cramer-Wold device,
L s+ v)§) ESe b (0L, L) (F.87)
T o2 x1s . .
This completes the proof. ]

G Proofs of Lemmas F.1-F.4

As in Appendix [F] since the following intermediary lemmas are only used in proving The-
orem [I| and Proposition [3] for notational simplicity, it is again assumed that all of the
covariates are relevant, i.e. K = K%, Q = Q", P = P? and Zq)=Z2.

Proof of Lemma [F.1(i)l Recall that %./AX/./AX — I'p. Then A'A = nIy and I|A|3 = n.
Thus [|A||s = v/n. Next, ||A||% = tr(nIg) = Rn, hence ||A||r = vV Rn. O
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Proof of Lemma [F.1(ii)|

n

RO T T
E(IF ] =Y 3 S S B[S ucu]
r=11i=1 t=1t'=1

n

RO T T
_ Z Z Z Z E [fg,fSTED eiteir]]

r=1i=1 t=1t¢=1
n T

=3y D > E[(f)]

r=1i=1 t=1

= O(nT),

using Assumptions [I| and from which the first result follows. The remaining results are

established similarly. O

Proof of Lemma [F.1(iii)l Using Lemma |F.1(i)| and the assumption that the matrices

G, are UB across g,

’ (vec(G’l./AX), . ,Vec(GbA)) ‘ ‘2 < H(vec(G’IA), . ,Vec(GbA)) ‘ ‘F = Z ||vec( G’ A)|2
Q ~
=\ D _IIG,A[% < ZIIG 1311A[]% < \FHAIIQ\/@,/ max, IIG 5=0
q=1
under the normalisation %[X,f\ =1Ig. O

Proof of Lemma [F.1(iv). Follows by the same steps as in the proof of Lemma [F.1(iii)}
and using Lemma [A.2(vi)| O

Proof of Lemma First, let €} := (€1-p, ..., €r—p), which is the n x T matrix of
lagged error terms. By recursive substitution of the model, explicit expressions for Z, — Zp

can be obtained as

W, A"S ler forp=1,...,Q withg=p
- O forp=Q+1,...,Q + K*
S Allg Tl forp=Q+ K*+1
W, AMIS et forp=Q+K*+2,...,Pwithg=p—-Q— K*—1
(G.1)
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Using these expressions, for p=1,...,Q,

2 2

o) T
1% — %13 = ‘ W,y AMSTle || <[[W 3| AS e + || (G.2)
h=1 2 h=1 2
where r = ZZO:TH Ahsflefl. Let e = (e1_7,...,€0,€1,...,€7), an n x 2T matrix.

Latala (2005) shows that under Assumption E [||e**||3] = O(max{n,2T}). Therefore,
for the first term inside of the second norm on the right-hand side of (G.2)),

T 2

hg—1_x
E A"S e,
h=1

T
< IS7HE D IIAMIBE [ller 3]
2 h=1

E

T
< |ISH3E [Ile™*[13] D_(IlAI3)" = O(max{n,T}), (G.3)
h=1
which follows from Assumption [2.3]and noting that ||e};||2 < ||e**||2 since €}, is a sub matrix
of e**. Also, E[||7|]3] < E[||r||%] = O(n) follows from the proof of Lemma 4(2) in |Shi and
Lee| (2017)). Now,

2
E |2 - Zll3] < IW4I3E ( + ||r||2> . (G4)
2

T
ZAhS_ls;;
h=1

Expanding the square in (G.4) it is straightforward to see that E [||Z, — Z,[|3] = O(max{n,T}).
Forp=Q+1,....,Q + K*, Z,—%,=0. Forp=Q+ K*+1,...,P, E[||Z, — Z,|3] =
O(max{n,T}), by similar arguments to those above. O

Proof of Lemma [F.1(vi)]

P P T
~74 — —
E Z ng’p‘ |2F =E Z Z Z EitEit! Zpi't Zpi't!
= —

n T
=oin Y > Y E[z] = O(Pn’T), (G.5)

since the elements of Zp are independent of the error term and have finite second moments.
O

Proof of Lemma [F.1(vii)|

P o P T T n 2
B |S I,k -5 |3 z(zzfsraﬁz@
p=1



P RO T T n T n

=E Z Z Z Z Z Z f?rfg’rzpitzpthD [517—83'7—/]

p=1r=1t=1 =1 i=1 7/=1 j=1
P RO T T n

=062 > 2.2 > B[ %]

p=1r=1t=1 =1 1i=1

= O(PnT"). (G.6)
This follows from Assumptions and under which it can be shown that E[Zgjt] is
bounded uniformly in p,j and ¢. The second and third parts follow similarly. O

Proof of Lemma [F.1(viii)

1 ol 2
E HAO ee’A® — g2AYA°
T F
RO RO 1 T 2
=F Z; Z; (T ; AN e, — 520 AS)
r=1 s= =

RO RO T T

_ %E 3NN AN el AN,

r=1s=1t=1 =1

9 R RO T , / R® RO ) /
- 7E DD AN AT N +agE (D) AYAIAIAY
r=1s=1t=1 r=1 s=1
1 RO RO T T ) ) R° RO ) /
= E 22;2:1592)\2 e’ A0\ | —GlE ZIZIAS AN (G
r=1s=1t=1 7= r=1 s=

Using Lemma 3 in [Yu et al.| (2008),

RO RO T T

%E Z Z Z Z A e, XAV e,

r=1s=1t=1 =1

1 RO RO T / ) 1 RO R T T / )
= E DD AN el AN e | + ToE DD AN el AN e,
r=1s=1t=1 r=1 s=1t=1 7#t
1 RO RO " / / / / / /
= 7E Z; Z;Wi ~ 30) Z;(ASAB )i + g (Er(AIAY)? + trAIAT ASAY) + tr(ASAY AN )
r=1 8= 1=
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RO RO

—i—L ZZtr )\0)\0

r=1s=1
R® RO
— 1E |33 (M5 - o) 2( XY V2+ o (tr(ADAY AAY) (ALY XD
r=1 s=1

RO RO
+ogE [0 (AN (G.8)

r=1 s=1

Thus,

E

1
HTAO ee’ A" — o2AY AO

F
RO RO n

= 71@ ZZZ (AOAD)Z 1 gAY AOAY A0 + AY XA X\0)
r=1 s=1 i=1

RO RO n n

— (M 300 AOQ )\02 + UéE & = )\0 )\0 )\0
§ E E : 1,1 7\,s T § E E : E irNsNjr Vs
r=1 s=1 =1 j=1

r=1s=1 i=1

UO RO RO " 02 02 77/2
S 99 Bp DRV A <T) (@9)

r=1 s=1 i=1 j=1

using Assumptions |1 and . Hence, H%Aolee/ A® — 2AY A0y = (\%) The second

part of the lemma follows from analogous steps. O

Proof of Lemma

P T R /T 2
5> (Tzewzmef riz)
RO T T P T RO

P T T
- LRSS N Z e N Ze | - 25 |33 S Az 2N

p=1t=1r=11=17'=1 p=1t=1r=17=1
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1 P T RO T T T R°
. ! = /!
= 1)5)9) 9) 9) SEICEBU N I 3 3) S AUAX
p=1t=1r=11=17'=1 p=1t=1 r=1
(G.10)
Using Lemma 3 in [Yu et al.| (2008),
1 P T R T T
=4 =)
10330 3) ) SEEC ALERUE A8
p=1t=1r=11=17'=1
1 P T R T 1 P T R T T
1)) 3) ) ST AEETE AN BUEEY ) 55 35 B B BIEPXL AR e
p=1t=1r=17=1 p=1t=1 r=17=17'4#1
1 P T RO n
= TE Z Z (M3 — 307) Z(A?Z;t)?i + Ué(tr(&qZ;t)z + tr(/\BZ;t/\QZ;t) + tr(AQZ;thtAg )
p=11t=1r=1 =1
4 T_-1 T RO B
+ 00D |55 S aaiz)?) (G.11)
p=1t=1 r=1
Thus,
L s 0 25/ A0 ?
E Z —2Z,ee' A — 05, A
p=1 F
1 P RO n
! =/ =/ = 5 /
= ZE | 330D (Mi = 300) Y (AIZ,)% + oi (e (N2 X Zy,) + (X2, Z A )
p=1t=1 r=1 =1
(M5—30'4) P T R° n 5 0_4 P T R n n
= RO Y Y Mg B DY D D D Ana A
p=1 t=1 r=1 i=1 p=1t=1 r=1 i=1 j=1

P T R n =n
F R | Y S | =0 (). (G12)

p=1t=1 r=1 i=1 j=1

which establishes the first part. The second part is obtained similarly. O
Proof of Lemma [F.1(x)|

1 1 1
ﬁtr(€/MAO€MFO) = ﬁtr(€/€> — ﬁtr(EIPAOE)
1 1
—ﬁtr(E/EPFO) + niTtI'(E,PAOEPFO)
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Using Lemma 9 in [Yu et al.| (2008), I; = 0(2] 4+ Op (L> For s,

V/nT
1 R? 1
—|tr(e'P < — 2-0 —_— . G.14
Sl Pyoe)l < el = 0p (o) (@14)
Similarly for I3 and l4, which gives the result. O

Proof of Lemma [F.2(i). Recall from the discussion of equation (A.1) that A satisfies
1 T
~ Al A _ A
(nT ;:1: etet> A = AT (G.15)

with the columns of A being R eigenvectors of niT Zle é:€, associated with its R largest
eigenvalues, and IT being a diagonal R x R matrix containing the largest R eigenvalues of
L ST | &) along its diagonal. With S(p)S™! = I,,+ Z?Zl(pg —pq)G ¢ by Lemmam
expand as

T
i 0 ) 020V | A
+<nT;Zt(0 0)(A°F?) | A
1 I
—N " Z,(6° A
+<nT; (0 e)st)
1 & (& AW
+ n—TZZt(QO 0) Z(ngﬁq)Gquf? A
t=1 q=1
1 <& (& AW
(20 -0 [ S0 i) | A
t=1 q=1
1 & )
+ ( > AYF)(Z,(6° - 9))’) A
nthl
1 I
L 00/ A0 20V | A
+<nT;Aft(A ft))A
1 I
= 0 p£0_/
+<nT;A tet>A
1 0 £0 < 0 0 £0 /
+ ﬁZA t Z(Pq_ﬁq)GqA fi A
t=1 q=1



— pg)G A’ tet) A

pg) G A Y (Z GAOft>)]\
q=1
0 < ,
JGA D () qst) ) A
q=1

— pq)Gee(Z4(6° - é))/) A

T Q
Z Z(PS - ﬁq)qut(AOfg)/) A

o1



1 & A
+ T Z(pq —pg)GeEre, | A
t=1 g=1
1 & \
+ nT Z Z(Pg — Pg)G et Z(Pq - ﬁq)GqAOfg A

T Q Q
1 ) ) A
+ T Z Z(PS — )G et Z(Pg — Pq)G et A

= Pi+...+ Pys. (Glﬁ)
Note that P7 = S A'FOFOAYA. Then,
A 0 1 0" 70 A 0" &

n

Since TFO F° and 1A0 A are both asymptotically invertible, by Assumption and
Lemma [F.2(ii)| respectively, let 3* := plim,, p_, ., (anFOIFOAO A>_ whereby,

ATIZ* — A= (P +...+ Pg+ Ps+...+ Py)¥",

or

AH* ' A’ =(Pi+...+ Pg+ Ps+... + Py)X". (G-17)

Now,

1 . 1
— |IAH*' = A%, < — (||P P P L+ ||P >*|s.
\/HH |\2_ﬁ(|\ 2 + ...+ 1|Psll2 + || Ps|l2 + ... + |[Pas]|2) || Z"||2

(G.18)

The probability order of the 24 terms in (G.18) must be examined, though for brevity the
calculations for similar terms are omitted. Also note that ||X*||2 = Op(1). Using Lemmas

[A.3(1) and [F1(0)]

1 1 A . ~
Pl < T2 ST 126 - )IBIAlL = Op(6° ~ B (G19)
t=1
Using Lemmas [A.2(iii)], [A.3(i)| and [F.1(i)}
fHP2H2 < f TZHZt O)lI21IA° £7]12]|All2
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[NIES

IN

-
- 3

T 3
<Z I\Aof?H%) [1A]l2
t=1

'ﬂ"‘

i

T
1 . , .
< - [ = Z,(0° — )| AYFO A
—fﬁ(@?}” #( )Hz) | || Al]2
= 0p(||6° - 8]]). (G.20)

XZ: 1Z4(6 HQ)

N

Using Lemmas [A.3(i)[ and |[F.1(1)}

T
1 11 0 Al
WHPBM < nnT;HZt(e —0)||2]|e1Al]2
T 3T 3
<1 <1Z|\Zt<9° —é>||%)2 <z|\e'm|a)2
>~ t
ny/nT \ nT =1 =1
1
T 3
1 1 1 A .
= NN <nT Z HZt(GO - 9)”%) |le"AllF
=1
1
T 3
1 1 1 o .
< NN (nTZ 1Z:(6° — 9)||%) llell2l[Allp
=1
0 4
- Op 116" —6ll2_ ) (G.21)
min{n, T}
Using Lemmas [A.2(1)} [A.2(ii1)] [A.2(viil)), [A.3(1)| and [F.1(1)}
s > \
|| Pall2 < 1Z,(6° — )] () — pg)Ga|| [IA°FPII2lIA]l2
f f nT = ,
Q 1 T
Z(Pg —pg)Gyq|| lIAll2 —ZHZt( 0)|[3 Z||A0ft||2
nT
=1 ) =1
= 0p(v/Qll6° - ]13) (G.22)
Using Lemmas [A.200)} X201} [A2(vii)}, [A3()] and [F1(0)
1 1 & @ A
—=||Psl|2 < 7*Z|\Zt 0)|]2 Z(ﬂg —p llet|[21| All2
< L LIS e 1Al (LS 1z —ag) Zustuz
~ Vn/nT put ¢ Fad , nT <
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Or(v/Ql16° - 613)

Using Lemmas [A.2(iii)| and [F.1(1)]

1
|P8|2_ — AO %1 [2]|Al]2 <

1
=Or (\/ min{n,T}> '

Using Lemmas [A.2(1)} [A.2(ii1)} [A.2(viil)| and [F.1(1)}

Q
1 ) .
\fHPsaHz_ ZH HIDCE A% £ |12/ All2
q=1 9
11 || d .
< —=—|[2_ () = 29)Gy (ZHAOfgllg)llAlb
\/’ETLT q=1 9 t=1
L LIS g6, IAOE AN
= 7= Pq — Pq F 2
vnnT = ,
= Op(v/QI16° - 8]2).
Using Lemmas [A.2(1)} [A.2(ii1)} [A.2(viil)| and [F.1(1)]
, i A
1Pull < —=—=lIA%F || le]l2 (Fg = Pg)Gal| lIAl2
7 VT 2 2
o, (VA —a)
vmin{n, T}
Using Lemma |F.1(i)
1
7||P13||2_ THEHQHAHZ m :
f
Using Lemmas [A.2(i)} [A.2(viii)| and [F.1(1)]
Q 0
1 ; A V@[10” -
P 0 _ Alls =
TPl < <=l > =G| 1Al op< e
= 2

o4

HAOFO [1Fllell2l|All2

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)

—~

G.28)



Using Lemmas [A.2(1)} [A.2(ii1)} [A.2(viil)| and [F.1(1)]
0 2
[[P1gll2 = Z p)Gyl| [[AFY|[H[|All2 = Op(QII6° - B]13).  (G.29)
T
f \f p ,
Using Lemmas [A.2(1), [A.2(iii)} |A.2(viii)| and [F.1(i)}

2

L Pyl < =L i(‘)—wa AR | o]l 1Al — O 20" — 0113
N 202_\/ﬁnT q:lpq Pq)txq F 2 2 P \/W .
2
(G.30)

Finally, using Lemmas [A.2(1)} [A.2(viii)| and [F.1(1)}

2
Q 0_ p|2
A Q[l6" — [l
P )G Al =0p | =—-2] . G.31
fu 2slla < fn Z d| lelBlAIL P<mm{n7T} (C.31)
2
The orders of the omitted terms follow similarly to those above. Collecting all the terms
wives 1A — AVH|ls = On(vl6° ~ Bll) + 0p ().
first part of the lemma. For the second part the first order condition of the maximisation

problem yields the condition F = A (S’ (pPY — Ek 1 BpX k:) Substituting the true
DGP into this expression yields

which establishes the

K
1 |
—F =——A | S(pY — X
1 / P 1 /
- A 00 —0)2, | + —=A" (S(p)S~' —1,) A°F”

T pz:;( D p) D n\/T ( (P) )

L A(S(p)ST L) et ——RAF 4 Qe (G.32)
nv7T p " T T ) ’

Using A = A" — AH*"! + AH*"" and the normalisation %A/A = Ig, (G.32) can be
rearranged to give

P
1 A , | A 1 /
—(F —H*"'FY) = A 0 —0))2, | + —=A (S(p)S~'—1,)A°F°
1 ~/ ~ 2
+—A(S(PS*t-1T e+—A A — AH*') FY
—=A (ST L) e+ —=A'( )
|
+ ——=A=¢
nVT
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= L +...+ Ls. (G.33)

Each of these terms is examined. Starting with Ly,

2
P

1L4]13 < HAH2 > (0 - 0,)%,
p=1 F

1 - A A
= Il ((6° -0y 2'2(6" - 6))

1, 4 R
= —[|Al3m (H2) [|6° - 0I5

= O0p(]16° - |13), (G.34)
using Lemma and Assumption Therefore ||L1||2 = Op(]|6° — ||2). Next,
1 - R /
|1 Lal2 < —=|A]|2]|S(p)S™" = L[|l A°F”[|2 = Op(\/QI|6° — 6]|2) (G.35)
VT
1« A VQI16° — 6]
Lslls < ——=||A]]2]|S(p)S™' = I,,||2]le||2 = O , G.36
IEalle < ——lIAILIIS(2)S ™ = Lulllell P(JW (G.30)
| Lalf2 < IAll2|A® = AH*|]5]|FO|
\F
1
Q16° — 6|2) + Op | — |, G.37
and
1Zsll2 < —=IALlells = Op | ———x (G.38)

using Lemmas [A.2(iii)| [A.2(viii)| and [F.1(i1)} and the first part of this lemma whereby
1 5 10 0_p 1

Proof of Lemma Recall that (é, f&) is the maximiser of the penalised average
likelihood function Q(6, A). By definition Q(é A) > Q(6°, A A), or equivalently,

L£(6°A) —0(6°,v,¢) < L(8,A) — 0(6,v.¢) < L(§,A). (G.39)

By the same steps as those used to obtain (D.5)) and (D.19)) in the detailed proof of Propo-
sition [I] given in Appendix [D] it can be shown that

%log(det(S)) - %log (02 + op(1)) + op(1) < £(8° A) — 0(6%,0). (G.40)
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Now £(8,A) can be expanded to give

T
£(6,A) = log(det(S(p))) — 5 log (an S (246" — 6)Y M Z:(6° - 0)
t=1

T T

2 1
+ == > (Zi(6° - 0)YM;S(p)S e + — > (S(p)S 'er) M3 S(p)S e
t=1 t=1
2 & 2 o
+ == (S(A)ST et MS(H)STIAfY + — > (Z4(6° — 6))M;S(p)ST' A"}
t=1 t=1
1 T
+ Z(S(ﬁ)S_lefg)/MAS(ﬁ)S_lAOf?)
t=1
1
=~ log(det(S(ﬁ))) —5 log (li+...+1). (G.41)
Using similar steps to those for terms ki,...,ks analysed in the detailed proof of Proposition

and the result of that Proposition, it can be shown terms /; and Iy are op(1), and also
2
that I3 = 22tr((S(p)S~")'S(p)S~!) +op(1). Consider the remaining terms. Using Lemma

il = - |ir(S(p)S e M S (p)S T AF?)
2R0 71 2 0 0’
< Z115(3)S " Bllel Lol A°FY |1
2—Roop Vmax{n, T})Op(v'nT) = op (1). (G.42)

Using Lemmas [A.2( m (i)| and Proposition

15| szHZt O)l1211S(5) S I A°[ |2 £7112

s\/%Ils(p“)S‘leHAollz<r;IZt ém%) (I1£212)

9 A 2
= ——|I8(p)S|2l|A°]]2 ( Z 1Z (0 9)\@) |F°||
vnTl vn t 1

N

~ 2= Or(Vm0p(6° ~ Bl12)0r(v'T) = or(1). (@.43)
For term I,
T
lo = = S ((S(0)S™ — LA ) M4(S(3)S ™ — L)AS
t=1
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T T
2 5191 0 £0 0p0 , L 0 £0 0 20
o ;((S(p)s — I,)A O M ;A £ +nT§t1:(A FOYM A
1
= lo1+1lo2+ — > (AVF))YMZA £, (G.44)

nT
t=1

By way of Lemmas [A.2(iii)} [A.2(viii)| and Proposition

T
1 o
loa| < —=1S(B)S™" = Tl BIIA°N3 D I1F2 12l £7]12
t=1

T

1 e

s - S (3 i)
t=1

1 A\ e
= 1IS(p)S " ~ LAY 3| F|

IN

= —0p(Q|I6° ~ BI3)0p(1)Op(T) = 0p(1). (G.45)

Similar steps show that lg2 = op(1). Returning to (G.40)), then
1 1 1 .
L og(det()) — +10g (0 + 0p(1) + 0p(1) < * log(det((2))

T
- *log (an ; (A°F9) MAAF? + ((S(ﬁ)S_l)’S(ﬁ)S_l) + OP(1)> - (G46)

Recall L log(det(S))—1 log (02) — L log(det(S(p))) = —3 log (agdet((sm)s—l)/S(ﬁ)s—l)%).

Using Lemma |A.1] agdet((S(ﬁ)S*I)’S(ﬁ)Sfl)% - %gtr((S(ﬁ)Sfl)’S(p")Sfl) < 0. There-
fore multiplying (G.46) by —2, as well as exponentiating, gives

T
— (AYFIY M A £ + op(1) < 0. (G.47)
t=1

The quadratic form — ZtT:l(Aof?)’MAAof? is nonnegative and so - ZtT:l(Aofg)’MAAof? =
op(1). Now, -+ Zthl(Aofg)’MAAOfg = ﬁtr(FOIFOAO/MAAO). Since the matrix %FOIFO
is asymptotically positive definite by Assumption

1 o 1 1. - 1 1 oxlx
—AYM A" = —A° (I - AA’) A0 = ZAYA? — ZAYASA'AY = 0p(1).
mn n n n n n

The matrix AO,AO is asymptotically invertible lzy 2Assumption and therefore %AOI./AX%./A\,AO
is also. Slnce det (1A0 A A AO) = det (%AO A)

invertible matrix. O

, %AO/A converges in probability to an

o8



Proof of Lemma [F.2(iii). Write

1 o = 1 v, - 1
— FY¢A=—FYA-AN"H)+ —FYA°H* = L, + L. 4
T IS5 T € ( ) + T £ 1+ Lo (G 8)

By Lemma [F.1(ii)| || L2||2 = Op <\/%) For Li, by decomposition (G.17) in the proof of

Lemma |[F.2(i)}

1 g,
L, = 7F0 e(AH*' - AOYH*

n

1 /
= 7TF0 E:/(Pl+...+P6+P7+...+P25)2*H*
n
1 /
= ﬁFO e'(Py+ Pg + Pg+ Py + Py + P1o+ Py7) X" H*

1 valle® — dll. Ql1e° — 6|3
v0r () +or (iterr) o (25

_ 1 VQ|16° - 6]l Qll6° - 8|13
= Li1+...+Li7+0p <min{n\/T,T1~5}> +Op (min{ﬁ,T}) +0P< Wi )
(G.49)

The probability order of the remaining 7 terms is examined more closely. Starting with
Li = 5FV¢ PSS HY,

1 1 A , LA
Lii=——Y (6)—0,)F"e'%,F'A" AS*H*
nT nT =
11 <&
_ 0 N 0 _I& 0 A0 A Nk L%
ﬁﬁ <9p — QP)F g Z:pF AN AYXH

P

11 A - s

e > (00— 0,)F" (%, — Z,) F°'A” AX"H*
=1

= Li11+ Liao. (G.50)

Next, using Lemmas [A.2(iii)| [F.1(i)| and [F.1(vii)|

[NIES
[N

P P
1 1 0 A0 A Nk T * 0 n\2 0 15 112
!|L1.1.1H2§ﬁﬁ”F AT AT H"||, pz:;(ep_ep) ;HF € Zp|3
1
11 & i
0 0 N * LTk 0 O 0 15 112
< LIl A S L1100 — 0l (37117 <%,

p=1
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_ o, (ﬂwD GHQ)’ (@51)

VnT
and
1 1
1 P 2 P 2
ILrrellz < — THFOAOAE H*||o]|FY||2 | D> (69 - 6,)° DIz — %l
p=1 p=
11 a ’
0 0 N * Tk o’ s 0 2) AR
< AT AL E el = 1l | Y112, %l
P||6° — 6
— Op M : (G.52)
min{vnT,T}

by Lemmas |A.2(iii)} [F.1(1)| [F.1(ii) and [F.1(v)} Hence ||L11|l> = Op (%) For
Liy= LFV P H,

T
I 1 0" 7 A0 0 0 A/ A Sk T
Lm_TTZlF eA°f0(Z.(0° - 0))AZ"H
11 &
_ 0 N 4 0 0’ A Nk Tk
= nTnTZI(QP —0,)F'e'A°F" 2 AS H*. (G.53)
p:
Then,
1 P 2 P 2
IIleIIz_ HFOsAonHFO||2||A||2||E 2 H |2 | ) (69 — 6,)? > l1Zpl13
p=1
1
1 2
0 /A0 0’ * * 0
=T TI\F 'A% o | FY [[2]|All2]|=*| || | HT*[|2]16° — 81| ZIIZ IE:
P|1e° — b
— Op VPl6? — 6l : (G.54)
vnT
using Lemmas |A.2(iii)| [A.2(iv)| [F.1(1)||F.1(ii)} Next,
1 1 ,
Lis=—FY¢Py"H = F0 eA'FVe' AT H, )
LT e nT nT (G-55)
and
1Zaslle < ol [FV Aol ]l Aol 5 o[ B[l = Op  —
= VnT )’
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by Lemmas |F 1(i HF 1(ii) |and |F 1(ii) l As for Ly 4 = ITFOIE’Pgﬁ*H*,

/

Q
_ 11 0" 7 A 0 g0’ 0 ~ 0 0’ A NE T
Liy= —=—F e'A’F ;(pq — pg)GAFY | AS*H*, (G.56)
and therefore
1 , @ A
|[L1.4l[2 < ||F0 e Aol |FOI[5 11D (0] — hg) G| | [A°[[2l|All2][S*|2] [ HT*||2
q=1 9
0° -6
_0p VQl|6° - 0|]2 7 (G57)
vnT
using Lemmas |A 2(i |,|A 2(iii) |,|A 2(viii) HF 1(i |and |F.1(ii)L For Lis5 = %FO/E/PHE*H*,
P
Lis = o S(00 — 0, PV e, AT H*
: nT nT = po 7P p
_ 11 i(@o —0,)F"e'e% AX*H*
nT nT = p P p
11 &
0’ S \/ ANk LT*
—T—TZ_: L) FOe'e(Z, — Z,) AS H
= Li51+ Lis2. (G.58)

By Lemmas |F.1(i), [F.1(ii)| and [F.1(vi)]

1 P 2/ p 3
* / ~ —
sl < oo AL LI I F e | 320587 ) | S 1ie
p=1 p=1
1
1 1 P 2
J— A k * 0/ / 0 ~ — 9
= S Al | 22| [H[J2][F7 €' 2]167 — 012 leezpuz
p:
P||6° -6
:op(ﬂ ||2> o
T
Similarly,
1 1
1 P 2 P 3
1Eusalle < o ANl E 1 allellz | 300 - 6,07 | [ 3 1% - %3
p=1
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N

P
1 1+ / A _

= — Al H 2| F €'l |2][el2]16° — 812 | D 11Zp — Zpll3

nI'nT
p=1

Pl|e° -6
- Op V| 2 , (G.60)
min{n/T, T15}

using Lemmas|F.1(i)} [F.1(ii)|and [F.1(v)| Hence ||L;5||2 = Op (%w)—i—Op (%).
Next for Ly ¢ = %Fols’PmE*H* = L LFYeeFONYAS H,

1 , . 1
Exall < ol A A =l E e = O (7). (@D

by Lemmas |A.2(iii)|, |F1(1)| and |F.1(ii)l Finally, for term L; 7 = %FOIE’PNE*H*

Q
11
Li;=— (0 — pg)F¥'e'G A FY FOAY A" H*. (G.62)
nT nT o

1
Since G is UB over ¢, (Z = |IFVe'G A3 )2 Op(v/QnT) by the same steps as in
Lemma [F.1(ii)l Thus,

Q 2 (@ 2

11 ~ / A * *

ILurllz < s > (0 = pg)? D IFTEGANS | IFBIA 2l A2l 7| H |2

q= q=1

1 R ’ .

= nTnTHp —plla [ D_IFTEGA NS | IFOII[A° o] [All][Z*[[o] [H*|]2
q=1

\/nT

with the additional use of Lemmas [A.2(iii)| and |[F.1(1)] Combining all the above gives the

result

1 , 1 1 Qlle° — 6 VP||0° — 6
ﬁHFO /AH2—OP< ,—nT>+0P <T>+0P <\/>H\/T ||2>+OP (H”2>

min{vnT,T}
O
Proof of Lemma [F.2(iv)l Decompose
, I.r A
— g >N ZiMje e, AT f] (G.64)
n

t=1 =1
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as

T T
1 / 1 / I Ay p0 .
nTnT Zz AEE AT ) —ﬁﬁZZZtETsTA2 fl=1+1, (G.65)
t=11=1 t=11=1
Consider the first term
! I A sk g0
I = nTnT ZZ A — Pro) erel A" f0
t= 17' 1
!
nTnTZZZ Poe e, AZ* f9
t=1 =1
=11+ 4o (G.66)
For the first of these,
T
rallz < == 11P4 — P poll2l[Z7[[al el 31IAll2 D 11 Zellal [ £2]]2
t=1
11 T 3
* 211 A 2 0
< ——lIP4 = Pollal| = 2l 3 Al 1 (;uzm) 17|

_Op(m\|00—ér\2>+op< VP ) (@67

min{n, T} min{n? T15}

using Lemmas [A.2(ii), [A.2(iv)} [F.1(i)| and |[F.2(v)| For the second term,

1ooo) .o A
! :———§ §jZ’A0 —AYA" ) Ae.el(A—A"H*)Z*f]
L2 = T <n erer( H*)X" fy

tlTl

1 a0 (L0 a0 a0 s A0 gy 50
ETTTTZZZA (nA A AVc el APH*S* f0
t=11=1
(G.68)

=li21+1li2o.
;N1
Using Lemmas|A.2(ii)} |A.2(iv)| [F.2(i)|and [F.1(ii)|and that, by Assumption (%AO A0>

| positive definite matrix,

-1
lAO/AO
n

is converging to a fixe

11 / “ .
[1.2.1]]2 < *772 11Z4]]21|A°]|2 IAel[2][ell2|| A — A°H*||5
nnl nT

2
x| % HQHftH2
11 A0 1 o o) ! v o,
< - ZAYA A A — ACH* o+
—nnTnT” 2 <n ) 2|| ell2lel]2]| |2/ 12" |2
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T 3
x (ZHZ:H%) 1 F°[|
— Op (mugo _ éH2> +O0p ( VP > . (G.69)

min{n, vVnT} min{n!'5 /nT}
Next,
11 & 1o Nt ,
ligo = ST ; Zf‘/A0 (nAU A0> (TAO ce’ AV — O’(Q]AO A0> H*Z*f?
11T/010’07120'0**o
+MWZ%AQAA>%AAH2ﬁ
=li221+ l1__2.2.2, (G.70)
where

1 / !
TAO ee’ A — U(Z]AO A°

-1
lAO/AO
n

T
1
[11.2.21]]2 < 7*2 1Z:|I2/|A°]]2
=1
|| H (|22 |2| £7112

2

2

L1 : Lo\ LI o ,
777 (Z |Zt|’%> HA0||2 (nAO AO) 2 TAO e’ AY —U(Q)AO AY 2
[ H* (|2l |2l [ F°]2

) o

:op<
b

by Lemmas [A.2(iii)} [A.2(iv)| and [F.1(viii)l Collecting these results together,

li=l222+0p (VQ*PHBO — éH2> +Op <ﬁ> +Op < vP ) (G.72)

min{n, T} min{n!-5 T15} nVT
Turning to Iy in (G.65),
| LT
= ——— Zierel (A - APHHE ) — — — Zje el A"H* S f}
- i X e P R A A
= la1 + 122, (G.73)
where

T
11 X .
[l2.1]]2 < ﬁﬁz 1Z:]]2lel[311A — A% H ||| [Z*[[2|| £7]]2
t=1
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11 A o
= WTnT (ZV|Zt|’2> lell3l|A — A H||2][Z| |2 F°||

_0p <\/CTPH0° 0|12>+Op(ﬁ>’ o

min{n, T} min{n!5, 715}

and hence

(G.75)

o A
lo=102+0p (@He _0|2>+0p< VP )

min{n, T} YR

Combining (G.72) and (G.75)), ignoring dominated terms, and recalling the definition of
PA07

1 , , .
I +1,= _TTTTTTZZ ee' — Toll,) A"H*=* f!
VQP||6° - 0], VP VP
+OP< min{n, T} +O0p min{n!?, T15} +Op T | (G.76)
Now,
_11§:Z/ (EEI_ngI )AOH*E*fO
nTnTt < t 04n t
L1y 1 11
0 * 7 \/ A O *s x p£0
Tntzl (Ts—aoI>AH2ft+Tntzl(Zt—Zt)AHEft
T
- T ~Z,)ee! \"H*®*
nTnT t:l ) 'ee ft
REARE AR AL (G.77)

Consider each of these three terms. Using Lemmas [A.2(i1)| and [F.1(ix)}

2
15113 = 4T22“< (se_UOI>AoH*z*Fo)

P 2
* / 1
< o R BIS BIF 1B Y| |1Z) <T66’—081n> i
p=1
P
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whereby |[|7;||2 = Op (%) By similar steps, and using Lemmas [A.2(ii)| and [F.1(v)} it

can be shown that ||j,]]2 and ||73]|]2 are Op <m) Combining all these results

and ignoring dominated terms gives

T T 5100 _ B
1 / 7 A s 20 VQP[|6" — 6] O
—_——_— N T pr— T e ¢ 1 F —1 N .
37 E E ZiM jere, AX"f, = Op ( in{n, T} P min{n!5, T15}

t=1 1=1
(G.79)
O
Proof of Lemma Following Lemma A.7(i) in Bai| (2009), first note that
| AV 1 "
—AY(A - A°H")|| < ~[|A°]]2]|A — A°H[]
n s M
A 1
= 0p(\/Q||6° = 8l2) + Op | ———= |, (G.80)
min{n, T}
and
L e A 0 py* L2 A 0 g+
—A(A-AH")|| <—[All2]|[A - AH"||
n s M
1
= 0p(/Q||6° - 8|]2) + Op | ——— | (G.81)
vmin{n, T}
Thus,
1 0,4 1, 4 1.
“AYA-A"H*) = A"A - —AAH*
n n n
1
= 0p(\/Q16° = 6l|2) + Op | ————= |, (G.82)
min{n, T}
and

1

VN

A A -AH*) = —A A- —A 'AOH*
=Ip— lA A H*
n
Op(v/Ql6° —812) +Op | ———u ). (G.83)
Vmin{n, T}

Left multiply (G.82) by H* and use the transpose of (G.83) to obtain

3|

1 .y 1
IR—EH*AOAOH* 0p(1/Ql|6° — 8|2 +0P<>. (G.84)

min{n, T}
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Next, noting that P oz = P o for any invertible H,
= (A—AH)(A'A)"HA - A°HY + (A — HA®)(A'A) "' H'AY
+ A°H(A'A)~ AYHY + A°H((A'A)™' — (H'AYA°H) ") H A
H)

1
n

H(A

]_ -1 ~ 1 ~ Al A -1 / /
(A—A°H ( ) (A—AOH)’+(A—A0H)<AA) HA°
n n n

+1A0H< A“) (A — HA"Y
n

1 1 1 N
+ —A"H ((A A) <H AY A0H> ) HA". (G.85)
n n n
Recalling %A,A = IR, (G.85) becomes

1 ~ ~ 1 A~ ’ /
Pi—Ppo = E(A—AOH)(A—AOH)’—F E(A—A“H)H A°

1 " 1 1. N\
+=A"H(A - A"H)Y + —A°H (IR - (H A’ A0H> ) H AY
n n n
= L1+L2+L3+L4.

Choosing H to be the H* given in Lemma [F.2(i)] Lemmas F.2(1) and equation
(G.84) can be exploited to give

A Ql16° — ]| 1
| Lill2 < HA A°H*||3=0p(Q||6° - 0|[5) + Op ( min{n, T'} +0p min{n, T}

R 1
Lolls — IIL A — ACEH* A%|5||H*||s = O 6° — 02) + Op | ———
|La||2 = || Ls]|2 < \FH Hg\f\l 2| H*||2 = Op(v/Ql |l2) + Op (T

1 1 v ! 1
IEalle < AR |20~ (L HAYAH") || = 0p(VQU6° - Bl + O () .

n n ) /min{n, T}
The three results above gives

. 1
IP& = Ppollz = Op(V/Q||6° = 8]|2) + Op | ———== | , (G.86)
v/ min{n, T}

which concludes the first part of the lemma. The second part can be shown similarly, using
Lemmas [F.2(i) and [F.2(vi)| O

Proof of Lemma [F.2(vi). From equation (G.33) in the proof of Lemma [F.2(i)|

P R[S0 6,%, | + A (S(p)S~! - 1) A°F



1 4 1 . / 1 .
—A(SP)S'—I,)e+ —=AA°F" + —Aec
7z S) Vet T VT

=L+ Ly+ Ls+ Ls+ Ls. (G.87)

+

It was shown in the proof of Lemma [F.2(i)| that ||L1]|2, ||L2||2, || Ls]|2, || Ls||2 = Op(1). For
Ly, |ILj|l2 < = l|All2||[A°F ||z = Op(1), using Lemmas [A.2(iii)| and [F.1(i)} which gives
the result. O

Proof of Lemma [F.2(vii)
1
vnT

Z* (M go @ M j)vec(e)

tr(le(PAo — PA)EMFO)
1 1 :
- . + - *
VnT ' VT | tr((GoA°FOY (P o — Pi)eM
t1(Zp(P po — P3)eM po) H(Gq J(Ppo = Py)eMpo)

tr((G1A'FY) (P o — P{)eM po)

Oxx1
tr((G1e) (P po — P3)eM go)
+ = : + L2 (Mo © M yo)vec(e)
VnT | tr((Gge) (Ppo — Py)eMpo) | VT
Oxx1

vnT

Terms T'1,T9 and T3 are now examined. Starting with T',

=T, +To+Ts+ Z¥ (M po © M o)vec(e). (G.88)

tr(Z (A — APH)(A — A°H) eM 1)

11
T, = — = :
! vnlTn R R
tr(Zp(A — A°H)(A — A’H)eM 1)
tr(Z (A — AH)YH'A" e M 10)
11 ,

Y nTn . : ,
tr(Zp(A — A°H)H'AY e M 0)
tr(Z/AYH(A — A°H) e M 0)

11
N 1 .
vnl'n

tr(ZpAH(A — A°H) e M 0)
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/ -1 /
r <Z’1A0H <IR - (LH'AYAH) > H'A eMFo>

I AO 17/ A0 AO -t IA0
tr ( ZHA H IR—<EHA AH) H'AY M po
=Tii+Ti2+T13+ T4 (G.89)
For term T’ 1,

| T1.1]|2

IN

R (& :
= (Z%%) 1A — A°H [3]le]]2]| M pol|2
p=1

»
0 (VPO TTIO" - 813 + 0 YO/ P el T

v/min{n, T}
+Op (‘/TDW> , (G.90)

using Lemmas [A.2(iv)| and [F.2(i)l Next,

tr(Z) (A — AH)H'A" ¢)

tr((Z; — Z1)' (A — AH)H'A"¢)
oo L1 . L1 .
b vnTn , , vnT'n _ . ,
tr(Zp(A — AO H)H'A"¢) tr((Zp — Zp) (A — A°H)H'A"¢)
tr(Z (A — A°H)H'A” e P 1o)
11 ,
- \/nTE - : ,
tr(Zp(A — A°HYH'A"eP 10)
tr((Z1 — Z1) (A — A°HYH'AY e P o)
11 .
- vnln

tr((Zp — Zp) (A — A°H)H'A" e P 10)

= T121+T122+T123+T124. (G.91)

Considering the four terms above,

1
2

1 R ,
|\T121|!2<7\/n—*\|A A'H||5| Hz(} ||A° 2’2)

p=1

— Op (\/Qipllﬁ’O - 9llz) +O0p <m> , (G.92)
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1
| T122[2 < ——=

VnT n

:OPC@wwhmgwahvm>+o (

| T 23]]2 <

rT

P
R _
—||A — A°HJ2| | H]||5|| A" ¢]|2 (Z%%%)

2

—1
Bla- Mmmmwm%ﬂuH WFﬂ

= 0p (VQPI6° ~ 0]]2) + Op <m> |

and

T
ITs2all < o=

1A — A°H|J2| | H]|2||A” e F°||2

:Op<ﬁwmw—éb>+Op< VP )7

/min{n, T}

min{n, T}

1 -1
*FO,FO
(z77)

f\/max{n T}
min{n, vVnT} ) (G-93)

1

P 2
IEOll2 [ D 11Z115
2 p=1

(G.94)

P
IFO2 [ D 1% — Zyll3
2 p=1

(G.95)

using Lemmas [A.2(iii)} [A.2(iv)| [F.1(i1)} [F.1(v)} [F.1(vii)| and [F.2(i)] For term T 3,

t

1

nTn

tr(Z)A°H (A — A°H)'e)

tr(ZpA°H(A — A°H)'e)

n 1 1
vnTn

r(ZyAH(A — A°H) &P 1)

tr(ZpAH(A — A°H) &P 1)
tr((Z1 — Z1)A"H(A — A°H)'eP o)

tr((Zp — Zp)A°H(A — A°H) eP 1)

=T131+T132+T133+T134.

Consider terms T 39 and T'1 34. One has

|| T1.3.2]]2 <

p=1

P
1 R 2 ye
WEHHHQHA - AOHHQHffHZ (Z |12 — Z’p%)
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tr((Z1 — Z1)A"H(A — A°H)'¢)

tr((Zp — zp)'A5H(A — A"H)Y%e)

(G.96)

I|A°] |2

D=



_ Op (@\/max{n T}6° — é||2> 4+ Op (\F\/max{n T} )) (G.97)

vmin{n, T} min{n, T’}
and
1
1 o0) " & S )
ITasalle < eIl ELIIA ~ AHIBFa || (1 FOF) | 1Ell (3 11% - %2
P=1

_ VQP/max{n,T}||6° — 6> VP /max{n, T}
oy (YOI b) o, (VPRSI

using Lemmas [A.2(ii1), [F.1(ii), [F.1(v)| and [F.2(1)l The analysis of term T 3; is more
involved. Using the same expansion as in the proof of Lemma [F.2(iii)| one arrives at

1 1
Ti31 = —F——

vnl'n

tr(Z)AHH'(AH " — A%¢)

tr(ZpACHH' (AH ™' — A%Ye)

. tr(ZyA°HH'(P3 + Pg + Ps + Py + P11 + P13 + P17)'e)

\/nTE

tr(ZpAHH'(P3 + Pg + Ps + Py + Pyy + Py + Pi7)'e)

L0 VQP+/max{n,T}||0° — 8| L0 VPy/max{n, T}
min{n, T} min{n, T}
= Ti1311+...+T1317+0p (Q\/ﬁ\/ max{n, T}||6° — é”%)

o (@mw() - 9”2) +or (VWW) (@)

/min{n, T} min{n, T}

Each of the remaining 7 subterms in ((G.99)) must also be considered. Using Lemmas|[A.2(iii)|
[F.1(1)| and [F.1(vii)}

P P 2
1 1R A , I
1T s01ll2 < ————[|AY| 3] H[3]| FOll2]|All2]16° — 6]12 | DD 11Z,e%,13
\/nTnnT p=1p/=1
= Op (PHOO - é||2) . (G.100)

Using Lemmas [A.2(iii)}, [A.3(1)} [F.1(i)| and [F.1(vii)]

[N
D=

P T
1 R 0 211 A 0 o &7 12 1 N\ |2
IT13.12ll2 < (A2l H [ [All2] [ F7]| 7 Z;HA eZ,)|[3 nTtZ;'Zt( —0)|[3
p:
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= Op(VP||0° - 8])5). (G.101)

Using Lemmas [A.2(iii)), [F.1(1)}, [F.1(11)|[F.1(vii)}

D=

1 1R 0 0 0’
1T 3132 < ﬁnnT”A 2l H[3]|All2][eFO|2 ;HA eZylf3

o) 0

Also, using Lemmas [A.2(1)} [A.2(ii1)}, [A.2(vii), [F.1(1)] and [F.1(vii)]

Q P 2
1 1R ' s
”T”’”HQ‘F ||A°|!2 1 H31|A]]2 Z pa)G|| IIFOI5 [ D 1IAYeZ |13
=1 9 p=1
= 0p(\/QP||6° — 8]5). (G.103)

For term T'1 315,
tr (ZP 1(00/ - ép/)AOHH,AIZplelszll

111 e )>

= — :
Ti315 JnT nnT i o » 3
tr (Z (0% —6,)A"HH'A z,p,s'szP))

tr (S721(6 — bp) ACHH'A (2 — Zy)e'e%)))
Lt :
nT nnT ~ -,
tr (X1 (0% b, )AOHHA(Z ~ Zy)e'e%)))
= Ti3151+T13152, (G.104)
where
1 1
1 11 P Y ’
T 2 <~ —||A]o]|H|2||A|]2]|6° — 6 Ze'||2 eZ|3
IT1315.4]° < Tt n AT H |2 [All2]l [I2 (pzl e |2 ;II pll2
Py/n||6° -8
_op [ 2V 2 (G.105)
VT
and
1
1 1R _ &,
HT13152H2_ﬁ*f\IAOI!2|!H!b!IA\I2\|H€|Izl\90 0l ZIHZ ~ Zyll3 ;Hez’pllé
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_ Py/n[|6° — 6|
_0p ( P ) (G.106)

using Lemmas [A.2(iii)} [F.1(1), [F.1(v) and [F.1(vi)l For term T 316,

tr(Z,ACHH'A'A°FY ¢/e)
1 11
Ti316=—F7—=——5 : . (G.107)
nTnnl 5! AD A A0 0’
tr(ZpA"HH' A AFY€'e)

Lastly, using Lemmas [A.2(iii)| [F.1(1)| and [F.1(vii)|

P Q 2
1 1R N ' ST
1T 1517l < ——==——= | Al [H| 3| A[ll[FOlI3][° — pll2 | DD IIAYGleZ, |13
vnT nnT =
VQP||6° — 6
:Op( @ H\ﬁ ”2>. (G.108)

Combining all the above results gives

0 A
Ti31=Ti316+ Op (\/f) +Op (fW) <P\/W||9 9H2>

min{n, T} min{n, T}
+0p (Pl6° = 6]]>) + Op (QvP/max{n, T}/|6° - 6 3)
1 11
_ ﬁn TTl 3.1.6 +0P(1) (G109)

since T'/n — ¢ by Assumption and ||6° — 8|5 is at least of order a,r by Proposition
Analogous steps for term T’y 3.3 yield

tr(Z]ACHH'A'A°FY /e P o)
1 11 ‘

Ti33= ﬁﬁﬁ +op(1). (G.110)

tr(Zp A HH'A'A°FV'e P o)
Together (G.109) and (G.110) give the result

tr(Z]AHH'A'A°FVe'e P o)
1 11
Ti3=T - :
1.3 1.3.1.6 JnT nnT +op(1
tr(ZpA"HH'A AOFO €'eP o
tr (ACHH'A'A’ (LFVe'eZ) — 03 FU% )
11 :
B 7’LT niT ~/ : / =/ /=

fr (AOHH’A A” (%FO e, — o2FY'% P))
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tr (AOHH’A’AOFO’ZQ)
2

1 of
+ — .
vnT nT -, L
tr (ACHH'A'AFV'Z))
~ ~ ’ ’ ’ -1 ’
tr <z’1A0HH’A’A0 (LF"e'eF* - 3FVF°) (+FVF°)  F° )
111
vnln ' )
— ~l 2 / / - /
tr <Z’PA0HH’A A (LFVe/eF° — o3 FVF°) (LFOF)  F° >
tr (X ACHH'A'AFO P o)
1 0(2) +op(1)
_ 20 : o
vnT nT e F
tr(ZpAYHH'A'AYFY P o)
tr (AOHH’[\’AO (%Fo’a'ez’l - agFO’Z’l))
11 .
tr (AOHH’A’AO (%FO e, — o2F° z,;;))
~ N / / / -1 /
tr <z’1A0HH’A’A0 (LFVe'eF® — o3F"F) (4FVF°) P >
111
nT nT'T ’ .
tr <Z’PA0HH’A’A0 (LF"e'eF — o2F"F°) (£ FVF) F0’>
+ Op(l)
=a+b+op(l). (G.111)

For terms a and b,

NI

P
lalla < ——— [ A° Bl HIZlIA[l: Z ot F'%,

S T

P
—0p <‘/T>7 (G.112)
[1bll2 < —=— = [|A°| ]| E[[3]| Al|2

1. -1
—FYFO
VnTnT T (T ) 2

P 2 >
< ||F% { D 11Zpll3 | = Op <\/;> : (G.113)
p=1
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using Lemmas [A.2(iii)}, [A.2(iv)| [F.1(i)] [F.1(viii)| and [F.1(ix)} Therefore ||T13|]2 = op(1).
Next,

— / -1 /
tr <Z’1A0H <IR ~ (LH'AYA°H) ) H'A” e)

11
T, = - :
M T ' .
tr <Z;A0H <IR — (%H’AO'A0H> > H’Ao’s)
— ’ -1 /
tr ((z1 ~Z)YAH (IR - (%H’AO AOH) ) H'A” e>
T :
vl n ’ .
tr ((zp — ZpYA'H <IR - (%H’AO/AOH) > H’Ao’e)
/ -1 /
tr (Z’lAOH (IR ~ (LH'AYA’H) ) H'A” EPF0>
11
vnTn ’
/7 AO 17/ A0 AD -1 A0
tr (ZHA H IR—(EHA AH) H'AYeP o
=T141+T142+T143. (G.114)
First,
1
1 R 1 -1 P ’
0 I A0 A O o &7 12
ITuasll < AR 1n = (CEAYA) | (314758
=0Op (\/QP|’00—é"2>+OP L . (G.115)
min{n, T}
Second,
1
2 -1
T aalle < =2 Hz R | A | 1 (AN | (1A%
— P P
T n n ,
,/max{n,T}HaO—éHz - Op VPy/max{n, T} (@.116)
Vn min{n, vnT'}
Third,
1
R 1 (& ’ 1 =
T <= Zol2 | ||AY||o||H |2 || Tk — ( —H'AYAH AYeFY
IT143l2 < T T ;H pllz | 170 HI2 || TR — | ~ 2H eF”||2
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X

(e
— 0r (VQPI6" - 8]]2) + Op Q/E) '

1E°]2
2

(G.117)

This gives the result T'y = op(1) under Assumption [6.4)and Proposition[l] Next, note that,
because M FoFO = 0pypo, T2 = 0pyx1. Thus, it remains only to examine 7T'3 where

1
2

Q
1
1Ts]l2 < = | D_NIGal3 | llel3I1P a0 — Pyll2l| M poll2
VT \ &=

VQy/max{n,T}||0° — 8|5 /max{n, T}
=0Op +O0p | ——F+|. (G.118)
vmin{n, T} min{n, T}
Collecting all the terms above, and, with 7//n — ¢ by Assumption
1 / 1 /
——Z" (M po @ M ;)vec(e) = —=Z2" (M o @ M jo)vec(g) + op(1). G.119
\/’I’LT ( FY A) ( ) \/ﬁ ( FY AO) ( ) P( ) ( )
O
Proof of Lemma [F.2(viii). First, expanding,
tr(Z€’) tr(21 P poe’)
1 1 1
——Z'(M go ® M po)vec(e) = — : - :
iz > Mo @ Mapyvec) = Zrm Nord B
tr(Zpe’) tr(Zp P poe’)
tr((%l — Zl)PFOE?/) tl"(ZlE/PAO)
1 ) 1 )
- vnT _ vnT _
tr((Zp — ZaQ)PFOEI) tr(Zpe’ P o)
tr((Z1 — Z1)e'P o) tr(Z1 P goe’ P o)
1 1
o : 4+ — :
vnT ~ nl '
tr((Zp — ZQ)E/PAO) tr(ZPPFOE/PAO)
1
= —U+...+1). G.120
= 6) ( )
Consider the 6 terms on the right-hand side of (G.120)). First,
P
E (|3 =E | > tr(Ze)?| = O(PnT), (G.121)
p=1
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using Lemma with S(p)S~! replaced by an identity matrix. This implies ||I1|| =
Op(VPnT). For the next term,

P 2
||1L2]|3 = Ztr ZpP poe’)? = sz (FO (TFO’F0> FU¢'% )

p=1
1 - P
(s e,

2 p=1
= Op(PnT), (G.122)

IN

1
S RIF

using Lemma Therefore ||l2|l2 = Op(vVPnT). Analogous steps can be used to
show ||l4||2 = Op(V PnT). For I3,

P P
1113 = > tr((Zp — Zp) Ppoe’)® < (BO)?[[el Bl P pol[3 ) 11Zp — Zpl13 = Op (P max{n® T?}),
using Lemma Therefore ||I3]|2 = Op(v/Pmax{n,T}). Similar steps can be used to
establish that ||I5||2 = Op(v/Pmax{n,T}). Finally,

P P
126113 = > tr(Zp P poe’ P o) < (R°)?||Pgoe’ Pol[3 Y [|%yl[5 = Op(PrT)  (G.123)
p=1 p=1

as

-1
LTFO (;FO’F(’) FO&/A0 (AO’AO) A
n

1 -1
*FOIFO
(z77)
2 2

(1), (G.124)

1P poe’ P poll2 =

1 -1
—||FY|5||A°
TII [[21[A7]]2

! 1 /
HFO €,A0||2 H(AO A0>
n

Q
T

using Lemmas |A.2(iii)| and |[F.1(ii)} Combining all the above and using Assumption

\/%Tz'(MFO © M yo)vec(e) = Op(v/P). (G.125)
0

Proof of Lemma [F.2(ix)} Consider the (p,p’)-th element of the matrix Z'Z— Z'(M po ®
MAO )Z,

tr(MAOZpMFO + (Zp — Zp))/(MAOZp/MFO + (Zp — Zp/)) - tr(MAOZp/MFOZa;)
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= tr((Zp — Zp) P po(Zp — Zy)) + tr(Ppo(Zp — Zp) (2 — Zy))
+tr(Ppo(Zp — Zp) P po(Zy — Zp)). (G.126)
Thus,
Z'Z— Z' (Mpo @ Myo)Z
= (vec(Ppo(Z1 — Z1)), - .., vec(Ppo(Zp — Zp)))’ (vee(P ao(Z1 — Z1)), - - ., vee(P a0 (Zp — Zp)))
+ (vec((Z1 — Z1)Ppo),...,vec((Zp — Zp)Pgo)) (vec((Z1 — Z1)Pgo),. .., vec((Zp — Zp)Pgo))
— (vec(Ppo(Z1 — Z1)Pgo), ..., vec(P yo(Zp — Zp)P o))’
x (vec(Ppo(Z1 — %1)Ppo), ..., vec(Ppo(Zp — Zp)P o))
= L+ Ly + Ls, (G.127)
and hence
B[22 - 2/ (M © Myo)2]]]
< B (ILall] + E(ILalls] + —=E [l Zslla] (G.128)
Consider the first term in
HLTE [ L1ll2] = LE [I] (vec(P po(Z1 = Z1)), . .., vec(P po(Zp — Zp))) |I3]

< nl [l (vee(P po(Z1 — B), ., vec(P o (Zp — Z)) I1F]

P
1
= n—TZE ||[vec(P po (%) -Z ))H%}
p=1
1 P
= S E (P~ 2]
p=1
_ VR -
— E
< S B[ - Z,1)
p=1
1 12
0 () =0l (G.129)
using Lemma )l Similarly for ||Ls||2 and ||Ls||2 which gives the result. O
Proof of Lemma [F.3(i)|
Ltr(G1(P)G1(P)) — 2tr(G1Gr) -+ tr(G1(P)Go(p)) — Ltr(G1Gy)
B, = : : + B}
Htr(Go(P)G1(P) — #tr(GeGr) -+ tr(G(P)Ga(P) — 1tr(GeGQ)
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=: B* + Bj.
First note that, by adding and subtracting,

= _ 1 1 1= 1= _ .
tr(Gy(P)Gq (P)) — gtr(Gqu’) = Etr(S 1(p)WqS 1(P)Wq’ -5 1WqS 1Wq’)

1
n

With ||B**[l2 < 3 ||IBi*||r + 311 B5"||r

1 B1 IIF—ZZU )L = S(P)S™HW, ST Wy)?

q=1¢'=1

Q @
<> IS PIBIIT. — SSTHP)IBIIWLlIBIIS 3 Wy ll3

q=1 q’:l

= 0p(Qn”||6° - 6]13), (G.131)

using the inequality |tr(B)| < rank(B)||B||2, the fact that an n x n matrix B can have
rank no greater then n, and, by the same steps as those in the proof of Lemma
11, — SS~1(p)|| = Op(/Q||6° — 8]|2) due to the fact that p— p° = wp+ (1 —w)p® — p° =
w(p — p°) whereby 15— %Il < |wlllp — p%ll> < |16 — 6%|f5, with 0 < w < 1. Thus
LIBy*||r = Op(Q'?]|6° — 8]|2). Similar steps show 1||B3*||r = Op(Q""]|8° — 6||2). This
gives the final result By = B% + Op(Q'?(|6° — 8]|5). O

Proof of Lemma [F.3(ii)l By adding and subtracting, By = B3 + (B2 — B3). Let
B3* = nT (B3 — Bj). One has

[Q @
E[||B5*|[7] =E ZZ(tr((GqE)’Gqf ) — Togtr(G,Gy))?

q:l q’:l

Q Q@ Q Q
=E [Y ) (tr((Gee)Gye))?| —2) ) Tojtr(GyGy)E [tr((Gye) Gye)]
_q:l q=1 qg=1q'=1
Q Q

+ )0 (Todt(GLGy))* (G.132)

¢=1¢=1
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First, E [tr((Ge) Gye)] = Tojtr(G,Gy). Second,

nT
E [(tr((Gee)' Gye))?] = (M2 = 305) Y _(I1 ® GyGy);

=1
+og (tr(Ir © GLG))’ + 260((I+ ® GLGy ) (I1 @ GLGy)').

Therefore (G.132]) becomes

nT
E [||B5*|[7] = (M2 = 305) > (It © GiGy)j; + 204tr((I1 © GGy ) (I1 © GiGy)).

i=1
Observe that tr(IT®G,Gy)(I7®G G y)') = tr(Ir®(G,Gy G, Gy)) = Ttr (GGG, Gy) =
T(|GLGy||% < nT||GLG 3. Similarly 307 (It ® GLG )% < nT||G4G y|3. Combining
all the above results yields E [||B5*[|%] = O(Q*nT), from which the result follows. O

Proof of Lemma [F.3(iii)l For brevity, recall the definition Bz := Z?ZI(Z,’;)’MAZ;‘
from the proof of Lemma It is straightforward to show that Bs — 3 is equivalent to

tr(WhY) MW 1Y Mgo) - tr(W1Y)MzX KM po)
1
Bs—H=— : " : . (G133
3 T : : : ( )
tr((XK)’MAwlYMFo) e tr( /KMAXKMFO)
By substituting in the true DGP, using the fact that M FoF0 = Opypo, and adding and

subtracting terms,

tr(le(PA—PAo)ZlMFo) tr(le(PA—PAo)ZPMFo)
1 : : :
tr(Z/p(PA—PAo)ZlMFo) tr(Z;:(PA—PAo)ZPMFO)
tr((Gls)’(P;\ — Ppo)Z1Mpo) - tr((GQE)/(PA — P p0)Z1 M go)
1
o7 : : Opxk
tr((Gls)’(P;\ —PAO)ZPMFO) tr((GQs)’(PA —PAO)Z,PMFO)
1((G1e)/(Pg — Ppo)%1Mpo) -+ t1((Goe) (P — P po)%1 M go) ’
1
+ : : ; Opxx
nT
tr((Gls)’(PA —PAO)ZPMFO) tr((GQE),(PA —PAO)ZPMFO)
tr((Gls)’(P;\ - PAO)G1€MFO) ce tr((G1€),(PA - PAO)GQEMFO)
4 1 .. 0Q><K
nT tr((GQs)’(PA - PAO)G1€MFO) cet tr(GQE(P;\ - PAO)GQEMFO)
0k %0 OxxKi

80



tr(W1Y)YMpoW1 Y Mpo) -+ tr(W1Y) M poX kM o)

L
nT : ' )
tr((XK),MAowlYMFO) cee tI‘(X/KMAOXKMFO).
=L+ Lo+ L3+ Ls+ Ls. (G134)

For the first term,

P P
1
1L (|7 = 72 Z Z tr(Z, (P g — P p0)Zy M po)?
p=1p'=1
1 P P
< 5 2 O 1% (Ps = Pro)llFl|Zy M pol [
p=1p'=1
1 P P
< s | MRl | | X N1ZplF | 1P2 = PaolBlIMpoll3. (G135)
p=1 p'=1

Hence ||Ly||r = Op(vVQP||8° — 8]|5) + Op (\/ﬁ) The same steps can be followed

to establish that || Ls||p = || Ls||r = || L4||r = Op(vVQP||6° —8]|2) +Op (m) For

the last term, Ly, this can be expanded to yield
1

tr((Gls)/MAoz,lMFo) e tr((GQe)’MAquMFo)
1 ) . )

o7 : - : Opxk
tr((Gls)/MAoszFo) e tr((GQs)/MAOZpMFO)
tr((Gre) M joZi M po) - tr((Goe) M 0%y M go) ’

1 : . :

+ T : » : Opxk
tr((G1e)' M yoZpM o) --- tr((GQ&')/MAOZ’PMFO)
tr((Gls)lMAoGleMFo) s tr((Gls)’MAoGQeMFo)

+ L i OQXK

nT tr((GQs)’MAoGleMFo) o tr(GoeM p0GgeM po)
Oxxq Orxk
1
= n—TZ/(MFO ® MAO)Z + Ls1+ Lso+ Ls 3. (G.136)
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Using the independence of the errors from the factors, the loadings and the covariates, it is
straightforward to establish that ||Ls1||r = ||Ls.2||r = Op(VQP/vnT). For Ls 3,

tr((Ghe)'Gie) --- tr((Gie) Gge)
Los= L e 0q:x
nT | \tr((Gge)'Gie) --- tr((Gge)Gge)
Orxq Orxk
tr((G1e) PpoGie) -+ tr((Gie)' P poGge)
1 : : 0Qx K
nT | \tr((Gge) PpoGie) --- tr((Gge) PproGge)
Oxxq OxxK
tr((Gie)G1ePgo) -+ tr((Gie)GgeP po)
1 5 : 00« K
nT | \tr((Gge)GiePpo) --- tr((Gge) GoeP o)
OrxQ Oxxk
tr((G1€) PpoGiePgo) -+ tr((G1€) PpoGgeP o)
L : : 00x K
nT | \tr((Gge) PpoGieP o) --- tr((Gge)' ProGoeP o)
0K xQ Oxxk
= —5(Ls31+ Loz + Lsss + Lssa). (G.137)
For Ls 3.2,
Q Q
ILszalz =D > tr((Gee) PaoGye)?
g=1¢'=1
Q

Mo

S (R)?(|(Gye) P poGell

[}

Il
—
Q\
—

Q
Z HG HQHG H2H5H2HPA0H2

/

M@

—_

Q
= (RO)ZHEHEIZ 1G4l D 1Gy 113
q=1 qg'=1

= Op(Q?*(max{n, T})?), (G.138)

Q
Il
,_.

Q

82



which implies L[| L5 3. 2” r=0p (W) The same steps can be followed to establish

that —t=||L5.3.3||F and - || L5 3.4||r have the same probability order. Combining these results
and using Lemma [F.3(ii)] gives the final result

(GG - Ltr(G1Go)
1 : KR : 0ox K
Bg—fJ-C:—Z’(M 0o Q@ M 0)Z—|—02 ’
nI = A 1 \lr(@uG) - t(GLGo)
OrxQ Orxk
. P
+0 Pll6° - 0||5) +Op | ——— | . G.139
P (VQP6"—8)2) P(m) (G.139)

O

Proof of Lemma Recalling Z7 == (Wiyy, ..., Woy,, Xy), the P x 1 vector
By= - ZtT:l(Zf)’MA(AOfg + &¢) can be expanded as

LS (GUA ) + ) MA(A F) + &)

T T
1 1 :
Bi=—> ZIMAAf) + — > Z;Mje, + :
nl nT = #Z?ﬂ(GQ(Aof? +e)) Ma(A f) + 1)
0K><1

= By1+ Bya + Bys. (G.140)

Note that MzA® = Mz (A" — AH*™Y), where H* = L FUFOAYATI ! is a R® x R
matrix (R® = R by Assumption and IT is a diagonal R X R matrix containing the largest
R eigenvalues of - Ethl e.€} along its diagonal. Therefore, By1 = - Zthl ZiM ;(A° —
AH*1)f% which, by decomposition (G.17) in the proof of Lemma can be expanded

as

B4.1: ZZ/ P1+ +P6+P8+...+P25)2*)‘fg

=Byi1+...+Byig+Brig+ ...+ Baios, (G.141)

where ¥* = (niTFOIFOAO/A) ! is well defined by Assumption |6.3|and Lemma [F.2(ii)| with
|2*||2 = Op(1). The probability order of the 24 terms in (G.141)) is now examined, though

for brevity derivations for similar terms are omitted. Starting with the first term,

Biii= (nT — Z Z Zi\M i Z é)(AE*f?)’ZT) (0 -8,

t=11=1
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since (6° — @)’ ’AZ*ft is a scalar. Now
1

ToT ZZZQMAZT(BO—G)(AE*J”?)/ZT
t=171=1
L1 T T
< 77||MA|\ ol A2 2 Y Y 1Z0l1211Z-(6° = 0)|a]| £712]| 2+ ]2

t=171=1

1 ) : 1 & :
< —TillMAH o|[A[]2]]=7||2 <Z|Zt|§> <nTg ||2>

2

t=1

W
T 3 /T 3 )

(Zﬂf?@) (ZHZT@) = 0p(P||6° - 4]|2), (G.142)
=1 T7=1

using Lemmas [A.2(iii)} [A.2(iv)} |A.3(i)| and [F.1(i)} Thus, Bs11 = Op(P||0° —8||2)(6 —6°).
For term By 1.9,

T T
1 1 0 A e
Biiz=— > ZiMy (—nT > Z,(6°—6)fYAYAR ) I

= T=1
1 <& 1 & 1 1 -1/ -1
=——N"ZM; = "2Z,0°-0)fY  =AYA ) [ =AY A —FYFO° 0
T T —1
:_LZZ/MA lzz ( )fol FO/FO fO )
nT t=1 ' A T =1 '
2 / -1
Letting w?, = FO (%FO FO> ?,
11T
Biio=— TTZZW%Z;MAZT(QO 9)
t=1 1=1
11T
_ 0 ! 0
_ <nTT;TzlwﬁthAzT> 6 6%

Next

T T
1 1 A
Biis= > ZiMy (—nT > Z.(6° - a)e;Az*> s

T=1
1 1 T T .
— (nTnT Yy e;Az*fgngAZT) 6 -6 (G.143)
t=11=1

since L AX* £ is a scalar. Now,

nTnTZI; e A fYZ,\M i Z,
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1

\ /\

1

| /\

1

| /\

b b
[ LS\ (Zue AH2> (;mn%) (;HZAI%)

T
T THZ H2HMAH2ZZ\|€'TAH2Hf?\|2\|Zt|\2HZTH2

t=171=1
1

T 2
(znzm%)
=1
1

N|=

=1

1
T 2 T 2
ISl g el A | FLe (ZHZA!%) (ZHM%)
t=1 T=1

=0p [t ). (G.144)
V/min{n, T}
using Lemmas |A.2(iii)| [A.2(iv)| |A.2(vi)| and [F.1(3)| Thus, By1s = Op <m> -
6°). For By,
_ - / L 0 L 0
Biia= = t;th — ;ZT( z:: JGAYFY | A | £
Q /
nT nT Z Z ZMRZ, > () — pg)GeA FY | ASf7 | (6 —6°) (G.145)

t=1 =1 q=1

r
since (Zle(pg - p“q)Gqufg) AX* £V is a scalar. Now,

/

T T Q
]. ]. ~ N *
SN ZIMAZ, [ D6 - )G F2 | AS £
t=1 =1 q=1 2
1 1 Q . T T
< MRl || D0 — 60)Gal| IAIAIRIE" 2 D Y 1Zelal|Z- o]l 211 57112
=1 ) t=1 =1
1 1
Q T 2 T 2
Sﬁﬁ” all2 || D008 = p)Ga|| IA°|I2][Al]a][Z712 (ZHLH%) (Zuzm%) 103
=1 ) =1 t=1
= 0p(\/QP|10° - B]>), (G.146)

using Lemmas [A.2(i)| [A.2(iii)} [A.2(iv)} |A.2(viii)| and [F.1(i)} Thus, By14 = Op(v/QP||0° -

0)|2)(6 — 6°). For By,

Biis =
n

1 Z 1
Z/



/

T T Q
11 ) . )
B 77ZZZQMAZT D (09— p)Gaer | AZf) | (6-6°), (G.147)

=1 t=1 q=1

r
since (222:1(,02 - ﬁq)quT) AX* £ is a scalar. Now,
/

T T Q

1 1 N .

ﬁﬁE Y ZiMiZ, > (0] — pg)Gyer | AZ*F]
qg=1

=1 t=1 9
1 1 T T
< morll HQHZ DGall2[[Al21[Z12 )Y 11Z4 211 Z- ol e 21 £ |2
1t=1
T 1 1
2 T 2
_nTnT AHzHZ $a) Gallz||All211=| 12 (Z!Z H2> (ZMH%) lell e[| Fl|
t=1
= 0p(\/QP||6° — au (G.148)

using Lemmas|A.2(i)} [A.2(iii)} [A.2(iv)} [A.2(vi)| [A.2(viii)|and [F.1(i)} Thus, By15 = Op(v/QP||0°—
6||2)(8 — 6°). By similar steps it is straightforward to establish that By 1.6 = Op(v/P||6° —
6||2)(6 — 6°). Next,

T
1 N *
Biis = )~ ZiM < E A’ flel A ) £
t=1
T T
__ 1 > > ZMi (A" — AH) flel AX* f} (G.149)
- nT nT 1 t A TCT t- .
t=1 7=

Now,

1 1 T T .
——> > " ZM;(A° - AH*") flel AX" £}

t=1 =1 9
1 1 1 T
0 *—1 0 N 0
< —moraslIMlllAT - AH* ||| = ||2;|Zt||2 ;fTslTA 2Hftllz
1 3
< L IMANIAY — AH S (Zuzmz) 1B | e A
t=1
p P||6° — 6
e e e et
mm{n\/T, T15} mln{n\/T, T15}
P 0_ 012 P 0_ A 3
Lo, (VEPI OB\ | (QvPIe -\ .
min{vnT,T} VT
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using Lemmas [A.2(i)} [A-2(v)} [F-2(1)] and [F-2(50)}

/
T

Q
1 ~ A S
Biig = T g ZyM 4 T E A’f0 g Py — pg)GoA F2 | AX* | f7
q=1

!/

T Q
1 ~ A SF
= 772 M A°FOF° Z(Pq—PS)GqAO AZ*f}
t=1 q=1
L1 a A 7x—1\ 0’ 10 A O/ % 20’ / N /A
772 ~AH*HFYFOAY (2 Y @ 1) (vec(GlA),...,vec(GQA))
x(p—p°) (G.151)
Note that
nT — Z Z'M — AH"YFYFOAY (2 ) @ I,)) (vec(GA), . .., vec(GQHA))
2
1 x—1 0 ! ! A 0 d
<. T THM AH o[ FO|3| (vec(G1A), . .., vec(GHA)) ||, |[A°ll2 D 11 Zel2

XI\E*f?/®InII2

1 N R R .

T TI — AH*[o|[FO[[3]| (vec(G1A), . .., vec(GHA) ) ||, || A||2] IZ*|l2

XZHZtHQHftHQ

t=1

11 . X )
AT AH* )| [FO)|%|| (vec(GYA), ..., vec(GHA)) ||| A°]a] =¥

T
04 VQP
(ZII&Hz) = 0p(QV'P|6° - 6||2) + Op (min{n’T}), (G.152)

where the second inequality uses the fact that ||[S*fY @ I,|ls = [|Z*fY||2 and the last
line follows by Lemmas [A.2(iii)| [A.2(iv)| [F.2(i)| and |[F.1(iii)l Hence the result Byi9 =
(OP(Q\/?HHO —0|]2) +Op (m %)) (p— pY). For term By 10,

1 & 1 & Q /
Biiio = T Z ZiM i 7 Z A f0 Z(pg — pg)Geer | AZ* | £Y
t=1

/

T Q
1 1 / ~ A U
= ﬁﬁZZQMAAOFO e [ (g —00)Gy | AZ £}
=1



T
11 e e ) R -
— ﬁﬁZZQMA(AO—AH DWFY (2 f) @ I,) (vec(GiA), . .., vec(GHA))
t=1
x(p—p°). (G.153)
Now,
Z Z'\M ~AH*Y)FY(B f) @ I,,) (vec(GYA), ..., vec(GLHA))
nTnT )
1 . .
ST TIIMAllzllAO AH|o]|eF°[a][Z||2]| (vec(G1A), . .., vec(GQA)) |

T
ZHZtHsz? 2
=1

1 ! AET* * ~ “
< o IMAILIIAY = AE o[ Ol o |Fll ][ ole ]| (vee(GLA). .. vee( G A))
T 3
X (ZH%H%)
t=1
QV'P||6° - 8| ( JOP )
—¢ HOP\ T ) G.154
P( vT "\ min{v/nT, T} ( )
using Lemmaos IA.2(iii)} [A.2(iv)} [F.1(i1)} [F.1(iii)| and [F.2(i)l This gives the result By 119 =
(OP (%) +0p (%)) (p— p°). Next
1 & 1 &
s Z/MA Al T ZT 0_49 /AE* 0
Biin nTz; tM 5 ( nT;E (Z,(6° - 8)) )ft
B (nTnTZ;ZZ’ aer(AZf)'Z ) (6-6°. (G.155)
=17=1
Now,
LSS 20 e (A 2
nTnTt - A 7 ¢ 2

T T
11, . / .
< oAl !2;;!ZtMAeTHQuftuzuzTuQ

11 s & (L 2
< Al ]|Z"]2 (ZZlZéMAsTH%) (ZIIZT@) (ZIf?II%)
=1

t=1 =1 t=1

11 z L (& :
< AN 1M gellz | D 11%113 (Zuzm%) (lef?!\%>
=1 t=1

p=1
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P
=0r (x/min{n,T}> 7 (G150

using Lemmas |A.2(iii)} |A.2(iv)| and [F.1(i)} Hence, B41.11 = Op (\/ﬁ) (6 —6°). For

term By.1.12,

T
— 1 / 1 0 £0\/ A §1* 0
Biii2 = T ZZtMA T ZsT(A f)AY ;

= —ﬁTZZZ;MAsTWBt (G.157)

o
and, using Lemma [F.2(iv)| ||B4.1.13]]2 = Op <7VQPH90H2) + Op (ﬁ) For

min{n, T}
B4,
1 1 Z Q '
Buiin= 5 ZiMs | = Do | D04~ p)GA°SY | AS” ) 7
t=1 =1 q=1
/
1 1 T , . Q . .
= T 2 ZMASFOAT | 3G~ h0)Gy | AT
t=1 q=1
11 &, 0r0 s 20 ) L . .
- ﬁﬁZZtMAsF AV (Zf) @ I,) (vec(GA),. .. ,vec(GQA)) | (p° — p).
t=1
(G.158)
Then,

T
11 ) . - -
==Y ZiM eFAY (Z* f) @ I,,)' (vec(G1A), .. ., vec(GQHA))

nT nT
t=1 2
11 &
< ﬁﬁz||Zt‘|2‘|M[\||2||€F0|‘2|‘A0||2||(2*ft ® I,)|[2]| (vec(G1A), . .., vec(GHA)) |2
t=1
1 1 T 2
<= (Z HZt|§> || M 3 112l|eF°|2]|[A°||2]|[Z*[|2]| F°||p|| (vec(GIA), . . ., vec(GHA)) |2
t=1
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=Op< /sz’)7 (G.159)

using Lemmas |A.2(ii)} [A.2(iii), [F.1(ii)| and |[F.1(iii)} Therefore, Bs1.14 = Op < QP) (p—

pO). Similar steps can be used to show B4 115 and B41.1¢ are Op (minv 81PT}> (p— po) and
P (wQPHGO — éHg) respectively. Next

T T Q
Biii7 = i Z Z; A 1 ZZ G AOfO(AOfO)/AE* fg
nl’ t=1 TLTT 1¢=1
11 & Q
= nTnT;z;ZQMA 21@ POGAFI(ACFIY AT £
1 1 T T !
== (ZZthZtMAGlAO Y Y @ zZiM GQAOf0>( 0)
t=1 =1 t=11=1

T T Q
1 1 ) .
Byiis = T E ZiM i T E g () — pg)GaA  flel AX* | f7
=1

T Q
1 1 ~ AR L
= = Y LMY ()~ ) GyA FYEAS f)

Now,

T /
nT T Z Z\M (FO AT ) ® In) (vec(G1AY), ..., vec(GoA))

2

1 0’ 0 0
< nTnT||MA||QZ|\zt||2|| (FU&AS" £ @ 1, ) [J2]| (vec(G1A"), ..., vee(GQA?) )|
1
1 , d :
<7 HMAHzHFOE 2l All2][Z[[a]] (vec(G1AY), ..., vee(GQA)) |2 <ZHZtH§> 1F°]|r
t=1

=0Op (,/Qj?) , (G.161)
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using Lemmas [A.2(iii)} [F.1(i)| and [F.1(ii)f and where analogous steps to those in the
prof of Lemma [F.1(iii)| can be used to show ||(vec(G1A?),...,vec(GgoA?))||2 = O(/Qn).

Thus, Bs1.18 = Op ﬁ) (p— po). Similar steps can be used to establish that B4 .19,

~ 0_p ~
Bii120 and Byi21 are Op (Q\/TDHOO - 0H2> (- p°, Op (%) (p — p°) and
Op (\/ QP||6° — éHz) (p — p°), respectively. Now consider term By 1.20.

T T Q
1 1
Buiz = = > ZiM (= 3 (0]~ pg)Goer (A F2YASY) £
t=1 7=1¢g=1
11 L.~ Q .
= —ﬁﬁZZZQMA (Pg _ﬁq)GqET(AOfS)—)/AE*f?
t=11=1 q=1
11 (&Z L
== (Z > @hZIM{Gier, .. > Y thZQMAGQsT> (p—p").
t=171=1 t=117=1

(G.162)

For term By 193,
T

T Q
1 1 ) .
Bii23 = T E Z;MA< T E E (pg — pg)Goere-AX )f?

1 1 <& @
= !/
= T 2o ZMA D~ p0)Guee AT )
t=1 q=1
1 1 &
N "M « / .0
= (nTnT;Zt A( AZ Y ®I) (vec(Gls),...,vec(GQe))> (p—p").
(G.163)
Now,
1 1 r /
- / R /A v £0
TRT;ZtMA (fAS fl @ 1,) (vec(Gre), .., vee(Gae)) 2
1 1 & A
S772‘|Zt|‘2|\MA\|2\|€H2HAH2H2*||2||fg||2‘}(vec(Gle),...,vec(GQs))H2
t=1
T 2
11 , ) o
< ToT STZE ) 1M gllellell2|All2|1Z* 2] FO ||| (vec(Ghe), . .., vec(Gge)) |,
t=1

(M) (G.164)
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using Lemmas[A.2(ii)| [A.2(iii), [F.1(i){and [F.1(iv)} Therefore, B4 123 = Op <1 /%) (p—
(Q\/ﬁH@O—éIb) (p—
v p

po). For the remaining terms, B4 1,24 and By 1.95 can both be shown to be Op

pO) by similar steps to those for B4.1.14. Collecting all these terms gives

11 r I 1 T T
— / 0 /
34.1—<Z;Zl @, Z,M ; Z)(a 0°) — 7ngz e
nTnT (Zt 127 1w0 Z,MAGlAO 27" Et 127 1w0 Z\M ; GQAOfO)
nTnT (Zt 127 1w ZtM Gier, ... Zt 1ZT 1thZ’M GQE.,-)( p)

+Bi18+Bs11z+0Op <\/§PH00 — 0|2+

P ~
T (6-6°
\/m {n T})

T T
— il 4 N 0y -+ + "M
_<nTT;;thZtMAZT> 6 —6° nTT;;Z AET

nTnT Zt 127 1w ZtM GlAO i Zt 127' 1th/M GQAOfO>

nTnT (Zt 127 1 T2 M Gher, Zt 1ZT VW Zi M i GQET)( -p)

Vmin{n, T}

0_p 0_4112
where A, .= By18+B4113is Op (ﬁ) +O0p (H) +0p (%) +
Op (762\/?”60_9”%). Next,

+ A, +Op <\/§P\|009|2+P> 6 -6, (G.165)

VT
i S (GIACFYMAACE)\ (G YL (GIA ) M e
Bz = : I :
i it (GoA  f)) MAACF] LS (GQA Y)Y M 4
Ok x1 Op1
%ZZ:l(Glé't)/MAAofg % Zg’:l(Glat)/MAEt

: n :
T T
% Zt:l(GQEtyMAAOf? % > 1-1(Gqe) M s &
Oxx1 Orx1
= By31+ Basa+ Bizs+ Basa. (G.166)

Terms By 3.1 and By 3.3 can be written more compactly as By 31 = % ZtT:l(M%)’MAAOf?
and Bugs = 5 S (MF)Y M {A’FY where M| = (G1A’fY,...,GoA 2,0, ) and

92



M? = (Giey, . .., Gger, Opx ). Now note that

T T 2 Q %
(2%5) S(ZIIW%) _ (S 1Gacr 2
t=1 t=1

q=1

< IAF|3VQ, [ max [1Gylls = Or(v/QnT), (G.167)

and

N

(z HM?H%)

T 3 Q 3
_ (szu%) (el
t=1 q=1

< llellzv/Q, [ max Gl = Or(v/QnT), (G.168)

since (Zthl ]|Bt||%> (Zt 1 ||Bt|\F) for any n x m matrix B and G, is UB across
q. Using this, terms B431 and Bs33 can be expanded in the same way as B4, via the

decomposition (G.16|) in the proof of Lemma ie.,

T
1 1\/ * 0
Bisi = nT;(Mt) Mi(—=(P1+...+ Pg+ Psg+ ...+ Py;)E") f?
and
1 I
_ 2/ s *\ £0
B4-3-3_nth:;(Mt)MA( (Pi1+...+Pg+Ps+...+ Pys)X") f;.
Following analogous steps as those for terms Byi1.1,...,B416,B4158,---,B4.25 yields the
expression (the counterpart to (G.165))
Bysi1+ Biss
11 LT 1 T T
24/ 0 '
= —= M. Z 0—-60")— —— M e,
(nTTt:“:1w (M} +M?) )( TT;;w LM +MP) M ze
11 T T T T
/ 0 ! 0 0
t <;;w (MG + MZ) M GIAYFL, z::g 9 (M} + M} M 4G Af)
x(p—p°)
1

t=1 =1

T T T T
1
t—— (Z > @M+ M) MiGier,.... > > @ (M) + M?)’MAGQ€T>
t 1
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x(p—p")+Ap+Op <\/§P||90—é!|2+P> (6 —8°), (G.169)

vmin{n, T}
where Ay is of the same order as A,. Therefore, combining (G.140), (G.165)), (G.166]) and
(G.169) gives

T T
By = <T:T;ZZw2tZ£M z > (6 -0 _ﬁfZZthZ/ AEr

t=1 =1

1
T ~
>0 2 My ) -0

T T

T T oo
1 1 0 0 40 . A i
+ ﬁﬁ (tz:;;thZtMAGlA 77'.',;7Z::1thZtMAGQA fT (p_p )
1 1 rz T T
Tt (ZZW%Z%M G Y Zw%z;MAGQeT) 3 ")
t=17=1 t=1 r=1
T T -
1 1 0 1 2/ 0 £0 0 L - 00
Yt oTnT (;;wﬁs(l’(t +M;) M GiA T,...,;;w”(m@ + M2 M3 GoA° f°
x(p—p°)
rz T T
1 1
tTT (ZZW%W% MY MGrern.. . 3 SO + M) M AGQ57>
t=1 =1 t=1 =1
T T
(=P LZZQMAEﬁ LZ(M% + M) M 5
nT =1 A nT — A
i P n
+ A, + A+ 0Op (\/@PHOO_Q\|2+\/W> 6 — 6. (G.170)

Recall from Appendix [A| Z} = (Wiyy, ..., Wy, X;) and let Ay = A, + Ay, Then,
since Z; + M} + M? = Z7, (G.170) can be significantly simplified by gathering together
many of the terms, resulting in

T
1
Bi=— (2} M; (Z)'M ze-
= M L S Mo

Zt IZT lw (let)M leT Zt IZT lw (let) MA:BKT
+ —= : : (9_00)

nT
T T 0 ../ T T 0 ../
Zt:1 ZT:1 WrthtMAWIyr T Zt:1 27:1 thmKtMAwKT
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0 gl ) 5_ g
+0P<\/§P|ye 0|2+m>(9 0°) + A,

1 _. .
L g (M po @ M j)vec(e) + n—Tz* (Ppo® MZ)Z*(0 - 6)

nT
~ P ~
+0p [ VQP|I6° 8|l + ——= ] (6-60°) + A, (G.171)
vmin{n, T}
This completes the proof. O

Proof of Lemma For brevity, let 62 := 62(, A), and recall also that 62(8, A) =

L ZtT 1(S(P)y, tB)’M (8(p)y, — X:B3). Using Lemma and the true DGP, one
obtains S(p)y, — Xtﬁ Z:(8°—0)+ A" f0 + ¢, where Z} = (let, ..., Wy, X;). Thus

the expression for 62 can be expanded to give

nT

T T

. s, (1 |

6% = (6°— oY < S (Z;)M;Z;(0° - 6) + ﬁz Z;) M4 (A f) +z—:t)>
t=1 t=1

T T
+(90—9>’< 1 Z(Z»’M <A°ft+st>> * %ZM“J‘?H»’MA(A%%&)

nT
t=1

= (0°—0)'1, + (8° — 0)’12 + 3. (G.172)

Consider the term (00 — 9)’ l5 in equation (G.172)) first. Notice that Il is equal to By in
equation (G.140). Hence, Lemma [F.3(iv)| can be applied to give

TZ*/(MFO ® M 4 )vec(e)

n

+ <0P VQP||6° - 8])5) +0P<\/ﬁ>>(é_00)

+ H(O -0 + A1> , (G.173)

(6° — 615 = (8° — Y <

where Z* == ( ’{/, ceey Z}/)’. An analogous expansion of term I3 in equation (G.172)) yields
Iy = tr((A°FY 4 €)' M yeM o) + 3*(6 — 6°)

+ Ag + (Op(\/éPHQO — éHg) +Op (m)) (é — 90)

= tr(e'M zeM po) + H* (6 — 6°)

0 2} P A po0
+ Ay + <op(¢@p|ye —0|]2) +Op (\/m» (6 —0°, (G.174)
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since tr((AOFol)’MAsMFo) =0, and where H" := %Vec(AOFUI +¢e)(Ppo®M4)Z and
Ay is a term of the same order as A;. Combining (G.172)), (G.173) and (G.174)),

T
52 = (0° — By <an S (2 My Z; - 9{) 0° — 6)

t=1

2
+ ——Z*(M po ® M 3 )vec(e) + tr(e'M e M o) + Ao

nT
0 P j _ o
(op (/QP||6° —8|2) +0P<¢m>>“’ 6°), (G.175)

where the second equality follows by rearranging and noticing that niT Zthl (Z))M A(AO Fot
) — (H*) = L Z*(M po ® M 3)vec(g). Using Lemma [F.3(ii)

T

1

TTZ Z)MiZ; -
t=1

(@Gl ... iftr(G1Go)
: e : Ooxk
Z(Mo®Mo)Z+a2 ' ‘

~ T F A "1 \Lr(@pGn) . la(GLGY)

Oxxq Orxk

) P
+ Op(\/QP||6° - 0]|2) + Op (W)

= K +Op(\/QP||6° - 8|]2) + Op <P>. (G.176)

/min{n, T}
In addition, using Lemma [F.2(vii)|

nTZ*/(MFo ® M j)vec(e)

1 1
= n—T(Z*)/(MFo ® M j)vec(e) + op <m>
tr <(G1A0FO')’M AosMFo)
1 1 :

= —Z'(M go ® M jo)vec(e) + — :
nT Tt ((GoAFY)Y M yoeM o)

Ok x1
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tr ((Ghre)' M poeM o)
1

1
nT | tr ((Gge)' M yoe M 5o) o (W)
Ok x1
tr ((GlAOFO’)’M AoeMFo)
— L 2 (Mpo © M yo)vec(e) + — :
nT T b ((GoAFY)Y M yoeM o)

Orx1
tr ((GlE)lMAOEMFO)
1 : 1
— ’ +op () , (G.177)
nl | gy ((Gge)' M poeM go) vnT
Orx1

where all elements tr((GqAOFO/)’MAosMFo) are zero since M po FY = 07y z. Combining
(G.175)), (G.176]) and (G.177)) gives the result

~2

6% =(0" -6y <7C +0p(\/QP||6° —8|2) + Op <P>> 6° —8)

/min{n, T}
tl“ ((GlE)IMAOEMFO)
+ 2(6° — §) 1Z’(M ® M po)vec(e) + ! : +o < ! >
- p— 0 0)Vi p— P _—
nT F A nT | tr ((Goe) M yoeM po) VT
Orx1
+ tr(e'M zeM po) + As. (G.178)
Lastly, using Lemma
tr ((G1e)' M yoeM po) % 2 (Gy)
1 i |, vop (L (G.179)
nT | tr ((Gge) M yoe M o) %tr (Gg) nT
Orx1 Oxx1

and
1 /
niTtI'(E MAEMFO)

1 1
:ﬁtr(E/MAoé‘MFo) + ﬁtr(E,(PAO — PA)EMFO)
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_ 1 V@Q|16° - 0| 1
= nTtI'(E MAOEMFO) + OP < mln{n T} + OP W s (G180)

since [tr(e'(Ppyo — Pg)eM go)| < 2R||e|j3||[Ppo — Pgll2||M go|l2. Combining (G.178),
(G.179) and (G.180)), and ignoring dominated terms gives the final result

~2 __ n0 _ AV 0_ 4 P 0_ 4
6°=(6"-0) <K+0P(\/§PH9 9Hz)+0p<\/m>>(0 0)

% 1 (Gy)
0 )/ Q 1 /
99 tr (GQ) nT nT
Oxx1
O
Proof of Lemma [F.3(vi). First,
tr ((Gle)’s) tr ((G1€)' P po€)
1 1 1
by, = : - — :
vnT ! vnT vn '
((GQE GQE PAOE)
Gls z-:PFo r((Gre) PAosPFo)
- \/ﬁ :
GQE €PF0 (GQ&’) PAOEPFO)
1
= lhi+... 4+ 1) G.181
ﬁnT( 1 1) ( )
Now,
tr ((G1e)'e) — Todtr(Gh) Todtr(Gh)
L= : + :
tr ((Gge)'e) — Tottr(Gg) Tottr(Gg)
TU%tr(Gl)
TU%tr(GQ)

For the term [y 1,

Q /T 2
E[|lta]3) =E | > ( €1Gler — agtr(Gq)>
t=1

q=1
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YT ((Mi ~ 30) ZH:(Gq)?i + 05 (t1(GoGo) + tr(G;Gq))>

q=1 =1
= 0(QnT), (G.183)

using Lemma A.3 in [Yu et al. (2008). Therefore ||l 1||2 = Op(v/QnT). Next,

Q Q —1]|2
2 1 1 / /
Il =3t (G Pave)” < (R 35 S (Gue 1R | (5A7A°) | 18Vl
q=1 q=1 2
= 0p(QT?), (G.184)

where Lemma [F.1(ii)| has been applied, with A° replaced by G;AO, to establish that
222:1 [(G4e) A°||2 = Op(QnT). Thus ||l2||2 = Op(v/QT). Next for term I3,

Q Q 1 2
21 3 1 o ,
18113 = E tr ((Gee)'ePpo)” = 72 2" (G;c-:FO (TFO FO) F° 5,>
q=1
1 9 ,
= L)Y I1GBeFl

q=1
1 -1
F0F0>
q=1 <T

using Lemma [F.1(ii)] Thus ||l3]|> = Op(v/Qn). Finally,

Q

1Lall3 =Y tr ((Gye) P poe P o)’
q=1

1 & 1o\t o A
= Dt <E’G;A0 <nA0 AO) A" eF° <TF0 F0> F° )
q=1

2

= 0p(Qn?), (G.185)
2

Q ~1]|? 1|2

1 0 I~ A O(12 1o a0 0 _ 10112 I o 0 012

< s (RS IIEGAYB || (SAYA%) || AR 3| ZFTF) || I
q=1 2 2

= 0p(QT), (G.186)

using Lemmas |A.2(iii), [F.1(ii)| and [F.1(ii). Hence ||l4||2 = Op(v/QT). Combining all these

results

tr ((G1€),MA0€MF0) TO'(Q)tr(Gl)
1 1
W : =77 : +0r(V/Q), (G.187)
tr ((GQE)/MAOEMFO) TO'(Q)tI"(GQ)
since, by Assumption % — ¢. This completes the proof. O
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Proof of Lemma [F.4(i)|

P K 2
ST (B = Bo)(Gu(p) — Gp) X,
p=1|lk=1 F
Q T n K 2
=X, (Z(B;? — Bi)((Gq(p) — Gq>xk>n>
qg=1t=1 i=1 \k=1

Q T
=3 S IG(B) - G)X (B - D)3

Q T
<IB° = BIB D 1IGq(p) — Gall3 Y 1IXelf3
t=1

q=1
Q T

<18° = BIIZ D G (p) — Goll3 D 1 X4l[7
q=1 t=1

Q K
=18° = BIB > _1G4(p) — G4ll3 > 1 X[7
qg=1 k=1
K

Q
= 118" = BIEY WS~ (p) (L — S(B)S I3 D 1 Xkl[3

q:l k=1

< 118° = B3NS (B)I3I11. — S(p) 1!!2@ max {HWqHz}Z 12 k][

k=1
= 0p(|10° - 8]13)0p(Q*KnT), (G.188)
using Lemmas [A.2(ii)| and |A.2(viii)} O
Proof of Lemma
P || K 2 Q n T /K 2
(DERFAEE =zzz(z @)
p=1|lk=1 g=11=1 t=1 \k=1
Q T
=2 D IGX:(B° - P)II3
q=1 t=1

T
<18° —ﬂllgz 1G5 ) 11X13
q=1 t=1

Q K
< 18° = BIE Y _IIGall3 Y N1 XwllE

q=1 k=1
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<l18° - BliQ max {[|Gq Hz}ZHXkIIF

k=1
= Op(]|6° - éH%)OP@KnT), (G.189)
using Lemmas [A.2(i1)| and [A.2(viii)} O
Proof of Lemma [F.4(iii)|
2 01l K 2
R(Gy — Go(P)Xk|| =D ||D>_BlGy — Gy(P) X
F o og=11lk=1 F

(Gq — G(p) X B°I13

Q
Il
—_

Mo 1Mo
g

T
1Gq = Go(B)I13 ) 11X:8°I13
t=1

Q
Il
—_

Me

T
WS~ =W, (D)) 11Xe8°I13
t=1

Q
Il
—

T
= Q max {|[W,[[3HISD)BIISB)S™ — Lnl3 Y 11X:8°I13
t=1

1< <Q
= 0p(]16° - 6]13)0p(Q*nT), (G.190)
using Lemmas [A.2(vii)| and [A.2(viii)| O

Proof of Lemma [F.4(iv)|

2

Q K .
DI (B — )G (p) X

P
Z ﬁk—ﬁk G(p)Xy|| =
p=1 = F q=1|1k=1 F
Q
=3 D lIG(p)X (B - B)I3
q=1 t=1

T
<18~ B(’II%Z 1Go(P)]2 Y 11 XI5
t=1

q=1

T
<118 - B°3Q max {||Gq(p)ll2} Y |1 X[}
t=1

1<g<Q

K
< 118 - B°113Q max {[|Gq(p)ll2} Y | X[
k=1

1<q<Q
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= 0p(]16 - 6°|13)0p(QKnT), (G.191)

using Lemmas [A.2(v)| and |A.2(viii)] O
Proof of Lemma [F.4(v)|
P 2 QK 2
Z BGBXe|| =D > BGy(p
=1 [lk=1 F q=1|lk=1 F
Q T
= ZZ HGq Xt/BOHQ
q=1t=1
Q
<> HGq(ﬁ)HzZ 1X:8°113
g=1 t=1
T
< AN (]2 0112
< Q s (1GUPIB 2 1%,8
= Op(QnT), (G.192)
using Lemmas [A.2(i1)| and [A.2(viii)} O

H Proof of Proposition [D]

What follows is analogous to the proofs provided for Theorem 2.1 in Moon and Weidner
(2015) and Proposition 1 in[Shi and Lee (2017). The expected unpenalised likelihood, eval-
uated at some 0, A and F, and with 02 concentrated out, is denoted (@, A, F). Dropping

) |

(HL.1)

the constant this is given by

L(0,A, F) = %log(det(s(p)))
— %log (IE

Substituting the true DGP y, = S71(X 8 + A%f? + &) into ([.1) and applying Lemma
A.2(1)| results in

L(O,A, F) = %log(det(s(p)))

T
% Z(S(P)yt — X8 - Af) (S(p)y, — XuB— Afy)
t=1

T
5108 (E[ 37 (2,(6° ~ 0) + S(0)S ' AF) + S(p)S et — AF,)

t=1
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X(Z:(6° ~ 0) + S(p)ST AV F] + S(p)Ser — AS))]). (H.2)

To begin, it is shown that for any (8, AF) # (8°, A°FY), L(8, A, F) < 1L(8°, A°, F°). First
of all,

T
L(6° A%, F°) = %log(det(S)) - %log (E[% ZegetD
t=1

= %log(det(S)) - %log(ag), (H.3)

where the second line follows by Assumption Next, using Assumption [1} and concen-
trating out F and A, gives the inequality

L(0,A, F) <~ log(det(S(p))) —  log (;TE[tr<<s<p>s-1e>’s<p>s—leﬂ

tr <MF0 (ZP:(HS - Hp)Zp> MA<ZP:(92 - ep)Z’IJ))

p=1 p=1

+E

). (1.4)

By Lemma 9 inYu et al. (2008), -=E[tr((S(p)S 'e)/(S(p)S~'e))] = Ltr((S(p)S~1)'S(p)S™1).
Applying this, and then rearranging (H.4)), gives

L(0,A, F) < %log(det(S(p)))

1 i —1y/ -1 L
~5log (ntr((S(p)S’ )'S(p)S )+E[n—TZ (MF0®MA)3] . (WL5)
For simplicity denote E [%Z/ (M oM A)Z} by M. Now, 6" is a unique global maximiser
of the unpenalised expected likelihood for any A, F, if for any 6 # 6°, L(O,AF) <
L(6° A, F). Using ({.3) and (H.5), this inequality holds when
L log(d _ 4 % -1y 4+ (6°-0)M(6° -0
“log(det(S(p))) —  log (Zx((S(p)S ™ S(p)S) + (67— 0)M(6° — 6)

< %log(det(S)) _ %log(ag). (FL6)

3=

Note that —1 log(det(S(p)))+= log(det(S))—3 log(od) = —3 log(o3 det((S(p)S~')'S(p)S™1)
Therefore (H.6) becomes

).

2
— 5108 (D ((S(p)S 1Y S(p)S ) + (6° — 6YM(6° — 6))

< 5 log(03 det(S(p)S ™)' S(p)S %), (H.1)
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Multiplying by —% and exponentiating yields the condition

3=

(ftr((s(p)s_l)'s(p)s_l) +(0° — 0)M(0° — 0) > o det((S(p)S™")'S(p)S™).

(H.8)

The matrix M is positive definite by Assumption and, moreover, by Lemma
2
Dtr((S(p)S™")'S(p)S™) > 0f det((S(p)S™')'S(p)S™"). Hence,

% ((S(p)S Y S(p)S ) — of det((S(p)S Y S(p)S ) + (6° — OYM(E° — 6) > 0,

! (H.9)

for any @ # 6° and the expected likelihood must be uniquely maximised at 8° for any A, F.
Now, evaluated at 8° and with AF’ # A°FY,

T T
L(0°, A, F) < “log(det(8)) — 5 log (E[ 13 eler + - ST(AYFY — ASY(AF) — Af)])
t=1 t=1

= %log(det(S)) — %log (0(2) + E[%tr((AOFO' — AF/)/(AOFO' — AF’))})
(H.10)

The trace term in (HL.10]) can be equivalently written as vec(A°FY —AF'Y (Ip& 1, )vec(AYFY —
AF'). Since the matrix (IT ® I,,) is positive definite, this term is strictly positive as long
as A°FY £ AF’ and therefore

L(6°, A, F) < L(6°, A°, FO) = %log(det(S)) - %log (ag) (H.11)

and the expected likelihood is maximised where A'FY = AF’ , which is sufficient for the
identification of A°FY. Identification of o2 is then straightforward to show since, omitting
the constant, L(8°, A%, F°,02) = —1log(03) + Llog(det(S)) — 3 and L(6°, A", F°,o?) =
—1log(0?) + Llog(det(S)) — 123, Thus L(6°, A°, F°,0?) <L(6° A", F°, 63) holds if

02"
~Log(0?) = 2% < Liggo2y -~ L (H.12)
g 8T 552 S T 0890 T g ‘
or
0'2 0'2
log [ =2 . —" H.1
o8 (%) <% (H.13)

Using log(z) < z — 1 for # > 0 and x # 1, it is clear that o3 is also identified.
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I Verifying Assumptions (18

In this appendix, where possible, the assumptions in the main text are verified for the Monte

Carlo experiment detailed in Section [5.1

2.2

2.3

3.2,5,6.6

The ¢-th weights matrix is constructed as if all the cross-sectional units were arrayed
on a line and connected only to their immediate neighbours to the ¢-th degree. These
weights matrices are then row normalised. Each row sum is 1 and for @ > n/4, which
is satisfied in the Monte Carlo design, the maximum column sum of each matrix is

1.5. Hence each weights matrix is UB uniformly over q.

Invertibility of S(p): For simplicity, let W* := 222:1 pqgW,. A sufficient condition for
the invertibility of S(p) = I, — W™ is that ||[W*|| < 1 for some norm || - HE| Since

Q
W] < Z}Ipqllg;angIqul, (L1)
q:

S(p) will be invertible if 222:1 lpg| < (maxi<4<q ||[Wy|])~1. In particular, since all the
W, are row normalised (so that ||Wy||s = 1), this condition reduces to Equl lpgl < 1,
which is satisfied in the MC design.

S(p) is UB: Since ||S(p)|| = |[In — W*|| < ||I.]| + |[|W*]|], S(p) is UB if W* is UB.
If ZqQ:l |pg| < 1, this follows from equation and Assumption 2.2, which has been

verified above.

S~1(p) is UB: If ||[W*|| < 1 for some norm || - ||, then S~*(p) = Y3 ,(W*)" and

therefore
1S ()| < ) WM <) (W), (1.2)
h=0 h=0

Under the condition 222:1 1pg] < 1, |[W*||oo < 1 (see above) and therefore ||S™(p) ||
is bounded, by equation . For the columns sums, since the absolute column sums
of each weights matrix are bounded by 1.5, by (L.1)), || W*||; will be less than 1 where
Z?:l lpg| < 1/1.5. Using (L2), it is then straightforward to demonstrate that a
sufficient condition for S7!(p) to be uniformly bounded in absolute column sums is
222:1 |pg| < 1/1.5, which is satisfied in the Monte Carlo design.

In simulations, 7, and 7 are chosen using the information criterion described in
Section [4.1] The parameter ¢ is set equal to 4.

3Easily verifiable by considering the Neumann series of (I,, — W)

—1
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3.2 As an initial estimate, the unpenalised MLE is used. In Proposition [I] this is shown

to be at least a,r-consistent with R > RO.

4.4 In the design, the number of parameters adheres to a sequence, indexed say j =
1,2,..., where n = T, such that P = 8 +4j and n = T = 25 x 2!, For example,
j=1L,P=12n=T=25j=2P=16,n=T =50, j =3,P =20,n =T = 100,

6.1, 8.1 Considering the same sequence as in 4.4, note that lim;_,, ST = lim; o0 2550 =

etc. Thus, lim;_, min{n(5),TG)}

P(j)

8+dj _ _

7 = iMoo 550

Po(j)

0, whereby Assumptions and are satisfied.

(8+45)°

8.2 Let 9, = 03 = 1/min{n'/4 T4}, Then with a,r = VP/\/min{n,T}, and the
number of parameters adhering to the sequence described previously in the previous

point, the sequences min{n'/4, T4} /\/PQ — oo and P/ min{n'/4 T'/4} - 0.

J Additional Tables

Lemma J.1 Standard Normal Errors

Table 6: Bias of penalised estimator of nonzero coefficients (R = 0)
n T 01 P2 P4 01 03 05 11 013 15 o1 03
25 0.0245 —0.0038 - —0.1183 0.1471 - 01634 —0.0596 - —0.0014 0.0012
25 50 0.0029 —0.0028 - 01133 0.1432 - —0.1648 —0.0593 - —0.0019 0.0019
100 0.0049 —0.0055 - —0.1389 0.0153 0.0205 —0.0817 —0.0500 - —0.0010 0.0010
25 0.0205 —0.0009 —0.0007  0.1158 0.1466 - —0.1561 —0.0768 - —0.0014 0.0014
50 50 0.0223 —0.0022 —0.0014  0.1144 0.1448 - —0.1637 —0.0778 - —0.0017 0.0017
100 0.0056 —0.0030 —0.0038  0.1428 0.0101 0.0261 —0.0790  0.0514 - —0.0008 0.0008
25 —0.0208 —0.0038 —0.0012  0.1219 0.1425 - —0.1483 —0.0693 —0.0775 —0.0020 0.0020
100 50 —0.0207 —0.0039 —0.0012  0.1216 0.1409 - —0.1505 —0.0702 —0.0778 —0.0020 0.0020
100 —0.0041 —0.0031 —0.0021  0.1538 0.0103 0.0261 —0.0581 —0.0366 —0.0448 —0.0008 0.0008
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Table 7: Bias of bias corrected estimates of nonzero parameters (R = 1)

n T m P2 P4 1 d3 ds o1 13 d15 $1 ?3
25 0.0131 0.0009 - 0.0583 0.0729 - —0.0899 —0.0286 - —0.0013 0.0012
25 50 0.0141  0.0003 - 0.0612 0.0760 - —0.0940 —0.0328 - —0.0011 0.0011
100 0.0017  —0.0029 - 0.0849 0.0220 0.0268 —0.0380 —0.0233 - —0.0005 0.0006
25 0.0122 —0.0011 —0.0010 0.0635 0.0790 - —0.0905 —0.0411 - —0.0007 0.0008
50 50 0.0131 —0.0021 —0.0008 0.0660 0.0817 - —0.0945 —0.0438 - —0.0010 0.0010
100 0.0020 —0.0015 —0.0019 0.0958 0.0326 0.0411 —0.0344 —0.0228 - —0.0005 0.0008
25 0.0115 —0.0022 0.0007 0.0671 0.0774 - —0.0830 -0.0384 —0.0432 —0.0012 0.0012
100 50 0.0119 —0.0023  0.0007 0.0704 0.0813 - —0.0849 —0.0404 —0.0445 —0.0012 0.0011
100 0.0014 —0.0013 —0.0012 0.1056 0.0403 0.0479 —0.0236 —0.0162 —0.0185 —0.0006 0.0006

Table 8: Coverage of nonzero parameter estimates (R = 1)

n T p P2 P4 o1 03 d5 on 013 s $1 b3
25 0.631 0.885 - 0.465 0.337 - 0.410 0.817 - 0.914 0.908
25 50 0.393 0.882 - 0.200 0.095 - 0.141 0.715 - 0.893 0.899
100 0.969 0.664 - 0.006 0.776 0.718 0.403 0.608 - 0.886 0.880
25 0.457 0907 0.894 0.159 0.073 - 0.172  0.588 - 0.902 0.904
50 50 0.179 0.847 0.865 0.020 0.003 - 0.031 0.374 - 0.897 0.899
100 0.615 0.679 0.639 0.000 0.709 0.48 0.283 0.471 - 0.870 0.854
25 0325 0.865 0.921 0.021 0.009 - 0.109 0.493 0.408 0.880 0.880
100 50 0.084 0.820 0.868 0.000 0.000 - 0.012 0.251 0.164 0.867 0.863
100 0.636 0.655 0.628 0.000 0.602 0.248 0.318 0.470 0.416 0.786 0.796

Table 9: Bias of bias corrected estimates of nonzero parameters (R = 6)

n T 1 P2 P4 01 03 ds 011 013 015 o1 3
25 0 —0.0003 - 0.0006 —0.0010 - —0.0021 0.0036 - —0.0003 —0.0001
25 50 0 —0.0003 - 0.0001 —0.0006 - —0.0023 0.0030 - —0.0002  0.0002
100 —0.0001 —0.0001 - 0.0003 —0.0010 0.0008 —0.0002 0.0009 - —0.0002  0.0002
25 0.0001 —0.0002 0 0.0010 —0.0004 - —0.0010 0.0006 - —0.0001  0.0002
50 50  0.0001 —0.0004 0.0001  0.0002 —0.0012 - —0.0005 0.0017 - —0.0002  0.0002
100 0.0001 —0.0002 0 0.0004 —0.0005 0.0005 —0.0003 0.0005 - —0.0001  0.0001
25 0.0001 —0.0001 0 —0.0003 —0.0010 - —0.0003 0.0015 —0.0001 —0.0003  0.0003
100 50 0 —0.0001 0 0.0006 —0.0006 - —0.0002 0.0016 —0.0007 —0.0002  0.0002
100 0.0001 —0.0001 0 0.0001 —0.0004 0.003  0.0001 0.0005 —0.0003 —0.0001  0.0001
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Table 10: Coverage of nonzero parameter estimates (R = 6)

n T p1 ) P4 3 3 5 011 013 015 o1 ¢3
25 0.735 0.750 - 0.742  0.751 - 0.736  0.764 - 0.745 0.751
25 50 0.796 0.788 - 0.830 0.821 - 0.819 0.805 - 0.826 0.830
100 0.832 0.858 - 0.863 0.844 0.847 0.848 0.854 - 0.854 0.852
25 0.798 0.811 0.820 0.829 0.816 - 0.821 0.821 - 0.809 0.808
50 50 0.858 0.855 0.861 0.888 0.873 - 0.850 0.876 - 0.863 0.860
100 0.903 0.887 0.907 0.891 0.885 0.889 0.885 0.901 - 0.897 0.905
25 0.877 0.844 0.864 0.856 0.858 - 0.855 0.846 0.852 0.867 0.851
100 50 0.913 0.899 0.904 0.870 0.903 - 0.896 0.893 0.878 0.895 0.900
100 0.912 0.917 0.908 0.939 0916 0.910 0915 0.929 0.911 0.909 0.905

Table 11: Bias of bias corrected estimates of nonzero parameters (R = 10)

n T 1 P2 P4 01 03 J5 011 013 015 o1 o3
25 —0.0001  —0.0020 —0.0009  0.0008 - 0.0020 0.0066 - —0.0001 0.0006
25 50 —0.0004 —0.0014 0.0002  0.0006 - 0.0005 0.0052 - —0.0004 0.0004
100 —0.0001 —0.0002 - 0.0006 —0.0012 0.0014 —0.0010 0.0017 - —0.0001 0.0001
25 0.0003 —0.0005 —0.0001  0.0014 —0.0012 - —0.0003 0.0015 - —0.0004 0.0005
50 50 0 —0.0002 0 0.0003 —0.0010 - —0.0008 0.0016 - —0.0003 0.0002
100 0 —0.0002 0 0.0003 —0.0006 0.0007 —0.0002 0.0006 - —0.0002  0.0002
25 —0.0001 —0.0004  0.0001  0.0005 —0.0010 - 0.0002 0.0030 —0.0011 —0.0003 0.0003
100 50  0.0002 —0.0004  0.0001  0.0005 —0.0009 - —0.0008 0.0017 —0.0004 —0.0002 0.0002
100 0.0001 —0.0002 0 0.0001 —0.0006 0.0005 —0.0003 0.0011 0 —0.0002 0.0002

Table 12: Coverage of nonzero parameter estimates (R = 10)

n T p p2 P4 0 03 d5 on 03 s b1 b3
25 0.462 0.450 - 0.484 0.471 - 0.469 0.464 - 0.505 0.484
25 50 0.602 0.619 - 0.638 0.641 - 0.635 0.631 - 0.667 0.660
100 0.739 0.728 - 0.721 0.720 0.738 0.714 0.724 - 0.711 0.703
25 0.621 0.629 0.655 0.621 0.661 - 0.659 0.651 - 0.659 0.658
50 50 0.760 0.772 0.771 0.772 0.741 - 0.765 0.777 - 0.764 0.777
100 0.823 0.829 0.822 0.839 0.818 0.828 0.833 0.810 - 0.840 0.843
25 0.728 0.740 0.719 0.732 0.708 - 0.711 0.726 0.729 0.698 0.707
100 50 0.831 0.818 0.821 0.845 0.827 - 0.839 0.824 0.828 0.840 0.833
100 0.853 0.863 0.887 0.869 0.871 0.884 0.868 0.877 0.870 0.851 0.851
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Table 13: Percentage of true zeros (R = 10)
n T pg ps b by N2 b P2 P19
25 999 - 90 - 904 - 100 - -
25 50 99.7 - 100 100 99.4 - 100 - -
100 99.7 - 100 100 100 - 99.7 - -
25 100 - 100 - 99.8 99.8 100 100 -
50 50 100 - 100 100 100 100 100 100 -
100  99.6 - 100 100 100 100 99.6 99.6 -
25 100 100 100 - 100 100 100 100 100
100 50 99.6 99.6 100 100 100 100 99.6 99.6 99.6
100 99.6 99.6 999 99.9 999 99.9 99.7 99.6 99.6
Table 14: Percentage of false zeros (R = 10)
n T p1 p2 ps 01 03 05 Ou O3 015 1 P3
2 01 02 - 0 O - 0 0 - 0 0
2 50 01 03 - 0 O - 0 0 - 0 0
100 O 0 -0 0 0 0 0 - 0 0
25 0 o o0 0 0 - 0 0 - 0 0
50 50 0 0 0 0 0 - 0 0 - 0 0
100 O o o0 o o0 0 O 0 - 0 0
25 0 o o0 o0 0 - 0 0 0O 0 O
100 50 0 o o0 0 0 - 0 0 0O 0 O
100 O o o0 0O O 0 O 0 0o 0 O

Table 15: True number of factors

is selected % (R = 10)

25 50 100
n | IC1 IC2 IC3 |IC1 IC2 1IC3 | IC1 IC2 IC3
25 0 966 8 |235 998 99.8| 100 100 100
50 | 372 100 984 | 1.9 100 100 | 100 100 100
100 | 100 100 100 | 100 100 100 | 99.2 100 100
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Lemma J.2 Gamma(0.5,1)

Table 16: Bias of bias corrected estimates of nonzero parameters (R = R)

n T p p2 2 1 03 Js5 d11 013 015 1 ®3

25 0.0006 —0.0007 - 0.0009 —0.0006 - —0.0027 0.0023 - —0.0003 0.0004

25 50 0.0002 —0.0002 - 0.0006 —0.0002 - —0.0026 0.0023 - —0.0003 0.0004
100 0.0001 —0.0003 - 0.0002 —0.0008 0.0008  0.0001 0.0009 - —0.0001 0.0001

25 0.0002 —0.0002 —0.0001 —0.0003 —0.0005 - —0.0006 0.0015 - —0.0003 0.0004

50 50 0.0002 —0.0004 0 0.0004 —0.0013 - —0.0004 0.0012 - —0.0002 0.0002
100 0.0001 —0.0002  0.0001 —0.0001 —0.0002 0.0002 0 0.0003 - —0.0002 0.0002

25 0.0002 —0.0004  0.0002  0.0003 —0.0001 - —0.0017 0.0028 —0.0014 —0.0003 0.0003

100 50 0.0001 —0.0002  0.0001  0.0004 —0.0003 - —0.0007 0.0012 —0.0004 —0.0002 0.0002
100 0.0001 —0.0001 0 00003 —0.0001 0.001 —0.0005 0.0007 —0.0003 —0.0002 0.0002

Table 17: Coverage of nonzero parameter estimates (R = RY)
n T p1 P2 P4 1 03 Js5 o1 013 015 b1 ®3

25 0.891 0.896 - 0.889 0.896 - 0.901 0.906 - 0.893 0.895

25 50 0.911 0.909 - 0.919 0.895 - 0.907 0.919 - 0.926 0.935
100 0.912 0.922 - 0.922 0.916 0.914 0.920 0.920 - 0.929 0.926

25 0936 0.931 0.925 0.922 0.930 - 0.918 0.919 - 0.928 0.930

50 50  0.930 0.929 0.944 0.948 0.930 - 0.922 0.938 - 0.933 0.934
100 0.930 0.925 0.940 0.940 0.929 0.926 0.945 0.943 - 0.952 0.952

25 0.925 0.944 00919 0.907 0.927 - 0.914 0.909 0.929 0.932 0.932

100 50 0.931 0.936 0.938 0.944 0.939 - 0.933 0.946 0.940 0.924 0.928
100 0944 0.936 0.942 0.947 0.951 0.946 0.935 0.948 0.929 0.935 0.936

110



Lemma J.3 Gamma(1,1)

Table 18: Bias of bias corrected estimates of nonzero parameters (R = R)
n T p1 P2 2 1 03 Js5 d11 013 015 1 ®3
25 —0.0001 —0.0004 - 0.0013 —0.0021 - —0.0012 0.0022 - —0.0001 0.0001
25 50  0.0001 —0.0003 - 0.0007 —0.0008 - —0.0015 0.0015 - —0.0003 0.0004
100 0 0 - —0.0001 —0.0001 0 0.0006 0.0010 - —0.0001 0.0001
25 0.0003 —0.0003 0.0001 0 —0.0001 - —0.0018 0.0017 - —0.0002 0.0002
50 50 0.0001 —0.0002 0.0001  0.0005 —0.0004 - —0.0006 0.0008 - —0.0003 0.0003
100 0 —0.0002 0.0001  0.0001 —0.0005 0.0004 —0.0005 0.0011 - —0.0001 0.0001
25 0 0 0 0.0002  0.0003 - —0.0005 0.0010 —0.0007 —0.0002 0.0002
100 50  0.0001 —0.0002 0.0001  0.0002 0 - —0.0007 0.0011 —0.0006 —0.0002 0.0002
100 0 0 0 0.0002 —0.0002 0.0001 —0.0003 0.0003 —0.0001 —0.0002 0.0002
Table 19: Coverage of nonzero parameter estimates (R = RO)
n T p P2 P4 o1 03 d5 on 03 s $1 b3

25 0.906 0.910 - 0.914 0.899 - 0.893 0.912 - 0.931 0.928
25 50 0.920 0.913 - 0.930 0.910 - 0.926 0.917 - 0.914 0.910
100 0.912 0.918 - 0.925 0.934 0.936 0.914 0.925 - 0.932  0.936
25 0.898 0912 0918 0.924 0.925 - 0.913 0.940 - 0.924 0.921
50 50 0.941 0.928 0.937 0.936 0.942 - 0.936  0.930 - 0.926 0.931
100 0.934 0.947 0.938 0.942 0.935 0.949 0.942 0.943 - 0.943 0.944
25 0929 0.928 0.923 0.926 0.924 - 0.935 0.940 0.926 0.916 0.916
100 50 0.939 0.933 0.950 0.940 0.940 - 0.936 0.918 0.945 0.942 0.941
100 0.936 0.934 0.932 0944 0.943 0.953 0.945 0.938 0.938 0.939 0.939
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Lemma J.4 Laplace(0,1)

Table 20: Bias of bias corrected estimates of nonzero parameters (R = R)

n T p p2 2 1 03 Js5 d11 013 015 1 ®3

25 0.0007 —0.0007 - —0.0002  0.0001 - —0.0039 0.0037 - 0 0

25 50 0.0003 —0.0005 - 0.0007 —0.0007 - —0.0018 0.0024 - —0.0003 0.0003
100 0 —0.0001 - 0 —0.0007 0.0007 —0.0003 0.0009 - —0.0002  0.0002

25 0.0001 —0.0003 0 0.0002 —0.0007 - —0.0004 0.0016 - —0.0003 0.0003

50 50 0.0001 —0.0001 —0.0001  0.0004 —0.0003 - —0.0012 0.0014 - —0.0003 0.0003
100 0 —0.0001 0 0.0003 —0.0006 0.0006  0.0004 0.0007 - —0.0002  0.0002

25 0 —0.0002 0 0.0005 —0.0012 - 0 0.0016 —0.0005 —0.0002 0.0002

100 50 0.0001 —0.0003  0.0001  0.0005 —0.0005 - 0.0010 0.0017 —0.0004 —0.0003 0.0003
100 0 —0.0001 0 0.0002 —0.0001 0.0002 —0.0001 0.0006 —0.0005 —0.0002 0.0002

Table 21: Coverage of nonzero parameter estimates (R = RO)
n T p P2 P4 o1 03 95 o &y G5 b1 b3

25 0.900 0.914 - 0.905 0.890 - 0.913 0.903 - 0.906 0.896

25 50 0.913 0.905 - 0.928 0.921 - 0.925 0.926 - 0.919 0.917
100 0.935 0.926 - 0.935 0.912 0.930 0.935 0.933 - 0.922 0.915

25 0917 0932 0.926 0.921 0.929 - 0.908 0.923 - 0.909 0.907

50 50 0.934 0.926 0.939 0.934 0.940 - 0.928 0.918 - 0.942 0.938
100 0.942 0.936 0.941 0.934 0.943 0.920 0.937 0.937 - 0.949 0.937

25 0939 0.927 0911 0.931 0.934 - 0.934 0.925 0.929 0.927 0.926

100 50 0.935 0.926 0.935 0.931 0.925 - 0.933 0.938 0.942 0.924 0.927
100 0.935 0.926 0.948 0.939 0.927 0.934 0.938 0.948 0.947 0.940 0.936
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Lemma J.5 ChiSq(3)

Table 22: Bias of bias corrected estimates of nonzero parameters (R = R)

n T p1 P2 21 01 03 5 011 013 015 ) o3
25 —0.0002 —0.0002 - —0.0002 —0.0012 - —0.0004 0.0025 - —0.0003 0.0003
25 50 0.0001  —0.0003 - 0.0005 —0.0004 - —0.0021 0.0023 - —0.0003 0.0003
100 0 —0.0001 - 0.0005 —0.0004 0.0005 —0.0009 0.0010 - —0.0002 0.0002
25 —0.0002 0 0 0.0006 —0.0008 - 0 0.0010 - —0.0001 0.0001
50 50 —0.0001 0 0 0.0005 —0.0011 - —0.0003 0.0010 - —0.0003 0.0003
100 0 —0.0001 0 0.0002 —0.0004 0.0004 —0.0006 0.0009 - —0.0002 0.0002
25 0 —0.0002 0.0001 0.0006 —0.0004 - —0.0010 0.0015 —0.0006 —0.0002 0.0002
100 50 0 —0.0001 0.0001 0 —0.0005 - —0.0010 0.0016 —0.0010 —0.0003 0.0003
100 0 0 0 0.0002 —0.0002 0.0003 —0.0001 0.0002 —-0.0003 —0.0003 0.0002

Table 23: Coverage of nonzero parameter estimates (R = RY)

n T o1 02 P4 51 93 5 o1 913 015 b1 ®3

25 0.900 0.906 - 0.901 0.898 - 0.893 0.896 - 0.903 0.899
25 50 0.908 0.923 - 0.901 0.927 - 0.927 0.924 - 0.917 0.912
100 0.938 0.923 - 0.918 0.930 0.924 0.947 0.923 - 0.919 0.920
25 0927 0913 0910 0914 0.911 - 0.917 0.923 - 0.917 0.922
50 50 0922 0936 0.932 0.925 0.921 - 0.920 0.934 - 0.931 0.929
100 0.940 0.937 0.928 0.932 0.939 0.935 0.927 0.932 - 0.938 0.941
25 0914 0.935 0.931 0.940 0.923 - 0.930 0.940 0.926 0.938 0.933
100 50 0.942 0.935 0.931 0.935 0.931 - 0.946 0.922 0.952 0.932 0.932

100 0.935 0.944 0.933 0940 0.935 0.936 0.937 0933 0.940 0.924 0.919

K Additional Simulations

As has been touched on several times throughout the paper, since both common factors
and interaction generate dependence in the cross-section, it can sometime be difficult to
disentangle these two effects. Proposition provides an argument to demonstrate that,
asymptotically at least, it is possible to separate out these two features, under certain con-
ditions. However, for the interested reader, this section provides results for two additional
Monte Carlo experiments which are designed to assess how well the method might per-
form in settings where separating the effects of interaction and of common factors may be

especially difficult.
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Lemma K.1 Pure Star

In this design there are no exogenous covariates and only a single (row normalised) weights
matrix with associated coefficient p® = 0.2. The network consists of a star, where all the
cross-sectional units are connected to the first unit and to no others. This produces a
corresponding weights matrix which will always have a rank of 2. As in the main text, the
factors, loadings and errors are generated as standard normal, however the true factor term
has a rank of 2, that is R® = 2. With the factor term and the weights matrix both having
a low rank, and with exogenous covariates absent, this provides an especially challenging
design. The following tables provide results with the postulated number of factors R being

correctly specified, and overspecified to various degrees.

Table 24: Bias of bias corrected estimates

R

25 -0.0072 | -0.0331 | -0.0616 | -0.1516
50 -0.0001 | -0.0100 | -0.0200 | -0.0516
100 | -0.0001 | -0.0006 | -0.0022 | -0.0080

Table 25: Coverage

R

25 0.844 | 0.676 | 0.529 | 0.222
50 0.889 | 0.796 | 0.722 | 0.578
100 | 0.891 | 0.899 | 0.834 | 0.737

Table 26: Percentage of false zeros

R

n="T/ | 2 3 4 6
25 5.2 | 13.8 | 19.7 | 21.3
20 0.1 4.6 | 10.2 | 20.7
100 0 0.2 1 3.7

In this experiment, the number of factors being overspecified has a substantial influence
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on the performance of the procedure. Most telling are perhaps the results presented in Table
which give the percentage of times, across the Monte Carlo draws, that the coefficient
p is incorrectly set to zero. With a small sample, there is an especially large increase
in the number of false zeros once R exceeds 4. This might be explained by 4 being the
combined rank of both the true factor term and the weights matrix. In all cases, however,

the percentage of false zeros dramatically deceases as sample size increases.

Lemma K.2 Multiple Stars

This experiment is designed to more closely resemble the Monte Carlo design in the main
text, with the number of weights matrices increasing with sample size. It is summarised in

Table RT1

Table 27: True parameter values

n=T|p) p5 p§ p} pd & 6 & o) o)  ¢f ] 4f
25 |02 02 0 - - 3 0 -3 015 0 —015 — —
50 [02 02 0 02 - 3 0 -3 015 0 —015 0 —
100 |02 02 0 02 0 3 0 -3 015 0 —-015 0 0

Exogenous covariates are included in the model with these being generated according to
xh, =v+ Zfzol A £9 + e; with v being uniformly drawn from the integers {—10,...,10}
and e; ~ N(0,2), as in the main text. The factors, loadings and errors are all standard
normal. The weights matrices take the form of stars, as in the previous experiment, however,
these stars are of sizes 5,7,13,25 and 50. Tables below summarise the results with
the true number of factors (R°) equal to 3 and the number of factors used in estimation

(R) is correctly specified, or overspecified to varying degrees as 5,10 and 15.
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Table 28: Bias of bias corrected estimates of nonzero parameters

Rin=T| pf s P &7 5 ¢! 3
25 —0.0006 —0.0008 - 0.0002 —0.0001 —0.0001 0.0005
3 50 —0.0002 —0.0001 0 0.0001  —0.0002 0 0.0001
100 0 —0.0001 0 —0.0001 0.0001 0 0.0002
25 —0.0008 —0.0006 - —0.0005 —0.0008 —0.0002 0.0005
5 50 —0.0001 0 —0.0001 0.0004 —0.0001 0 0.0001
100 —0.0001 —0.0001 0 0.0001 0 0 0.0002
25 —0.0107 —0.0110 - —0.0024 0.0012 —0.0004 0.0050
10 50 —0.0002 —0.0005 —0.0004 0.0005 —0.0002 0 0.0009
100 0 0 0 0 0 0 0.0002
25 —0.0287 —0.0297 - —0.0033 0.0016 —0.0010 0.0144
15 50 —0.0017 —0.0025 —0.0008 0.0003 —0.0003 0 0.0029
100 —0.0001 —0.0006 —0.0001 0 0 0 0.0007

Table 29: Coverage of nonzero parameter estimates

Rin=T| pf o5 A4 & & & ¢
25 | 0.805 0.795 ~ 0804 0.806 0.796 0.798
31 50 | 0916 0.897 0.896 0.892 0.892 0.895 0.888
100 | 0.942 0928 0.930 0926 0928 0917 0.910
25 | 0.789 0.808 - 0796 0.744 0807 0.788
51 50 |0.890 0.889 0.888 0.894 0.891 0.881 0.889
100 | 0.918 0929 0935 0917 0.909 0.920 0.914
25 | 0513 0.454 - 0436 0481 0457 0.504
10| 50 | 0794 0.770 0.790 0.783 0.786 0.759 0.777
100 | 0.874 0.893 0.889 0.891 0.883 0.873 0.870
25 | 0.225 0.237 - 0211 0217 0231 0.207
15| 50 | 0610 0581 0612 0.620 0.602 0.623 0.602
100 | 0.786 0824 0.813 0.836 0.822 0.825 0.829
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Table 30: Percentage of false zeros

Rin=T| p3 p5 0 ¢35 df ¢f
25 100 — 100 100 — —
3 50 100 — 100 100 100 —
100 100 100 100 100 100 100
25 100 — 100 100 — —
5} 50 100 — 100 100 100 —
100 100 100 100 100 100 100
25 99.2 — 98.2 97.7 — —
10 50 100 — 100 100 100 —
100 100 100 100 100 100 100
25 86.2 — 773 84.5 - -
15 50 100 — 100 100 100 —
100 100 100 100 100 100 100

Table 31: Percentage of true zeros

Rin=T] /0 5 pj & & ¢ ¢
25 | 02 02 -

[an}
(e}
(e}
e}
[\)

3 50 0 0 0O 0 0 O
100 0 0 0 0 0 O 0
25 0.1 0.1 -0 0 0 02
) 50 0 0 0O 0 0 O 0
100 0 0 0 0 0 O 0
25 4.7 4.6 -0 0 0 55
10 50 0.1 0.1 0 0 0 0 05
100 0 0 0 0 0 0 0
25 12.3  10.5 -0 0 0 112
15 50 07 07 03 0 0O 0 1.9
100 0 02 0 0 0 0 03

A similar pattern emerges in this experiment to that in the previous section; overspecifi-
cation of the number of factors can have a substantial effect on the significance of coefficients

in small samples. In this case the impact is less poignant, however the same result is bourne
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out: as sample size increases, the ability of the procedure to separate the network structure

and the factor term rapidly improves.
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